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I 

Lie Theory 
of Differential Equations 


Lie, in his group theoretic investigations of differential equations, found it 
necessary to distinguish clearly between two approaches: One is natural and 
deals with the totality of solutions of a given differential equation. The other 
is based on regarding the differential equation as a surface in the space of 
independent and dependent variables together with the derivatives involved 
in the given equation. To illustrate this, consider a first-order ordinary 
differential equation [ODE], 


F(x,y,y‘)~ 0. (i) 

In the first approach, the symmetry group of Equation i is regarded as a 
one-parameter group (with parameter a) of point transformations of the 
(*, y) plane, 


x = v(x,y,a), y = &(x,y,a), (ii) 

such that any solution h(x) of Equation i (i.e., F(x, h(x), h'(x)) = 0, identi¬ 
cally in x from some interval) is converted into a solution of Equation i in the 
following way. Consider the integral curve 

(x,y=/t(x)). (iii) 

Fix the parameter a in Equation ii and apply the Transformation ii to the 
integral curve iii. This yields a curve given by 

(x = v(x,h(x),a), y = >J>(x,h(x),a)), (iv) 

which, according to the first approach, is an integral curve. This integral 

3 


Copyrighted material 


4 


CRC Handbook of Lie Group Analysis of Differential Equations, Vol. 1 


curve, after elimination of x from Equations iv, can be rewritten in the form 

y = H(x,a). (v) 

Because .v is arbitrary we can again denote it by x. Hence, the original 
solution h(x) of Equation i is converted by the symmetry group into a 
one-parameter family of solutions H(x, a) of Equation i. 

In the second approach, the differential equation is considered as a 
surface in the three-dimensional space of variables x, y , p given by 


F(x,y,p)=Q. (vi) 

Here x, y, and p are considered to be three independent variables that 
transform as 

x = <p(x,y,a), y = «/»(*,y,a), p = DiJj/Dtp, (vii) 

where D = d/dx + p 9/dy. This is, in fact, a one-parameter group and is 
called the first prolongation of the group of point transformations. A symme¬ 
try group, in the sense of this second approach, is defined as a group of 
transformations such that its first prolongation leaves invariant the surface 
given by Equation vi. The constraint on the transformation law for p that 
appears in Equation vii provides a connection with the first approach because 
the prolongation is consistent with the transformation law for first derivatives 
with the identification p - y*. Equally important is the fact that this con¬ 
straint provides an algorithm for finding symmetry groups. 

It is clear fron *he second approach that the symmetry group of Equation 
i is identical to the invariance group for the surface given by Equation vi and 
does not depend on the existence of solutions of the differential equation. 
Because of this fundamental role played by the surface given by Equation vi, 
it is called the frame of the differential equation. 

In integrating differential equations, a decisive step is that of simplifying 
the frame. For such a purpose, it is sufficient to “straighten out” the 
one-parameter symmetry group i.e., to reduce its action to a translation by a 
suitable change of the variables x and y. This automatically simplifies the 
equation by converting its frame into a cylinder, i.e., the explicit dependence 
on one of the variables x or y has been eliminated. 

For illustration, we give the following example. 

Example. The Riccati equation, y' + y 2 - 2/x 2 = 0, admits the group G 
of point transformations .v = xe a and y = ye~ a because the frame of this 
equation, p + y 2 - 2/x 2 = 0, is invariant under the dilations in the space of 
three variables (x, y,p) x = xe a , y = ye~°, p = pe~ 2a . These dilations arc 
obtained by the prolongation of G. The group is straightened out by the 
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change of variables t = In x, u = xy. In these variables the transformations 
of the group G are written 1 = t + a, u = u. Its prolongation to the frame 
space (t, u, q) is given by i - t + a, u = u, q = q, which is obtained by 
setting p = q in Formula vii. In the new variables the frame of the Riccati 
equation becomes the parabolic cylinder q + u 2 - u - 2 = U. As a result we 
have transformed the original Riccati equation into the following integrable 
one: u' + u 2 - u - 2 = 0. 

Central to this book is the remarkable discovery by Lie that the group 
approach provides a unified explanation for the seemingly disparate (diverse 
and ad hoc) integration methods used to solve ordinary differential equa¬ 
tions. Moreover, Lie [1883], [1884] gave a group classification of all arbitrary- 
order ordinary differential equations. In this way he identified all equations 
that can be reduced to lower-order equations or completely integrated by the 
application of group theoretic methods. 

The purpose of Part I is as follows: (1) to systematize the relevant results 
of Lie; (2) to guide the reader through the totality of Lie group methods with 
a minimum number of theoretical constructions; (3) to assist the reader in 
developing skills in applying these results and methods. 
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One-Parameter 
Transformation Groups 


1.1. LOCAL ONE-PARAMETER POINT 
TRANSFORMATION GROUPS 

We shall consider invertible transformations of the (x, y) plane 

x “ <p(x, y, a), y = i/r(x,y,«), (1.1) 

depending upon a real parameter a , where wc impose the conditions 

<p\u-o = x, </'l 0 -o = y. (1.2) 

We say that these transformations form a one-parameter group G if the 
successive action of two transformations is equivalent to the action of another 
transformation of the form 1.1. This group property can always be recast, by 
a suitable choice of parameter, as follows: 

<f>(x,y,b) = ip(x,y,a + b ), 
tfr(x, y, b) = i Hx,y,a + b). 

In practice, it often happens that the group property is valid only locally, i.e., 
only for a and b sufficiently small. In this case G is referred to as a local 
one-parameter transformation group. If the group property is valid for all a 
and b from some fixed interval, G is referred to as a global group. It is local 
groups that are used in group analysis. For brevity, we simply call them 
groups. 

Transformations 1.1 are called point transformations (unlike contact trans¬ 
formations, where the transformed values also depend on the derivative y'), 
and the group G is called a group of point transformations. It is readily seen 
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from Formulas 1.2 and 1.3 that the inverse transformation can be obtained by 
changing the sign of the group parameter: 

x = <p(x, y, -a), y = < li(x,y,-a). (1.4) 

Let T a denote the transformation 1.1 of a point (x,y) into a point (x, y), I 
the identity transformation. T~ l the transformation inverse to T a , and T b T a 
the composition of two transformations. Then one may summarize properties 
1.2-1.4 as follows. 

Definition 1.1. The set G of transformations T„ is a local one-parameter 
group if the following hold: 

1 . T 0 = / e G 
2* T h T a = T a+h £ G 
3. r-' = r_„ e G 

where a and b are sufficiently small. 

We shall represent the functions ip and <£ via their Taylor scries expan¬ 
sions with respect to the parameter a in the neighborhood of a = 0 and write 
the infinitesimal Transformation 1.1 as follows: 


x » x + £( x, y)a, y~y + v(x,y)a. 


d.l') 


where 


*(*,>') 


d<p(x,y,a) 

da 


fl -0 


ri(x,y) 


dtlt(x,y,a) 

da 


a-0 


. (1.5) 


For example, in the case of rotations 


x = x cos a + y sin a, y = y cos a — x sin a , 


the infinitesimal transformation is given by 


x = x + ya , y = y - xa. 

The vector (£, rj) given by Formula 1.5 is a tangent vector (at the point 
( x. y)) to the curve determined by the totality of transformed points (x, y). 
That is why it is called a tangent vector field of the group G. 

Given an infinitesimal transformation 1.1', a one-parameter group can be 
completely determined by the following Lie equations with appropriate initial 
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conditions: 


d/p 

— = €(<p, llf), *p\a-0 = X, 

da 

dil/ 

— = tAL-o = y- 

aa 


( 1 . 6 ) 


A tangent vector field can be written in terms of the first-order differential 
operator 


X = £( x,y) 


d 

Tx 


+ v(x,y) 


dy 


(1.7) 


Unlike the vector (£, rj), X transforms as a scalar under a change of 
variables. Lie called the operator 1.7 a symbol of the infinitesimal Transfor¬ 
mation 1.1'. The terms infinitesimal operator, group operator. Lie operator, 
and group generator came into use later. All these terms will be used 
interchangeably. 

Definition 1.2. A function Fix, y) is an invariant of the group of transfor¬ 
mations 1.1 if for each point ix, y) it is constant along the trajectory 
determined by the totality of transformed points (x,y): 

F(x,y)=F(x,y). 

Theorem 1.1. The function Fix, y) is an invariant of the group G with the 
symbol X given by Formula 1.7 iff it satisfies the partial differential equation 

dF dF 

XF = i{x,y)— +V(x,y)~ = 0. (1.8) 


Hence any one-parameter group of point transformations of the plane has 
only one independent invariant. One can take this invariant to be the 
left-hand side of a first integral Jix, y) = C of the characteristic equation 


dx dy 

Hx,y) v(x,y)' 


( 1 . 8 ') 


Then any other invariant is a function of J. 

The concepts just stated can be readily generalized to the multidimen¬ 
sional case, where instead of transformation groups of the plane one con¬ 
siders transformations 


x‘ =/'(*, a), i = 1,.. 


(1.9) 
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of the /i-dimcnsional space of points x = (xx n ). Let us focus on this 
multidimensional case and consider the system of equations 


F,(^r) = 0. F s (x) = 0, s<n. (1.10) 

We suppose that the rank of the matrix \\dF k /dx l \\ equals s at every point x 
that satisfies System 1.10. Then System 1.10 determines an (n - s)- 
dimensional surface M. 

Definition 1.3. System 1.10 is invariant under the transformation group G 
(or admits G) if any point x of the surface M moves along this surface under 
the action of G, i.e., x e M if x e M. 

Theorem 1.2. The system of Equations 1.10 is invariant under the group G 
of Transformations 1.9 with the symbol 



*-**'(*) 


dx 


*'(*) = 


d/'(*,g) 

da 


«i-0 


(i.n) 



( 1 . 12 ) 


where the notation | A # means evaluated on A/. 

This theorem is useful for finding the group admitted by a given system of 
equations. When the functions F k (x) are known, the coordinates {‘(x) of 
Operator 1.11 are determined from Equations 1.12. Then one may obtain 
Transformations 1.9 of the group admitted by solving the Lie equations 


dx i 

da 


-*'(*). 


x 


a —0 





Conversely, in order to find an invariant system of equations for a given 
group G, it is convenient to use the following theorem on the representation 
of invariant equations via group invariants. Each one-parameter group G of 
Transformations 1.9 has exactly n - 1 functionally independent invariants. 
Any set of n - 1 functionally independent invariants is called a basis of 
invariants for G. A basis of invariants for a group G with symbol 1.11 can, in 
principle, be constructed by solving the characteristic system 



( 111 ’) 
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Theorem 1.3. Let the system of equations 1.10 admit the group G, and 
assume its tangent vector £(*) is not equal to zero on the surface M 
determined by Equations 1.10. Then there exist functions <I> such that one 
may rewrite System 1.10 equivalently as follows: 

«M /,(*).•/„-,(*)) = 0, k = 1 (1.10') 

where y,(jc),..., /„_,(*) is a basis of invariants of the group G (i.c., a set of 
all functionally independent invariants). Equations 1.10 and 1.10' arc equiva¬ 
lent in the sense that they determine the same surface M. 

Example. Consider the paraboloid given by 

x 2 + y 2 - z = 0 

with the origin excluded. This paraboloid is equivalently given by 


z 

The group G of inhomogeneous dilations x = xe a , y = ye a , and z = ze 2a 
moves points along this parabolic surface, hence both equations describing 
the paraboloid are invariant under G. However, it can be easily verified that 
the function F(x, y, z) = x 2 + y 2 - z under the action of G becomes 
F{x,y,z) = e 2a F(x, y, z). Hence F is not invariant under G, whereas the 
function <J>(x, y, z) = ( x 2 + y 2 )/z — I is invariant under G. 

In integrating ordinary differential equations we shall use the following 
simple theorem on what is called similarity of one-parameter groups. Here, 
we formulate this theorem only in the case of transformation groups on the 
plane. 

Theorem 1.4. Any one-parameter group G of Transformations 1.1 can be 
reduced under a suitable change of variables 

t = t(x,y), it = u(x, y) 

to the translation group ? = t + a and u = u with the symbol X = d/dt. 
Such variables t and u are referred to as canonical variables. 

This can be seen by the following argument. By a change of variables, the 
differential operator given by Formula 1.7 is transformed according to the 
formula 


X = X(t)^- +X(u) * 


fit 


Hu 


(113) 
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where X(t) and X(u) denote the action of the differential operator X on the 
functions t(x, y) and u(x,y), respectively. In order that Operator 1.13 
becomes X = d/dt, the equations 

X(t) = 1 and X(u) = 0 (1.14) 

must be satisfied. 

For example, for the dilation group x = xe and y = ye 2a with the opera¬ 
tor X = xd/dx + 2 yd/dy. Equations 1.14 are readily solved and yield t = 
In x + g(yx~ 2 ) and u = h(yx~ 2 ), where g and h are arbitrary functions. 
One has the freedom to choose the functions g and h. We take g = 0 and 
h = yx~ 2 , i.c., the change of variables t = \n x, u = y/x 2 . This reduces the 
dilation group to the group of translations 

? = In i = In * + a = t + a. 



1.2. PROLONGATION FORMULAS 

Now we write the transformation formulas for the derivatives y\ y" 
corresponding to the point transformations. It is convenient to use the 
operator of total differentiation 





where D is used to distinguish this operator from the operator of partial 
differentiation d/dx. Then the derivative transformations arc given by 


dy- 

Dib 


(1.15) 

dx 

, a P{x,y,y ,a). 

Dip <p x + y ip Y 

dy' 

DP 

P, + y'P y + y"P y . 

(1.16) 

dx 

D<p 

<p x + y'<p. 


If we start from a group G of transformations 1.1 and add Formula 1.15, 
we obtain the first prolongation G acting on the space of three variables 

l 

(x, y, y'); after adding Formula 1.16, we obtain the second prolongation G 
acting on the space (x, y, y\ y"). 

Substituting the infinitesimal transformation x = x + a£ and y = y + arj 
into Formulas 1.15 and 1.16 and neglecting the terms up to o(a), we obtain 
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the infinitesimal transformations of the derivatives 

y' + aD(ri) 

? - . _ - [y'+aD( V )][\ -aD(t)} 

*y' + [D( V ) - y'Di()]a • y > + a{ lf 

*y'+ [0(f,) -y m D(i)\a ~y" + fl^ 2 . 

Hence the symbols of the groups G and G are equal to 

i 2 

d d d 


f + V dy + il dy’’ 

f, =^(*?) -y’^(f). 

(1.17) 


»*a 

II 

i 

* 

£ 

•Try 

• 

(1.18) 


They are referred to as the first- and the second-order prolongations of 
Operator 1.7. Sometimes we shall also call the expressions for the additional 
coordinates f, and £ 2 , 

Ci - D( V ) - y'D(i) - v, + (v y - L)y' - y% , 0 » 7 ') 

Cl = W,) -y'D(0 - *?,, + (2r, cy - *„)y' + (ij yy - 2*, y )y' 2 

-y%r + K-2fc-3y'f,)y*. (i.w) 


prolongation formulas. 

In dealing with the multidimensional situation (with independent variables 

x\ i = 1. n, and dependent variables u a , a = instead of x and 

y) one may recast Prolongations 1.17 and 1.18 of the operator 



as follows: 


where 


X 

i 



X 

2 


X + 
1 



ff - A(u°) 

C° = D,(cn - «&/>,(**)• 


(1.17") 

(1.18") 
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and 



The convention of summation over repeated indices is adopted here. 


1 3. GROUPS ADMITTED BY DIFFERENTIAL EQUATIONS 

Let G be the group of point transformations and let G and G be the first 
and the second prolongations defined in Section 1.2. 

Definition 1.4. A first-order ordinary differential equation 

F(x, y, y') " 0 

admits the group G if the frame of the given equation, i.e., a two-dimen¬ 
sional surface Fix, y,p) = 0 in the three-dimensional space of variables x, 
y , and p = y' is invariant (see Definition 1.3) under the first prolongation G 
of G. Analogously a second-order differential equation 

F(x,y,y',y") = 0 (1.19) 

admits a group G if its frame (a three-dimensional surface in the space 

x, y , >’\ y") is invariant under the second prolongation G. 

2 

Evidently this definition can be generalized to higher-order differential 
equations as well as to systems of partial differential equations. 

The terms “groups admitted by differential equations” and “symmetry 
groups” are used interchangeably in the literature. 

Under the action of a group admitted by a differential equation, any 
solution of the equation is converted into a solution of the same equation. 
Often in the literature one finds the converse statement taken as the 
definition for symmetry groups, namely: 

Definition 1.4'. A symmetry group of a differential equation is a group that 
converts every solution of the equation under consideration into a solution of 
the same equation. 

Under conditions of solvability, Definitions 1.4 and 1.4' arc equivalent (see 
Lie [1891], Chapter 6, Section 1; for a recent treatment of locally solvable 
systems see Olver [1986], Section 2.6). However, because of the work of 
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H. Lewy [1957], we know there are exceptional cases of equations without 

solution. In these cases the two definitions are not equivalent. 

The construction of differential equations admitting a given group can be 

readily realized with the help of Theorem 1.3 on the representation of 

invariant equations in terms of group invariants. 

If we fix our attention on constructing the most general form of second- 

order ODEs that admit a given group with generator X, then one must find a 

basis of invariants for X, i.e., solve 

2 


XJ(x,y,y\y") =0. 

The theory of characteristics says there are three functionally independent 
invariants. It is convenient to find these invariants successively by solving the 
sequence of equations 

XJ(x, y) = 0, XJ(x,y,y')= 0, XJ( x, y, y\ y") - 0. (1.20) 

The first equation has one functionally independent solution, which we 
denote by u(x, y). The second equation has two functionally independent 
solutions; we select one of them to be u{x,y) (because Xu = 0) and we 
denote the second one by v(x, y, y'). Note that v(x, y, y') must depend on 
y', otherwise the first of Equations 1.20 would have two functionally indepen¬ 
dent invariants. The solution r(x, y, y') is called a first-order differential 
invariant of the group G. Similarly, we find from the third of Equations 1.20 
exactly one additional functionally independent (of u and v ) invariant 
nix, y, y\ y."), which is called a second-order differential invariant of the 
group G. The choice of invariants is unique up to functional dependence. If 
one looks for the most general form of first-order ODEs then it is only 
necessary to consider the first two equations from Equations 1.20. 

Example. Let G be the group of Galilean transformations x = x + ay and 
y = y with generator X = y d/dx. This group has the invariant u = y. The 
first and second prolongations of the operator X arc easily calculated by 
Formulas 1.17 and 1.18 and turn out to be 


X 

l 





From the characteristic equations 
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we obtain the first- and second-order differential invariants: 



In accordance with Theorem 1.3 the most general invariant equation (except 
singular ones) for prolongations G and G can be written as v = F(u) and 

w = F(.u,v), respectively. Substituting here the expressions for the invariants 
u, v, and w, we obtain the following general first- and second-order differen¬ 
tial equations admitting the Galilean group: 


x + F(y)' 



In more complex cases the following theorem (Lie [1891], Chapter 16, 
Section 5) simplifies calculation of the second- and higher-order differential 
invariants. 


Theorem 1.5. Let the invariant u(x,y) and the first-order differential in¬ 
variant v(.x, y, y') be known for a given group G. Then the derivative 

dv v x + y'v y + y"Vy Dv 
du u x + y'u y Du 

is a second-order differential invariant. As a result of subsequent differentia¬ 
tion one may obtain the higher-order differential invariants d 2 v/du 2 , 
d 3 v/du 3 % ... . 

Several differential equations of the first and second orders are listed in 
Sections 8.1 and 8.3 along with the operators they admit. These results are 
obtained with the help of Theorems 1.3 and 1.5. 


1.4. INTEGRATION AND REDUCTION OF ORDER 

Group theory elucidates many methods and results on the integration of 
equations that are widely used in practice. This permits one to understand 
connections between different methods and to unify them. Here we discuss 
the simplest applications of one-parameter groups to the problems of integra¬ 
tion and reduction of order for ordinary differential equations. 

For the integration of first-order equations, two group theoretical methods 
are presented. The first provides a method for finding an integrating factor 
(Section 1.4.1). The second, the method of canonical variables (Section 1.4.2), 
provides a method for finding a suitable change of variables. This last 
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method, in the case of higher order equations, becomes a method for 
reducing the order of the equation. 

For these and more general group theoretic methods of integration of 
ODEs see the exhaustive presentation by Lie [1891]. Helpful presentations 
can also be found in Bianchi [1918] and Dickson [1924] as well as in more 
recent books by Olver [1986], Bluman and Kumei [1989] Ibragimov [1989a], 
[1991], and Stephani [1989], 


1.4.1. INTEGRATING FACTOR 

This method is applicable to first-order equations only. Consider a first- 
order ordinary differential equation written in the symmetric form 


Q(x,y)dx-P(x,y)dy- 0. 


( 1 . 21 ) 


It is equivalent to the following partial differential equation: 


dF HF 

P— + Q — 
dx dy 


0 . 


(1 - 22 ) 


The left-hand side of any integral F(x,y) = const, of Equation 1.21 is a 
solution of Equation 1.22 and, conversely, any solution F(x, y) of Equation 
1.22 equated to an arbitrary constant determines an integral of Equa¬ 
tion 1.21. 

Theorem 1.6 (Lie [1875]). Equation 1.21, 

Q{x,y)dx-P(x,y)dy - 0, 
admits a one-parameter group with generator 1.7, 


d d 

x = *t + T >r 

dx dy 


iff the function 


1 

M “ {Q-nP 

is an integrating factor for Equation 1.21. 

First Example. Consider again the Riccati equation 

y' + y 2 - —• 

x i 


(1.23) 


(1.24) 
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This equation admits the one-parameter group of dilations x = xe a and 
y = ye “ with the generator 




Rewriting Equation 1.24 as 


dy + 



s )**- 0 


(1.25) 


(1 -24') 


and using Formula 1.23, we obtain the integrating factor 


x 2 y 2 -xy - 2 


After multiplying by this factor, Equation 1.24' becomes 


xdy + (.ry 2 - 2/x) dx t 1 xy - 2 

-—--- =</lnx + -In-- 

.r 2 y 2 - xy - 2 \ 3 xy + 1 


0 


Thus we find the general solution of Equation 1.24 in the form 


2x y + C 


x(x 3 - C) ‘ 


Second Example—A Group Theoretical Basis for the Method of Variation of 
Parameters. Let us apply Lie’s formula to integrate the inhomogeneous 
linear equation 


y' + R(x)y-Q(x). (1.26) 

In this case a symmetry group is given by the superposition principle. 
Namely, if z 0 (.v) = exp( fR(x ) dx] is a particular solution of the homoge¬ 
neous equation 


z' + R(x)z = 0, (1.26') 

then the one-parameter family of transformations 

X=X, y = y + az 0 (x) 

converts any solution of Equation 1.26 into a solution of the same equation. 
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These transformations form a one-parameter group G with the symbol 

* = z 0 (*)^. 

Here, one can use Definition 1.4' and conclude that G is a symmetry group 
for Equation 1.26. Now we rewrite Equation 1.26 in the form 

(C? - Ry) dx -dy = 0, 

and, using Formula 1.23, we find the integrating factor p = - l/z Q (x), or 

p = -e IRlx)dx . 

Therefore 


[dy + (Ry - (?) dx] e ‘ Rlx)dx = dF, 
for some function F. It follows that 
dF dF 

— = e IR(x)dx , — = R(x)ye IRix)dx - Q(x)e IRix}dx . 

By integrating the first equation one may obtain the expression F = 
y exp[/7?(.v)dLv] + fix). The substitution of this expression into the second 
equation yields 


/’(*) - -Q(x)e IR(x)dx , or f(x) = -/(?( x)e' R(x)dx dx. 

Substituting this back into the expression for Fix, y) and setting F = C, we 
find 


ye IR(x)dx - JQ(x)e IRlx)dx dx = C. 

By solving this equation with respect to y one obtains the general solution of 
Equation 1.26: 


y = e ~ IRdx (IQel Rdx dx + C). 


1.4.2. METHOD OF CANONICAL VARIABLES 

First we note that if a differential equation admits a group G in one 
coordinate system, it admits the group in any other coordinate system. 
Therefore, we simplify the group by choosing canonical variables t and u 
according to Theorem 1.4 and reduce the action of G to translations in one 
of these variables, say, /. Then our equation written in terms of t and u will 
be invariant with respect to translations in t. This means that the trans- 
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formed equation docs not depend explicitly on t. Therefore, in canonical 
variables, we can integrate this equation by quadratures if it is first-order, or 
if it is of higher-order, reduce the order by 1. 

First Example. Consider equation 1.24. For the group with generator 1.25, 
the canonical variables are 


t = In x and u = xy. 

In these variables Equation 1.24 is written as 

u' + u 2 -u- 2 = 0. (1.24”) 

This equation is readily integrated and yields 

u + 1 

In-- -3 1 = const. 

u- 2 

After substituting the expressions for t and u in terms of x and y, we 
reproduce the solution given in Section 1.4.1. 

Second Example. The second-order linear equation 

y" + /(*)y = o (1.27) 

admits the group of dilations in y with the generator 

X-yL (1-28) 

Here the canonical variables arc u — x and t * In y. In these variables 
Equation 1.27 becomes 


u" - u' +f(u)u' 3 = 0. 

It does not depend explicitly on /. That is why its order can be reduced by 
the standard substitution u' = p(u) and the problem becomes one of inte¬ 
grating the Riccati equation 

dp 

s +/<„),»-i-o. 

The method of canonical variables gives a second group theoretic basis for 
the method of variation of parameters (see, e.g., Ibragimov [1989a]). In this 
way, in contrast to the integrating-factor method, one is provided with a 
group theoretic approach to the method of variation of parameters for 
higher-order equations. 
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1.43. INVARIANT DIFFERENTIATION 

If a second- or higher-order equation admits a onc-paramctcr group, one 
can reduce the order of the equation with the help of Theorems 1.3 and 1.5. 

Here we focus on second-order ODEs admitting a one-parameter group 
G. Denote by u an invariant of G and by v its first-order differential 
invariant. According to Theorem 1.5 a second-order differential invariant can 
be chosen in the form w = dv/du. Then by Theorem 1.3 the differential 
equation can be rewritten as 


du 

— = F(u,v). (1.29) 


By this we have reduced the order. If we find an integral of Equation 1.29 
(e.g., of the original second-order equation) in the sense 

4>(h,p,C)=0 (1.30) 

then the solution of our second-order equation automatically reduces to 
quadratures. Indeed, the substitution of the known expressions for invariants 
u(.x, y) and v(x, y, y ') into Equation 1.30 results in a first-order differential 
equation that admits the group G. This is the consequence of the fact that u 
and v arc invariants. 

Example. Let us reduce the order of Equation 1.27 by the method of 
invariant differentiation. The first prolongation of operator 1.28 is 


X 

i 




Its invariants are u = .t and v = y'/y. In accordance with theorem 1.5, we 
calculate the second-order differential invariant w = dv/du: 


dv 

du 





It follows that y"/y = dv/du + v 2 . The substitution of this expression into 
Equation 1.27 gives Equation 1.29 in the form of the following Riccati 
equation: 


dv 

du 


+ ir + f(u) 
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1.5. DETERMINING EQUATION 

Now we consider the problem of constructing the group admitted by a 
given second-order Equation 1.19. In accordance with Definition 1.4 and 
Theorem 1.2. the infinitesimal criterion for invariance is 

X™F \ f .o s (£F, + V F y + C\F } - + C 2 F,-)\f-o - 0 (1.31) 

where £, and f, are calculated by the prolongation formulas (Equations 1.17 
and 1.18'). Equation 1.31 is referred to as the determining equation for the 
group admitted by Equation 1.19. 

Furthermore, we shall treat differential equations written in the form 

y m ~f(x,y,y'). (1.32) 

In this case the determining equation, becomes 

V XX + (2r?,y - fc x)y' + (Vyy- 2 ~ y% y 

+ (V Y ~ 2£, - 3 y%)f - [ 77 , + (T 7 y - £ x )y' - y'H>]f y - 
~ U, - vfy - 0. (1.33) 

Here fix, y, y') is a known function and the coordinates £ and rj are 
unknown functions of x and y. Because the left-hand side of Equation 1.33 
includes (besides x and y) y’ considered as an independent variable, the 
determining equation can be split into several independent equations. As a 
result we obtain an overdetermined system of differential equations for £ and 
rj. Solving this system of determining equations, we find all operators admit¬ 
ted by Equation 1.32. 


First Example. Let us find all operators 


d d 

dx oy 


admitted by 


1 

y- + — y’ - e* = 0 . 

X 


Here / = e y - (1 /x)y' and Equation 1.33 becomes 


V xx + (2H, y - i xx )y’ + (Vyy - 2 ( xy )y* ~ y% y 


(1.34) 


+ (n, - U t - 3y**,)(e' - j) + j[n a + (v y ~ t>)y’- y% 1 




- ne y = 0 . 
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The left-hand side of this equation is a polynomial of third degree in y'. That 
is why the determining equation is split into the following four equations: 

(yf: f„- 0 ; 

(yf: <?„ - + \t, - 0 ; 

n\ (1-35) 

y’: 2rj, y - £ xx + | — j - 3( y e y - 0; 

(y')° : Vxx + ~V x + (v y - 2 £x - v)e y - 0. 

It follows from the first two equations that 
£ * p(x)y + a(x) and rj-|p' + ^jy 2 + 2 |«' “ ~ ) + <l(x) y + b( x ). 

We substitute these expressions for f and 77 into the last two of Equations 
1.35. Because £ and tj depend on y polynomial!}' and the left-hand sides of 
these last two equations contain e y , it follows that 

i y = 0 and r? y - 2 £, - rj = 0 . 

The solution of these equations is given by 

£ = u(.t) and 77 = — 2a'(x). 

After this the third equation of Equations 1.35 becomes 



which gives a = C,a In x + C 2 x. The last equation of Equations 1.35 is valid 
identically. 

As a result we obtain the general solution of Equations 1.35: 

£ = C t x In x + C 2 x and 77 = —2[C,( 1 + In x) + C 2 ], 

with constant coefficients C, and C 2 . By virtue of the linearity of the 
determining equations the general solution can be represented as a linear 
combination of the following two independent solutions: 

f,=*ln.x, tj, =■ — 2(1 + In*); 

Z 2 =x > 772= “ 2 . 
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This means that Equation 1.34 admits two linearly independent operators 

d d d d 

X, = x In x - 2(l+lnx)— and A\ = x - 2—. (1.36) 

1 dx ' 'dy 2 dx dy y J 


Hence the set of all operators admitted by Equation 1.34 is a two-dimen¬ 
sional vector space with the basis given by operators 1.36. 


For partial differential equations (PDEs), the construction of an admitted 
group parallels the ODE development previously described. In the PDE case, 
one utilizes the prolongation Formulas 1.17 and 1.18 in place of Formulas 
1.17’ and 1.18’. We illustrate this by the following example. 


Second Example. Consider the following second-order partial differential 
equation: 

u, x + u yy =e u . (1.37) 


We seek a symmetry' operator 



where £ 2 , and rj are unknown functions of three variables x, y, and u. 
Solution of the determining equation gives that and £ 2 depend only on x 
and y and satisfy the Cauchy-Riemann system 

(',-(1-0, 4i+(I-0, (1.38) 

while 

V - -2(1. 


So, Equation 1.37 admits the infinite-dimensional vector space of operators 

+ (>■») 


where and f 2 are defined by Equations 1.38. 


1.6. LIE ALGEBRAS 

Now we return to the general properties of the determining equation. It 
can be seen from Equation 1.33 that the determining equation is a linear 
partial differential equation with unknown functions £ and q of two variables 
x and y. It follows that the set of all its solutions is a vector space. However, 
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there is another property that is intrinsic to determining equations. A set of 
solutions of any determining equations forms what is called a Lie algebra. 
(This term was introduced by H. Wcyl; S. Lie himself used the term 
infinitesimal group.) 

We define a commutator (Lie bracket) [A,, X 2 ] of operators 


*1 


d 

Jx 



and 





by the formula 


[X t , X 2 ] = A, A, - X 2 X x , (1.40) 



[*,.**] - W( 2 ) -X 2 (e t ))^ + (*,(u a ) -**(*,))— 


(1.40*) 


It follows that the commutator 


1. Is bilinear, 


[X,c | A', + c 2 X 2 ] — c,[ X, A 1 ,) + c,[A, X 2 ] 
[c l X l +c 2 X 2 ,X]-c l [X l ,X]+c 2 [X 2 ,X] 

2. Is skew-symmetric, [AT,, A - ,] = -( X 2 , A,] 

3. Satisfies the Jacobi identity, 

[*„[*„*,]] + [*„[*„*,]] + [*„[*„*,]) -0 

Definition 1.5. A Lie algebra of operators 1.7 is a vector space L that 
includes the commutator (A,, X 2 ] along with any two operators A,, A, e L. 
This Lie algebra is denoted by the same letter L, and the dimension of the 
Lie algebra is the proper dimension of the vector space L. 

Remark 1. Let L r be an /--dimensional vector space with a basis A,,.... X r , 
i.e., any A e L r can be decomposed as follows: 

r 

X = £ C^A^, C** = const. (1.41) 

M = 1 

Then it follows from Definition 1.5 that L r is a Lie algebra ill 

[*..*,] - £ <£,*». n.v-\,...,r, ( 1 . 42 ) 

A - 1 

where are real constants called structure constants of L r . 
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Remark 2. A Lie algebra L r generates an r-parameter group of transfor¬ 
mations 1.1 with a vector-parameter a = ( a \.... a r ). To construct the trans¬ 
formations corresponding to this group, it is sufficient to solve the Lie 
equations for each basis operator of L r and take compositions of these r 
onc-parameter groups. 

One of the general results for second-order equations is the following one 
due to Lie [18911. 

Theorem 1.7. For any Equation 1.32, the set of all solutions of the deter¬ 
mining equation forms a Lie algebra L r of dimension r £ 8. The maximum 
dimension r = 8 is realized if and only if Equation 1.32 is linear or can be 
linearized by a change of variables. 

Example. The commutator of operators 1.36 equals 

[X it X 2 \ = -X 2 . (1.36') 

So property 1.42 is valid and therefore the vector space spanned by the 
operators X { and X 2 is a two-dimensional Lie algebra. According to the 
First Example in Section 1.5, X , and X 2 arc two linearly independent 
solutions of the determining equation for Equation 1.34, and any X admitted 
by Equation 1.34 is a linear combination of them. It follows from Theorem 
1.7 that equation 1.34 cannot be linearized. 

Although we discuss above only groups admitted by second-order differ¬ 
ential equations, all concepts and algorithms can be generalized to higher- 
order equations. Moreover, Lie gave a classification of all ordinary differential 
equations of arbitrary order according to their admitted groups. This classi¬ 
fication is based on enumeration of all possible groups of transformations of 
the plane. A treatment of this classification is given in Lie [1883] and [1884]. 

Finally, we arc in a position to see why the method of the determining 
equations is not effective for first-order ODEs y' = f(x, y). In this case we 
have the determining equation 

f i</= V, + (-1, - t.)f~(,f* - if, - if, - 0. (1.43) 

This does not contain the variable y'; that is why the split into an overdeter¬ 
mined system does not occur here. 


1.7. CONTACT TRANSFORMATIONS 

In the theory of differential equations as well as in mechanics and 
geometry along with point transformations, groups of contact (or tangent) 
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transformations are widely used (Lie [1896a], [1896b]). Here we will discuss at 
once the multidimensional case with an arbitrary number n of independent 
variables x = (jt 1 , ..., x n ) and the one dependent variable u. (It is worth¬ 
while to mention that for the greater number of the dependent variables 
there are no contact transformations different from a point ones; the proof 
can be found, c.g., in Ovsiannikov [1978], Section 28.3, in Anderson and 
Ibragimov [1979], Section 9, or in Ibragimov [1983], Section 14.10.) 

Let u' denote the set of first derivatives u, = du/dx\ and consider a 
one-parameter group of transformations 

x‘ = (p^XjUiU'.a), U = ift(x,u,u',a), u, - u>,(x,u,u',a) (1.44) 

in the (2 n + l)-dimensionaI space of variables (x,u,u'). Transformations 
1.44 are referred to as contact transformations when u, = du/dx'. In terms 
of infinitesimal transformations. 


Jc' = x' + £‘(x,u,u')a, «»« + Tj(x,u,u')a, 

fi, * u, + C,( x, u,u')a 

this condition can be rewritten as the prolongation formula 


(1.44’) 


(1.45) 


Theorem 1.8. The operator 





(1.46) 


is a symbol of a contact transformation group iff 



for some function W = W(x, u, u'). The function W occurring in this theorem 
was called by Lie [1896a] the characteristic function of the contact transfor¬ 
mation group. For ordinary differential equations formulas 1.46 and 1.47 
become 


-W p ^ x +{W-pW p )y y +[W x +pW y )y p , (1.48) 


where W = W(x, y, p) with p = y'. 
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Example. Consider contact groups admitted by the third-order equation 

>’" = 0. (1.49) 

After substitution of operator 1.48 into the determining equation, we find 

W = C, + C 2 x + C 3 x 2 + C 4 y + C 5 p + C 6 xp + C 7 (x 2 p - 2 xy) 

+ C H p 2 + C„(.vp 2 - 2yp) + C m (x 2 p 2 - 4xyp + 4 y 2 ), (1.50) 

where C,,...,C I0 are arbitrary constants. Therefore, the substitution of 
function 1.50 into Equation 1.48 yields 10 linearly independent generators of 
a Lie algebra L l0 : 







(}' ~xp) 


d 

dx 






dy ’ 
d 


8 


2 P 


dx 


1 2 * 

- , 
2 dp 







y 
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Integration of Second-Order 
Ordinary Differential Equations 


2.1. SOLVABLE LIE ALGEBRAS AND SUCCESSIVE 
REDUCTION OF ORDER 

As stated in Section 1.4 (see also Dickson [1924], Ovsiannikov [1962], 
Olver [1986], Bluman and Kumei [1989], Stephani [1989], and Ibragimov 
[1989a], [1991]), a one-dimensional symmetry algebra can be used to reduce 
by one the order of a second-order equation. So it is natural to expect that 
given a two-dimensional algebra the order can be reduced twice, which 
means we have integrated the equation. 

We begin by discussing the properties of Lie algebras that we need in this 
chapter. Let L r be an /--dimensional Lie algebra with any r < * and let N 
be a linear subspace of L r . 

Definition 2.1. The subspace N is referred to as a subalgcbra if [ A', V ] e N 
for all X,Y e N (i.e., this subspace is an algebra itself), and as an ideal if 
[ X,Y] e N for all X e N and all Y e L r . 

If N is an ideal, then one can introduce an equivalence relation: Opera¬ 
tors X and Y from L r are said to be equivalent if Y — X e N. The set of all 
operators that are equivalent to a given operator X is referred to as a coset 
represented by the operator X; any clement Y of this coset has the form 
Y = X + Z for some Z e N. The set of all cosets is naturally endowed with a 
Lie algebra structure and is called the quotient algebra of the Lie algebra L r 
by its ideal N. It is denoted by L r /N. One may consider the representatives 
of appropriate cosets as elements of this quotient algebra. 

If all constructions are considered in the complex domain, then the 
following theorem is valid. 

0-8493-4488-3/S0.00 + $.50 
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Theorem 2.1. In any algebra L r , r > 2, there exists a two-dimensional 
subalgebra. Moreover, any operator A e L r can be included in a two-dimen¬ 
sional subalgebra. 

Definition 2 . 2 . A Lie algebra L r is solvable if there is a sequence 

D ••• dL, (2.1) 

of subalgebras of dimensions r, r - 1,...,1, respectively such that L 5 _, is 
an ideal in L s (s — 2,..., r ). 

A convenient criterion of solvability is formulated in terms of derived 
algebras. 

Definition 23. Let A,,..., A r be a basis of an algebra L r . The linear span 
of the commutators (A M , A',,] of all possible pairs of the basis operators is an 
ideal denoted by L' r and called the derived algebra. The higher-order derived 
algebras are defined recursively: L < " +l) = ( L ln) )', n = 1,2,... . 

Theorem 2 . 2 . An algebra L, is solvable if and only if the derived algebra of 
some order equals zero: = 0 for some n > 0. 

Corollary. Any two-dimensional algebra is solvable. 

To construct Sequence 2.1 in the case of a two-dimensional algebra L 2 , 
one may choose a basis A,, X 2 so that the equality [A - ,, X 2 ] = aA, is valid. 
Then the one-dimensional algebra L, spanned by A, is an ideal in L 2 , and 
the quotient algebra L 2 /L , can be identified with the algebra spanned by 
X 2 . If this algebra L 2 is admitted by a second-order ODE, one can use the 
ideal L, to reduce the order of this equation by 1 (Sections 1.4.2 and 1.4.3). 
Further, the resulting first-order equation admits the quotient algebra L z /L { 
and hence it can be integrated by any of the methods discussed in Sec¬ 
tion 1.4. 

It is clear that an ordinary differential equation of order n > 2 can be 
integrated by this method of successive reduction of order if it admits a 
solvable n-dimensional Lie algebra. For detailed discussions, see Olver 
[1986], Theorems 2.60, 2.61, and 2.64. 


2.2. METHOD OF CANONICAL VARIABLES 

If a given second-order equation admits a two-dimensional Lie algebra, 
then instead of using the preceding method of successive reduction of order, 
one may change variables such that the equation is integrable. 
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2.2.1. CANONICAL FORMS OF L 2 

To stale the basic theorems of this section we need, together with 
Commutator 1.40, the pseudoscalar (skew) product 





dx 


X 1 V X 2 — £\V2 ^1^2* 

(2.2) 

d 



+ *7i — > 
dy 


(2.3) 


A classification of two-dimensional Lie algebras according to their structural 
properties is based on the fact that the equations (A',, A\] - 0, and *, V 
X 2 — 0 are invariant under both changes of bases in 1. 2 and changes of the 
variables x and y. Based on this, the set of all two-dimensional Lie algebras 
is divided into the following inequivalent types: 


I. [*,,*,] =0. *, v X 2 * 0; 

II. [ *,, A', ] = 0, AT, v *2-0; 

III. [X t ,X 2 ] * 0, *,v* 2 *0; 

IV. [X y ,X 2 ] * 0, *,V*, = 0. 


(2.4) 


The following theorem states that in each type is only one inequivalent 
algebraic structure. 

Theorem 2.3. By a suitable choice of the basis any two-dimensional 

Lie algebra can be reduced to one of four ditferent types, which arc 
determined by the following canonical structural relations: 


I. [*,,* 2 ] = 0, 

II. [*„* 2 ] - 0 , 

III. [*„* 2 ] =*„ 

IV. [X lt X 2 \ 


*, v X 2 * 0 
*, v X 2 = 0 
*, v X 2 * 0 
*, v X 2 = 0. 


These structural relations are invariant under any change of variables. 
Using this invariance one can simplify the form of the basis operators *, and 


Copyrighted material 



32 


CRC Handbook of Lie Group Analysis of Differential Equations, Vol. 1 


X 2 . This leads to the following: 

Theorem 2.4. The basis of an algebra L 2 can be reduced by a suitable 
change variable of to one of the following forms: 


d d 


1 

II 

SS 

^ • 

-f* 

II 

9mm 

* 

• 

d 

X 2 = x—; 
dy 

d 

III. X x = —, 

dy 

d d 

x 2 “ x t~ + y— ; 

dx dy 

< 

9 

* 

M 

$ * 

* 

d 

x 2 -y—. 

dy 


The variables x and y are called canonical variables. 


(2.5) 


2.2.2. INTEGRATION ALGORITHM 

Now we identify, by the types described in Theorem 2.4, all second-order 
ODEs admitting two-dimensional Lie algebras, and then we integrate them. 

Type I. To construct all second-order equations admitting an algebra L 2 
with the basis A”, = d/dx, X 2 = d/dy, one finds a basis for the second-order 
differential invariants. Prolongations of these operators coincide with the 
operators themselves; that is why y' and y" provide a basis for differential 
invariants. Hence the general second-order equation admitting L 2 of the first 
type has the form 


y" =/( y')- 


( 2 . 6 ) 


Integration yields 



= x + C„ 


or equivalently. 


y' = <p(* + C,), 


whence 


y« f<p(x + C)d(x + C)+C 2 . 

Type II. In this case, a basis for the differential invariants is x and y", and 
the invariant differential equation has the form 

y" =/(*)• (2-7) 
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Integration yields 


y - /(//(*) dx + C,x + C 2 . 

Type III. In this case, a basis for the differential invariants is y' and xy ", 
and the invariant differential equation has the form 

y" = -/(>')• (2.8) 

X 


Integration yields 



In x + C|, or y' = ^(In x + C,), 


then 


y = Jip( In .v + C,) dx + C 2 . 

Type IV. In this case, a basis for the differential invariants is x and y"/y\ 
and the invariant differential equation has the form 

y"=f(x)y'. (2.9) 


Integration yields 


y = C,y e lflx)J 'dx + C,. 

The preceding results can be implemented in the following five-step 
algorithm for the integration of second-order ODEs (for details, see 
Ibragimov [1991], [1992]). 

First Step. Calculate an admitted Lie algebra L r . 

Second Step. If r > 2, determine subalgebra L 2 c L r . If r < 2, the ODE 
cannot be completely integrated by the Lie group method. 

Third Step. Calculate the commutator 1.40’ and the pseudoscalar product 
2.2 for a basis of L 2 \ if necessary, change the basis in accordance with 
Theorem 2.3. 

Fourth Step. Introduce canonical variables in accordance with Theorem 
2.4. Rewrite your differential equation in canonical variables and integrate it. 

Fifth Step. Rewrite the solution in the original variables. 
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2.2.3. EXAMPLE 

We apply the algorithm to the equation 



( 2 . 10 ) 


First Step. We solve the determining equation and find that Equation 2.10 
admits L 2 spanned by 



( 2 . 11 ) 


Second Step. Here, r = 2 and therefore we proceed to the third step. 
Third Step. Here, 


[X { ,X 2 } = -X lt X , v* 2 = -}* 2 y*0. 


Hence, we conclude from Equations 2.4 that our algebra L 2 is of type 111. 
After changing the sign of X 2 , the algebra spanned by 



( 2 . 11 ') 


has the canonical structure given by Theorem 2.3. 

Fourth Step. Here A’, is reduced to the operator of translations by the 
change of variables 


i 




After this change, the operators become 

d td d 

X i = ~ , X 2 = — — + u —. 
du 2 dt du 


( 2 . 12 ) 


( 2 . 11 ") 


They differ from the canonical form of type 111 given by Equation 2.5 by a 
factor of 5 in X 2 . This could be brought to the canonical form. However, 
Operators 2.11" are already in a simple form. In order to avoid the singularity 
u' = oo, we exclude the following solutions of Equation 2.10: 

y = Cx. (2.13) 
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After the change of variables, Equation 2.10 becomes 





( 2 . 10 ') 


Integration of Equation 2.10' gives the following two solutions: 


and 


a = + C (2.14) 

K- 7 + 7 ^ln|CV-ll + C 2 . (2.15) 

c, c, 


Fifth Step. After we substitute Expressions 2.12 into Equations 2.14 and 
2.15 and take into account Equation 2.13, then we obtain the following 
general solution of the nonlinear Equation 2.10: 


y - Cx, (2.13) 

y = ±yjlx + Cx 2 , (2.16) 

C,y + C 2 a:+ xln|C,-- 1| + C? = 0, (2.17) 


where the Cs are arbitrary constants. 
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Group Classification 
of Second-Order Ordinary 
Differential Equations 


In Chapter 2 we discussed group theoretical methods for integrating second- 
order ODEs. The conclusion is that if a second-order equation admits a 
one-dimensional Lie algebra L,, then we can reduce its order by 1 and if it 
admits a two-dimensional algebra L 2 , we can completely integrate the 
equation by group methods. This conclusion led to the classification of 
second-order equations admitting an L 2 . This classification is accomplished 
by Theorem 2.4. As a result of this classification we obtain four inequivalent 
types of equations, Formulas 2.6-2.9. Each of these four types involves one 
arbitrary function of one variable. Further, if one takes into account the 
allowed arbitrary changes of variables, each type involves two additional 
arbitrary functions of two variables each. Hence the totality of second-order 
ODEs integrable by Lie group methods is infinite in the sense just described. 

Some of equations appearing in this classification admit higher-dimen¬ 
sional Lie algebras L r or /--parameter local Lie groups, 2</58 (see 
Theorem 1.7). So we come to the problem of the complete group classifica¬ 
tion of ODEs. Lie [1883] solved this problem for equations of arbitrary order. 
Here, we only present this classification for second-order equations. This 
permits us to present the essence of his method and at the same time to be 
exhaustive. 


3.1. LIE’S CLASSIFICATION OF EQUATIONS ADMITTING 
THREE-DIMENSIONAL ALGEBRAS 

The group classification of ordinary differential equations is based upon 
the enumeration of all possible Lie algebras of operators acting on the plane 

0-8493-4488-3/SO.OO + $.50 
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( x , y). The basis operators of each algebra are simplified by a suitable change 
of variables. Algebras connected by a change of variables are called similar. 
Equations that admit similar algebras are also similar (equivalent) in the 
sense that they can be transformed into one another by a change of variables. 

The classification happens to be of an especially simple form in the case of 
second-order equations (see Lie [1889], Section 3). In this case the dimension 
of a maximal admitted algebra has only the values 1, 2, 3, and 8 . The 
dimensions 1 and 2 were discussed in the previous chapters. Here we 
summarize results for second-order equations admitting a three-dimensional 
algebra. 

Lie gave his classification in the complex domain. The results on the 
enumeration of all nonsimilar (under complex changes of variables) three- 
dimensional algebras and of invariant equations are given, e.g., in Lie [1891], 

For three-dimensional algebras /. 3 , the construction of invariant equations 
is accomplished by solving the determining equation 1.33 with respect to the 
unknown function fix, y, y'). We illustrate this construction for L 3 spanned 

by 



d d 
dx dy ’ 




(3.1) 


For the operator X x we have £ = 1, 77 - 1. After substitution of these 
values, Equation 1.33 becomes iif/dx + Of/dy = 0, so that 


/-/(* -y./)• 

Substitution of this expression for / and the coordinates £ = x and 77 = y for 
X 2 into the determining equation yields zf 2 + f = 0, where z = x - y. It 
follows that 



(3.2) 


Finally, substitution of Function 3.2 and the coordinates £ = x 1 and 77 = y 2 
of X 3 into Equation 1.33 yields 

2 y'-yr - 3g + 2 (y ' 2 - y') = 0 . 


It follows that 


g = -2(y' + C' 3/2 +y' 2 ), C = const. (3.3) 
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Thus the algebra L 3 is admitted by the equation 

y' + Cy' 3/2 + y' 2 

y" + 2-= 0, C = const. 

x - y 


3.2. SUMMARY OF LIE’S GENERAL CLASSIFICATION 


Lie demonstrated that if a second-order equation admits an algebra L r 
with r ^ 4, then it necessarily admits an eight-dimensional algebra. However, 
all such equations are linearized (Theorem 1.7) and they arc equivalent to 
the equation y" = 0. This completes Lie’s classification of second-order 
ODEs, y" = fix, y, y'). Namely, if an equation admits L,, the action of L, 
can be transformed into translations in x. Therefore, the canonical form of 
an equation admitting an L, can be taken to be 

y"=f(y,y'). (3-4) 

In the case of L 2 , the corresponding four canonical forms of the invariant 
equations are given by Equations 2.6-2.9. In the case of L 3 , they arc given by 
the four canonical forms listed in Section 8.4, Equations iv-vii. In the case of 
higher dimensions, as discussed previously, the only canonical form is 

y" = 0. (3.5) 


Recall that Lie made his classification in the complex domain. If one deals 
with the real domain only, some of the equations given in Section 8.4 will 
split into two inequivalent equations (in the sense of real changes of vari¬ 
ables). For example, the equations 


and 


y n = c(l + y 


' 2 \ 




3/2 arclan )•' 


y" = (Jy*k-2)/{k - I) 

are inequivalent in the real domain. However, the first equation is converted 
into the second with k = (q + i)/(.q - i) via the complex change of variables 
x - y(y - tv), y = j(y + ix). 


3.3. LINEARIZATION 

One can extract, from several results of Lie ({1883], (1891]), the following 
statement (Ibragimov [1991], [1992]). 
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Theorem 3.1. The following assertions are equivalent: 

i. A second-order ODE 


(3-6) 

can be linearized by a change of variables, 

ii. Equation 3.6 has the form 

V" + y)y' 3 + F,(x, y)y' 2 + F t (x,y)y' + F(x, y) = 0, (3.7) 

with coefficients F z , F t , and F satisfying the integrability conditions 
of an auxiliary overdetermined system. 


dz 

Jx 

dz 

dy 

dw 

Jx 

dw 

dy 



dF 

FK ~ F ' Z+ Ty* FF ^ 


1 dF , 2 <9F, 

-zw + FF 3 - - — + - —, 

3 dx 3 dy 


1 dF, 2 dF- 


zw - FF i - - 


+ — 


3 dy 3 dx 


dF 

-w 2 + F 2 w + FyZ + - F,F 3 


(3.8) 


iii. Equation 3.6 admits an L 8 . 

iv. Equation 3.6 admits an L 2 with a basis X,,X 2 such that their pseudo- 
scalar product (Equation 2.2) A', v X 2 vanishes. 

First Example. Consider equations of the form (2.6) 


y” “ /( y") ■ (3-9) 

In accordance with Theorem 3.l(ii), it is necessary that the function f(y') is a 
polynomial of the third degree, i.e., Equation 3.9 has the form 


y" +A 3 y' 3 +A 2 y' 2 +A t y' + A 0 = 0 (3.10) 

with constant coefficients. One can easily verify that the auxiliary system 3.8 
for Equation 3.10 is integrable. Therefore Equation 3.10 is linearized. 
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Second Example (see also Mahomed and Leach [1989]). Consider equations 
of the form. 


y* = -/(>')• (3.11) 

Again, by Theorem 3.1(ii), we have to consider only equations of the form 

y" + “Ma y‘ 3 +A 2 y' 2 + A t y' + A 0 ) = 0, 

* ^ 

with constant coefficients A,. In this case, the integrability conditions of 
Equations 3.8 yield 


A 2 (2-A l )+9A Q A 3 -0 and 3A 3 ( 1 + A x ) - A\ - 0. 


We put A % = -a and A 2 = — b and obtain 


-II + 


3 a 


and A 0 = - 


i b b 3 
3 a + Tla 2 


Hence, Equation 3.11 is linearized iff it is of the form 


1 

y" = - 

X 


h 2 \ h b 3 

fly .• + : + |i + _ y . + _ + _ 


(3.12) 


A linearizing change of variables can be found via Theorem 3.l(iv). 

For example, we find a linearization of Equation 3.12 in the case a = 1, 
b = 0, i.e., of the equation 


>• 


-(/ + y' 3 )- 


(3.13) 


This equation admits L 2 with the basis 


1 d 

X'-xlTx 


X — 

2 x dx' 


(3.14) 


which satisfies the condition X, v X 2 = 0 of Theorem 3.1(iv). These opera¬ 
tors are of type II from Equations 2.4. Therefore a linearization is obtained 
by employing the canonical variables 


I „2 


x — y and y = 
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so that 



Then, excluding the special solution y = const.. Equation 3.13 becomes the 
following linear equation: 

y" + 1 = 0. 

Third Example. Consider the equation 


y" = F(x, y), (3.15) 

where F(x , y) is nonlinear in y. 

Equation 3.15 is a particular case of Equation 3.7 with F, = F 2 = F 3 = 0. 
System 3.8 is written 


z x = z 2 + Fw - F y , w x = zw, 

Zy = -ZW, Wy = -W 2 . 

One of the integrability conditions of this system is 

Zyy “ Zy X . 

It gives the necessary condition for linearization: 



Hence Equation 3.15 is not linearizable. 
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Invariant Solutions 


Lie’s investigations were centered on problems of general integrability of 
differential equations by means of group theory. This is why many of his 
papers deal with ordinary differential equations or with linear partial dif¬ 
ferential equations of first order. In his paper on higher-order partial dif¬ 
ferential equations, Lie [1895] considered solutions invariant under groups 
admitted by these equations. With the help of these invariant solutions, he 
returned to the problem of general integrability. However, the majority of the 
partial differential equations that appear in mathematical physics are not 
completely integrable by means of group theoretic techniques. In our opin¬ 
ion, this is one of the main reasons why Lie’s approach was not widely used 
and taught in applied mathematics and mathematical physics for a long time. 

On the other hand, special types of exact solutions of differential equa¬ 
tions were known and successfully used in mechanics and physics. These 
solutions were found by ad hoc methods. As the result of the efforts of many 
people, these special solutions arc now identified as invariant solutions in the 
sense of Lie. This connection with group theory led to the increased activity 
in group analysis of partial differential equations that occurred after 1950 
(strongly influenced by the books of Birkhoff [1950], Sedov [1957], Petrov 
[1961], Ovsiannikov [1962], and Ames [1965], [1972]) and eventually to the 
explosion of activity starting in about 1970. 

This chapter provides an introduction to the notion of an invariant 
solution and the construction of sets of independent invariant solutions 
(optimal systems in the sense of Ovsiannikov [1962]). It is sufficient, for 
purposes of illustration, to consider ordinary differential equations. 


4.1. NOTION OF AN INVARIANT SOLUTION 

In order to explain the notion of an invariant solution, we consider the 
simple example of the Riccati equation from Section 1.4.1, 

y'+y 2 = 2/x 2 . (4.1) 
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One of its symmetry groups is given by 



We choose a particular solution of Equation 4.1, say, 

2x 3 + 1 

y “ *(* 3 - I)‘ 


(4.2) 



Transformation 4.2 converts this solution into a one-parameter family of 
solutions 


2x 3 + C 
x(x 3 - C) 


(4.4) 


with C = e 3a . Here C > 0 because -« < a < ». 

How general is the solution given by Equation 4.4? The solutions with 
C £ 0 and C = oc are missing. Is it possible to recover those with C < 0 by 
using the reflection x -* -x, y -* -y, which is a discrete symmetry of 
Equation 4.1. 

What about the limiting cases C = 0 and C = »? It turns out that the 
solutions 


y, = 2/.v and y 1 =-\/x, (4.5) 

which correspond to C = 0 and C = *, respectively, have a special property 
with respect to the dilations. Namely, each one is converted into itself, i.e., 


y x = 2/x and y 2 =-!/*, 


(4.5') 


and hence they are invariant in the sense of Definition 1.3. So, Solutions 4.5 
are called invariant solutions. More precisely, Solutions 4.5 are invariant 
solutions of Equation 4.1 under the action of the dilation group given by 
Equations 4.2. 

In general, if a solution is invariant, in the sense of Definition 1.3, under 
the action of any symmetry group, it is called a group invariant solution or, 
for brevity, an invariant solution. 

Now, we illustrate a technique for constructing all invariant solutions 
corresponding to a symmetry group when its infinitesimal operators are 
known. We do this for Equation 4.1, using the infinitesimal operator 





(4.6) 


of Transformations 4.2. 
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By Theorem 1.3, any invariant solution can be written in terms of invari¬ 
ants. In our case the only independent invariant is J = xy. Therefore all 
invariant solutions can be written as 

J = const., i.e., xy = C. 

Substitution of the expression y = C/x into Equation 4.1 yields C 2 - C - 
2 = 0. Thus we have C — 2 and C - — 1. As a result we obtain two 
solutions, 


y t - 2/x and y 2 = - l/x. 

These are precisely the two invariant solutions given by Equations 4.5 and 
there arc no other invariant solutions of Equation 4.1 with respect to the 
dilations 4.2. 


4.2. OPTIMAL SYSTEMS 

In the preceding section, we considered invariant solutions with respect to 
a given onc-paramctcr group or onc-dimcnsional Lie algebra. If a differential 
equation admits a Lie algebra L, of dimension r > 1, one could in principle 
consider invariant solutions based on one, two, etc., dimensional subalgebras 
of L r . However, there arc an infinite number of subalgebras, e.g., one-dimen¬ 
sional subalgcbras. This problem becomes manageable by recognizing that if 
two subalgebras are similar, i.e., they are connected with each other by a 
transformation from the symmetry group (with Lie algebra L r ), then their 
corresponding invariant solutions are connected with each other by the same 
transformation. Therefore, it is sufficient to put into one class all similar 
subalgebras of a given dimension, say s, and select a representative from each 
class. The set of these representatives of all these classes is called an optimal 
system of order s (Ovsiannikov [1962], [1978]). In order to find all invariant 
solutions with respect to 5-dimensional subalgebras, it is sufficient to con¬ 
struct invariant solutions for the optimal system of order s. The set of 
invariant solutions obtained in this way is called an optimal system of 
invariant solutions. Of course the form of these invariant solutions depends 
on the choice of representatives. 

It is sufficient to illustrate this construction for r - 2. Let us return to the 
example in Section 2.2.3. It was shown there that the equation 
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admits a two-parameter group G 2 with the Lie algebra L 2 spanned by 


- «• 2 


X t =JT 


dx 


+ xy 


dy 


A\ = x 


y s 
+ - 


dx 2 dy 


(4.8) 


We will also use the fact that Equation 4.7 has the reflection symmetry 
y -» -y. Let us find the optimal system of one-dimensional subalgebras and 
the corresponding invariant solutions. 

Because we arc interested in one-dimensional subalgebras, we determine 
how an arbitrary operator 


2 

x = EC^ (4.9) 

M-l 


of the algebra L 2 transforms under G 2 . Transformations of G 2 can be 
obtained as a composition of two one-parameter groups, one generated by A', 
and the other by X 2 . Therefore, we need only consider transformations of 
Operators 4.9 under the action of these two one-parameter groups sepa¬ 
rately. 

The operator A', generates the group of projective transformations 


1 - 


a t x 


y 


1 - 


a \ x 


(4.10) 


with parameter a,. Using Equation 1.13, we find that under these transfor¬ 
mations Operator 4.9 becomes 


2 

x = E (4.11) 

M-l 

where 

X x ” Ap X 2 - X 2 - a { X x . (4.12) 

In the original basis, Operator 4.11 is rewritten as 

_ 2 _ 

*= E (4.13) 

M-l 


It follows from Equations 4.11-4.13 that 

C‘ = C 1 - a x C 2 , C 2 = C 2 . (4.14) 
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Similar calculations with the group of dilations 

x = a 2 x, y = •fay (a 2 > 0) (4.15) 

generated by the operator X 2 yield 

-«2*t. *2=*,, (4.16) 

or, equivalently, 

C'=a 2 C\ C 2 = C 2 . (4.17) 

To construct the optimal system of order 1, we must partition Operators 
4.9, or equivalently, their coordinate vectors 

C = (C',C 2 ), (4.18) 

into similarity classes with respect to Transformations 4.14 and 4.17. Follow¬ 
ing Ovsiannikov (1962), wc proceed to solve this problem in a way that is 
particularly effective for low-dimensional algebras. 

In our case we first observe that C 2 is invariant with respect to Transfor¬ 
mations 4.14 and 4.17. Further, the transformation of the coordinate C 1 in 
Transformation 4.14 suggests that wc distinguish the cases C’ 2 = 0 and 
C 2 * 0. 

All Vectors 4.18 with C 2 = 0 arc spanned by the unit vector 

(1,0). (4.19) 

Any vector with C 2 * 0 can be transformed to the form (0,C 2 ) by 
applying Transformation 4.14 with a, = C'/C 2 . These latter vectors are 
spanned by the unit vector 


( 0 , 1 ). 


(4.20) 


Hence any Operator 4.9 is similar to A', or X 2 . Thus the optimal system of 
order 1 is 


(4-21) 

In order to find the corresponding optimal system of invariant solutions we 
have only to construct the invariant solutions for A', and X 2 . These solutions 
are further simplified by using Dilations 4.15 and the reflection symmetry 
y -» -y of Equation 4.7. As a result we obtain the following optimal system 
of invariant solutions: 



(4.22) 
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The application of Transformations 4.10, 4.15, and reflection to Solutions 
4.22 yields the totality of invariant solutions of Equation 4.7: 

y = Cx (4.23) 

and 

y - ±hx + Cx 2 . (4.24) 

According to the terminology of Lie group theory, the action of the group 
G 2 on L 2 given by Equations 4.12 and 4.16 (or, equivalently, by Equations 
4.14 and 4.17) is called the adjoint representation of G 2 . 

The fact that the number of elements in the optimal system of Subalgebras 
4.21 and the optimal system of Solutions 4.22 is equal to the dimensionality 
of the symmetry algebra is an accident of this example and is not true in 
general. For example, consider the equation 



(4.25) 


It admits the three-parameter group G, with the Lie algebra L y spanned by 


d 

dx 


d 1 d 

*2 = -r— + -y — 
dx 2 dy 


X y =x 2 — +xy — 
dx dy 


In this case the optimal system of order 1 is 

[X x ,X 2 ,X it X x + *„*, -X 3 ), (4.26) 

whereas the corresponding optimal system of invariant solutions consists only 
of one element, namely, 


y = V l +x 2 . (4.27) 

Furthermore, application of the group G 3 and the reflection symmetry 
y -* -y to Solution 4.27 yields the following two-parameter family of invari¬ 
ant solutions: 


y = -v 1 + 6 4 (x + a)~, a, b arbitrary constants. (4.28) 
b 

Moreover, this is the general solution of Equation 4.25; hence all solutions 
are invariant solutions (see Ibragimov [1991] and [1992] for details). 
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Generalizations 


The question of generalizing Lie’s theory of point and contact transformation 
groups led naturally to developments in two directions: group actions and 
their generators (vector fields). 

This problem was raised by Lie himself in his fundamental work (Lie 
(1874), page 223) on contact transformations and was formulated as follows: 

1. Are there transformations, other than contact transformations, for which 
tangency of higher order is an invariant condition? 

2. Do partial differential equations of order higher than one admit transfor¬ 
mations that are not contact transformations? 

One positive answer to Lie’s questions lies in the introduction of formal 
transformation groups that act necessarily on infinite-dimensional spaces. 
These formal groups are called Lie-Backlund transformation groups. 

Another positive answer to the second question (not the first) is based on 
the introduction of transformations that act only on the family of solutions of 
a given differential equation and are called in the literature Biicklund 
transformations. These transformations do not have the group property and 
are not connected in general with Lie-Backlund transformation groups. 
Nevertheless, for evolution equations and those that can be rewritten in this 
form. Backlund transformations can be represented as invariants of 
Lie-Backlund groups defined by the evolution equations (considered as Lie 
equations) (Fokas and Anderson [1979]; Anderson and Ibragimov [1978]). 

For the purposes of applications, what has proven to be most expedient 
are Backlund transformations and infinitesimal generators of Lie-Backlund 
groups. 

In Part 11, we give a concise presentation of a theory of Lie-Backlund 
transformation groups as well as closely related generalizations. 
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Lie-Backlund 
Transformation Groups 


5.1. STEPS TOWARD A THEORY 

In this section wc attempt to sketch the crucial ideas and key applications 
that led to a theory of Lie-Backlund transformation groups. The subsections 
reflect a chronological ordering. We also point out the importance of the 
order of influence, which starts with key applications, on the development of 
a theory. However, the main emphasis is on results. 

5.1.1. LIE AND BACKLUND 

In order to explain the work of Lie and Biicklund, it is important to 
distinguish between those requirements placed on transformations that arise 
from tangency conditions alone and those that follow from the group proper¬ 
ties. Hereafter, we employ the notation u, u for the sets of first-order, 

second-order, etc. partial derivatives {«,}, {«,,}, .... 

Lie contact transformations discussed in Section 1.7 can be considered as 
transformations 

x‘ “/'(x,u, m), u«/(x,u,u), ii t = ip,(x,u, u j (5.1) 

that leave invariant the first-order tangency condition 

du - u, dx' = 0. (5.2) 

In the case of one-parameter groups of contact transformations 1.44, this is 
0-8493-4488-3/S0.00 + $.50 

(c) 1994 by CRC Press, Inc. 51 
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Note that in Lic-Biicklund theory this is what is called a canonical Lie- 
Backlund operator, and any generator 


£'(*,«, u 
1 


u) —j + T)“(.r,u, u,...,u) 
k ' dx 1 ' 1 k ’ 


du a 


(5.6) 


of a formal one-parameter Lie-Backlund group can be reduced to the 
canonical form 5.5 (see Section 5.3). 

The results of Johnson’s first paper that are relevant to our considerations 
are as follows: (i) prolongations of Operators 5.5, 








. (5-7) 


where D , is the total derivative with respect to x', i.e., 


d d d 

* dx 1 l du a ,J du° 


(5.8) 


(ii) the definition of the Lie bracket [A”,, X 2 ] of these operators; and (iii) the 
proof of the theorem that the linear space of all operators 5.7 is a Lie algebra 
(see Johnson (1964a], Definition 2 and Lemma 1, and Definition 3, Theo¬ 
rem 1). 

He also notes in this paper that the Lie equations 


du a 

da 




u 

i 



(5.9) 


are not generally solvable for k > 1 even in the analytic case. This is in 
contrast to Lie’s point and contact transformation groups, where k = 0 or 1 
and Equations 5.9 are locally solvable. 

In his second paper, Johnson [1964b] defines invariance of systems of 
partial differential equations under Operators 5.5 and derives the determin¬ 
ing equation for this invariance. Furthermore, he generalizes Lie’s result that 
the totality of solutions of the determining equation is a Lie algebra (Johnson 
[1964b], Theorem 2). 

Johnson treated this generalization in the framework of Ehresmann’s 
[1953] jet bundles in order to formulate his results in a coordinate-indepen¬ 
dent form. He used the concept of formal tangent vectors introduced by 
Hermann [1961] and called the generalized operator 5.5 a k-vector field. 
Note that Johnson uses the Kuranishi symbol df for D, given by Equation 
5.8. For an exposition in the context of infinite jet bundles, see Vinogradov 
[1979] and Kupershmidt [1980]. 
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5.1.3. KEY APPLICATIONS 

Interest in explaining so-called hidden and dynamical symmetries of physi¬ 
cal systems and their consequences within the framework of Lie theory of 
differential equations led Khukhunashvili [1971] and Anderson, Kumei, and 
Wulfman [1972a], [1972b], independently, to the introduction of higher 
derivatives in Lie’s infinitesimal techniques and to the rediscovery of John¬ 
son’s A:-vector fields. For example, in both papers the Runge-Lenz vector in 
the so(4) symmetry algebra of the hydrogen atom (Fock [1935]) was identified 
as a non-Lie operator 5.5. The so(4, 2) dynamical symmetry of the hydro¬ 
gen atom (Barut and Kleinert [1967], Fronsdal [1967]) was identified by 
Anderson, Kumei, and Wulfman ([1972a], [1972b]), in their study of the time- 
dependent Schrodinger equation, as a non-Lie symmetry. 

Widespread interest in generalized group analysis of differential equations 
came from a distinctly different direction, namely, from soliton physics 
(Zabusky and Kruskal [1965]). It was recognized early that non-Lie symme¬ 
tries account for the infinite number of conservation laws that the first 
soliton-type equations possessed, as well as providing a characterization of 
their soliton solutions as invariant solutions under the action of these 
symmetries. This led to a flurry of activity in generalized group analysis as a 
tool to search for more soliton-type equations. 

For our purposes it is important to understand that Lie’s infinitesimal 
techniques apply when using the generalization with one caveat, namely, one 
must a priori fix the order k < oo (see, e.g., Kumei [1975], [1977]). A new 
technique that was not in Lie’s theory has proved to be particulary effective 
for constructing hierarchies of symmetries. It is based on the notion of a 
recursion operator discovered by Lenard for the Korteweg-de Vries equation 
(see Gardner, Greene, Kruskal, and Miura [1974], Olver [1977], and Magri 
[1978], [1980]). These recursion operators can be precisely associated with the 
linear part of Lie-Backlund symmetries for evolution equations (Ibragimov 
and Shabat [1980a], [1980b]; see also Ibragimov [1983], Section 19). This 
latter association provides a test whether a given evolution equation pos¬ 
sesses nontrivial Lie-Biicklund symmetries. 


5.1.4. IMPOSITION OF THE GROUP STRUCTURE 

ON INFINITE-ORDER TANGENT TRANSFORMATIONS 

Now we return to the central problem of this chapter: How do we wed 
infinite-order tangency with group properties? These are two different re¬ 
quirements to impose upon any transformation. The problem is not with the 
existence of infinite-order tangent transformations. Many examples are given 
by transformations of the type 

X = u), u — u J (5.10) 
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together with their prolongation to all derivatives according to Formulas 1.15, 
1.16, etc. The difficulty lies in imposing the group property. For example, in 
the case of Transformations 5.10 we know transformation groups of this type 
only for k, s £ 1 (these are Lie point and contact transformations). However, 
for k and/or s > 1 , we do not know of any example of groups given by 
Equations 5.10. This brings us to a fundamental difficulty. Namely, the 
problem of wedding infinite-order tangency with the group property leads, 
for Operators 5.6, to Lie-Biicklund equations 


dx' 

da 



du a 

da 





(5.11) 


which are not of the Cauchy-Kovalevskaya type and hence their integrability 
is not assured. 

However, there are examples, beyond Lie’s point and contact transforma¬ 
tion groups, for which one can prove the existence and uniqueness for the 
L.ie-Backlund Equations 5.11. For instance, examples are provided by taking 
arbitrary and rj a = £'u" in Operator 5.6, i.e., 


X-?D„ (5.12) 

where D, is given by Equation 5.8. The resulting Lie-Biicklund Equations 
5.11 arc not of the Cauchy-Kovalevskaya type. However, there is a general¬ 
ization of the Cauchy-Kovalevskaya theorem, namely, Ovsiannikov’s theorem 
in scales of Banach spaces (Ovsiannikov [1971]), that is applicable to this 
example (Ibragimov [1977], Anderson and Ibragimov [1977]). Another class of 
examples is provided by Operators 5.5 of the form 

d 

X = u — . 
r du 

Here, e.g., for p = 2, the solvability of the corresponding Lie-Backlund 
equations can be provided only for functions u( x ) from the Jevrey class C 1/2 
(Anderson and Ibragimov [1979]), Section 12; for arbitrary p sec Ibragimov 
[1983], Section 16.3). 

These examples, as well as those from quantum mechanics, make it clear 
that there is no hope of proving, in general, the local solvability of the 
Lie-Backlund equations as is the case with the Lie equations. Therefore the 
problem is divided into two parts. First, candidates for Lie-Backlund groups 
must be identified by using formal power series. The algebraic part was done 
by Ibragimov [1979] (see also Ibragimov [1983]) for all Lie-Backlund Opera¬ 
tors 5.6 in a universal space [[s/]] and is described next, in Section 5.2. The 
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second part, i.e., the convergence of these formal power series, cannot be 
universally solved and must be treated separately for each type of 
Lie-Backlund operator. 


5.2. FORMAL LIE-BACKLUND 
TRANSFORMATION GROUPS 

Consider functions fXx.u, u ,..., u) of a finite number of arguments 

I k 

(k < oc) that are locally analytic in the sense that / is locally expandable in a 
Taylor series with respect to all arguments. These functions are generaliza¬ 
tions of Ritt's differential polynomials (Ritt [1950]) and are called differential 
functions of finite order (Ibragimov [1981], [1983]), where the order refers to 
the highest derivative appearing in /. The space of all differential functions 
of all finite orders is denoted by sf. This space is a vector space with respect 
to the usual addition of functions and becomes an associative algebra if 
multiplication is defined by the usual multiplication of functions. Further¬ 
more, it has the important property of being closed under the derivation 
given by Equation 5.8. 

Consider operators of the form 

Xm ?ZP + < 5 -H) 


Their prolongation to all derivatives is again denoted by X and is given by 








(5.14) 


where 


cr - d,( V " - 1'«?)+f'«s. 
cr,„ - d„d,p - tv) + fS*. 


(5.15) 


Definition 5.1. An operator given by Equations 5.14 and 5.15, where and 
rj" are differential functions of finite order, i.e., tj" g s/, is called a 
Lie-Backlund operator. The abbreviated operator 5.13 is also referred to as a 
Lie-Backlund operator. 

Denote by [[j/]] the space of formal power series in one symbol a with 
coefficients in s/. The following theorem due to Ibragimov [1979], [1983] 
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states that any Lie-Backlund operator generates a formal one-parameter 
group of tangent transformations acting in {[.o']]. 


Theorem 5.2. Given any Lie-Backlund operator 5.13, there exists a unique 
solution of the Lie-Biicklund equations 


dx‘ 

da 

du° 

da 


£'(.v,n), 

fi). 



(5.16) 


in the space [[jw']]. This solution is given by formal power scries, i.e., 


*' =•*'+ E A\a\ 

S~ I 

X 

n« = u a + E 

s- I 


(5.17) 


with coefficients A‘„ B" e s/, where A\ = f'(x, u ) and = 

t j a i.x,u,..., u). It is a formal one-parameter group that leaves invariant the 

k 

infinite-order tangcncy conditions 


du n — u“ dx s = 0, du“ — u“ dx' =* 0. 


(5.18) 


Definition 5.2. The formal groups obtained in Theorem 5.2 are called 
formal Lie-Backlund transformation groups. Any formal Lie-Backlund trans¬ 
formation group is given by a formal power series and is generated by a 
Lie-Backlund operator (Definition 5.1). 

Definition 5.3. The formal Lie-Backlund transformation group in Defini¬ 
tion 5.2 is a local one-parameter group if the series in Equations 5.17 
converge, and is called a one-parameter Lie-Backlund transformation group. 


5.3. LIE-BACKLUND SYMMETRIES 
OF DIFFERENTIAL EQUATIONS 

Lie’s determining equations (see Section 1.5) naturally generalize to for¬ 
mal Lie-Backlund symmetry groups (see Johnson [1964b], Ibragimov and 
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Anderson [1977], and Ibragimov [1983]). However, it is important to note that 
one must use Definition 1.4 of an admissible group. This is because Defini¬ 
tion 1.4' is not applicable for Lie-Backlund transformation groups because 
they are given by formal power series and do not convert classical solutions 
into classical solutions. This is not to be confused with the fact that in 
particular cases where one can prove convergence of the power series in 
Equations 5.17, Definition 1.4' is also applicable. 

Theorem 5.3 (Ibragimov [1979], [1983]). Consider a A:th-order differential 
equation 


F(x,u, u,..., u) = 0, (5.19) 

where F e.o'' is a differential function of order k. Denote by [F] the frame 
of Equation 5.19 given by this equation and all its differential consequences 
(cf. Introduction to Part I). Then Equation 5.19 admits, in the sense of 
Definition 1.4, a formal Lie-Backlund transformation group generated by a 
Lic-Biicklund operator X iff 


ATV, = 0. (5.20) 

Equation 5.20 is called the determining equation of the Lie-Backlund sym¬ 
metry group. 

It is an immediate consequence of the determining equation that every 
Lie-Biicklund operator of the form 

*♦=£'/>,. 4'e.y, (5.21) 

is admitted by any differential equation. We remark that Lie-Backlund 
equations for operators 5.21 are solvable (in suitable scales of Banach 
spaces), as was noted in Section 5.1.4. Moreover the set of all Operators 5.21 
is an ideal in the Lie algebra of all Lie-Biicklund operators. Therefore, it is 
sufficient to consider the quotient algebra, i.e., to consider Lie-Backlund 
operators with £' = 0, 


(5.22, 

which arc called canonical Lie-Backlund operators. In particular, every Oper¬ 
ator 5.13 is transformed to the canonical form by the prescription 

X = X - CD,. 
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AH of these considerations obviously generalize to systems of differential 
equations. 


Example. The time-independent Schrodinger equation for the bound states 
of the hydrogen atom 




where E is a positive constant, admits three nontrivial Lie-Backlund opera¬ 
tors (the Runge-Lenz vector mentioned in Section 5.1.3) 



or, in the canonical form. 
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also satisfies 


(IT 

dt 



under the usual assumption that p vanishes at infinity. The conserved density 
r is a function of t, x , dependent variables, and their partial derivatives up to 
some order, whereas p = (/»',..., p p ) is a vector with the same arguments as 
t. Because the differentiation with respect to t and x must be understood as 
a total differentiation, Equation 6.3 means 

»,(’■)+ £ »,(>>') -0. (6.3') 

i- t 


For an arbitrary differential equation, we do not distinguish space and 
time variables and denote by x =* (jr',.,.,x") all independent variables. In 
this case a conservation equation is written in the form 

D,(7' , )=0. (6.4) 

where T‘ e ssf (i.e., each T‘ is a differential function of finite order, see 
Section 5.2). 

Definition 6.1. Equation 6.4 is called a conservation law for Equation 6.1 if 
the equation 


D,|r'(jr,n(j:), “(*))] = 0 (6.5) 

is satisfied for all solutions u(.r) of Equation 6.1. The vector T = (T 1 ,..., T n ) 
is called a conserved vector. 

Immediately the question arises, how does one find conservation laws for a 
given Equation 6.1, namely, how does one find 7? Although Definition 6.1 
follows naturally from physical considerations, technically its applicability 
depends on knowledge of the solutions of Equation 6.1. Here we arrive at the 
same situation we encountered in the definition of symmetry groups (cf. 
Introduction to Part I and the passage from Definition 1.4' to Definition 1.4 
in Section 1.3). Namely, wc make these considerations algorithmic if wc 
replace the notion of “all solutions" in this definition with the notion of the 
frame of the differential equation. Because of the presence of higher deriva¬ 
tives in the T‘ s, we must use the frame mentioned in Theorem 5.3, which is 
given by Equation 6.1 together with its differential consequences. 

In order not to get into an extremely technical discussion of what is meant 
by the frame of Equation 6.1 in the general case, let us consider only 
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conservation laws of a fixed order /. By this we mean that / is the maximum 
of the orders of all the T' in Equation 6.4. As a result, the left-hand side of 
Equation 6.4 involves derivatives of order < / + 1. Further, let us restrict 
ourselves to the case of one equation (the generalization to systems of 
differential equations is obvious). It follows that if s is defined by 

s = ma\{k,l + 1 }, (6.6) 

then all constructions take place in the finite-dimensional space of variables 

(x,u,m,...,w). (6.7) 

i i ' 

More precisely, the frame [F], in this case, is a surface given by the following 
equations 


F = 0, if * = 

F = 0, D,F = 0. D •••£), F = 0, ifs>*. 

* 'I *i-A 


( 6 . 8 ) 


Definition 6.2. Equation 6.4 is called a conservation law for Equation 6.1 if 

O,(nlm-0. (6.9) 

Definition 6.2 brings us to the same situation we encountered when 
calculating symmetries by using determining equations (see Section 1.5 and 
compare Equation 6.9 with Equation 5.20). Namely, Equation 6.9 is linear in 
the unknowns V and splits because it contains derivatives of higher order 
than those in the T‘. In principle, we can solve Equation 6.9 and find all /th 
order conservation laws for Equation 6.1. Hence we call Equation 6.4 the 
determining equation for /th order conservation laws obeyed by Equa¬ 
tion 6.1. 

This algorithmic possibility was employed by Laplace some 200 years ago. 
He (see Laplace {1798], Livre II, Chapitre III no. 18) used an analog of 
Equation 6.9 to derive conservation laws quadratic in velocities for the 
Kepler problem. In particular he found three new conserved quantities, 

x* 

A k “ m(|i>| 2 x* “ (x • v)v k ) + a —, 1,2,3, (6.10) 

for the equation of motion 


x 

mx = «—j, a = const. (6.11) 

Here x = (x\ x 2 , x 3 ), r = |x|, v = x = dx/dt, and x • v = E 3 _, x'v 1 . The 
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It is convenient to rewrite any Lie infinitesimal operator (infinitely pro¬ 
longed) and the Lie-Backlund operator 5.14 in the form 


x = {'— + r 

dx 


die 


+ £ [ A, ■' ■ A,( w “) + 

sz 1 


du° , 

/I ... , l 


(6.16) 


where 


W a 


V a ~ 


(6.17) 


The following operators are associated with any operator 6.16: 


*'-*' + + Eo (| ••• 5 


5m /° 12:1 




(6.18) 


where 6/Su", etc. denote the corresponding variational derivatives (cf. 
Equation 6.15), e.g., 


Suf 


du° 


+ £(-D'A, " A, 


J* 1 




(6.19) 


Operators 6.18 were introduced and called Noether operators by Ibragimov 
(see, e.g., Ibragimov [1983], Section 22.1). 

Even though the three operators (6.15), (6.16), and (6.18) are represented 
as infinite formal sums they act properly on the space .<✓. Namely, they 
truncate while acting on any differential function. 

Further and most importantly they are connected by the following theo¬ 
rem. 


Theorem 6.1 (Ibragimov [1983]). Operators 6.15, 6.16, and 6.18 satisfy the 
identity 


X + DAO-W-fif+tyN 1 . ( 6 . 20 ) 

This operator identity is called the Noether identity. 

With this identity in hand, the content and proof of the Noether theorem 
as well as related results become transparent. 

For simplicity we first consider a one-parameter group G of point trans¬ 
formations 


x‘ =f‘(x,ii,a), u a = <p a (x,u,a). 


( 6 . 21 ) 
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Let 




( 6 . 22 ) 


be its infinitesimal operator. Under the action of the group G\ any function 
u(x) is transformed into fi(.v) and a domain 11 c is transformed into a 
domain 11 c R". 

Definition 6.3. Integral 6.14 is said to be invariant under the action of a 
group G of transformations 6.21 if 


f Llx,//(.f). m(x),..., /<(jr))rfv 

•'o ' i k ' 


(6.23) 



for every domain 11 and for all smooth functions h(.v) such that the integral 
exists. 

Theorem 6.2 (Ibragimov [1969], (1983)). Integral 6.14 is invariant under the 
action of a group G of point transformations with infinitesimal operator 
6.22 iff 


X(L) + LDX?) = 0. (6.24) 

The following particular case of the Noether theorem (Noether [1918]) is a 
direct consequence of formulas (6.20) and (6.24). 

Theorem 6.3. If integral 6.14 is invariant under the action of a group G with 
infinitesimal operator 6.22 then the vector T = (T \..., T") defined by 

T‘ - N\L) (6.25) 

is a conserved vector for the Euler-Lagrange equation 6.13. In the case of an 
/•-parameter invariance group, Formula 6.25 applies to each of the r genera¬ 
tors of this group. 

Noether [1918] assumed the existence of groups of transformations that 
involve derivatives, and formulated her theorem for this case. This general¬ 
ization of Theorem 6.3 is what is understood today as Noether’s theorem 
(more precisely, Noether’s first theorem, as distinguished from her second 
theorem, which is not discussed here). 
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It is clear that Definition 6.3 and Theorem 6.3 can be directly extended to 
contact transformation groups. However, in the case of transformations 
involving higher derivatives, the realization of the general theorem is prob¬ 
lematic. The problem, as discussed in Chapter 5, is in the solvability of 
Lie-Biicklund equations. In order to deal properly with this general case and 
not lose Noether’s results, it is convenient to replace the invariance of the 
integral 6.14 by the invariance of the differential w-form (elementary action) 

Ldx. (6.26) 

Then Theorems 6.2 and 6.3 are generalized to the following, which includes 

Noether’s theorem. 

Noether’s Theorem (Ibragimov [1983]). Given a formal Lic-Backlund trans¬ 
formation group with the Lie-Backlund operator 

+ < 6 - 27 > 

the differential n-form 6.26 is invariant with respect to this formal group iff 

X(L) + LD'(t') = 0. (6.28) 

The vector T = (T T n ) defined by 

T' = N'( L) (6.29) 

is a conserved vector for Equation 6.13. 

Remark. It directly follows from the Noether identity 6.20 that if Operator 
6.27 satisfies, on the frame of Equation 6.13, the divergence condition 

X(L) + LD\£) = D,(fl'), B'e.i/, (6.30) 

rather than the invariance condition 6.28, then the conserved vector is given 
by 


r = N‘(L)-B'. (6.31) 

Example. We illustrate the Noether theorem by applying it to Equation 
6.11 with Lagrangian 



(6.32) 
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This is a one-dimensional case (n = 1), where the independent variable is t 
and the three dependent variables are x 1 . So, Operator 6.27 is written as 





(6.33) 


Further, because Lagrangian 6.32 depends only on first derivatives, we need 
only consider a truncated form of Noether operator 6.18, namely. 



£'+ ( t f-t'u?) 


du° 


(6.34) 


In our example Operator 6.34 becomes 

H-t+W-U 1 )#. 

Equation 6.11 admits a five-parameter group consisting of time translation, 
dilation, and rotations in space. An element of its Lie algebra, written in 
canonical form, is X = -q'd/dx 1 , where 

V « (3/1/ + B)x‘ + (C{ - 2A8[)x k (6.35) 

with constant coefficients A, B, C' k such that + C* = 0. If one looks for 
additional symmetries linear in velocity, i.e., by replacing Equation 6.35 by 

rj' =fl(t,x)x k + h'(t,x), (6.36) 

then the solution of the determining equation gives three additional 
Lie-Biicklund operators, 

d 

X (k) = (2x k x‘ -x'x k - (ri)^)y, A: = 1,2,3. (6.37) 

In this case the divergence Equation 6.30 is satisfied, hence the conserved 
quantity for each operator 6.37 is given by Formula 6.31. This formula yields 
Laplace's conserved quantities, or equivalently the Laplace vector 6.12 
(Ibragimov [1983], page 346). 

For more detailed discussions of the Noether theorem and related results, 
applications, and generalizations, see Ibragimov (1983). 
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7 

Nonlocal 
Symmetry Generators 
via Backlund Transformations 


The theory of Lie-Backlund groups gives an algorithmic method for con¬ 
structing all local symmetries of differential equations, i.e., formal groups 
generated by the canonical Lie-Backlund operators 

d 

X - f(x,u,u l ,u 2 ,...,u k )— + ••• 

with coordinates f belonging to the space & of differential functions 
(analytic functions of an arbitrary finite number of local variables x,u, 
h,,m 2 ,...). However, in practice differential equations arc encountered that 
admit an operator X - fd/du + • • • whose coordinates / depend not only 
on a finite number of local variables, but also on expressions of the type 
involving integrals of u. Such symmetries arc called nonlocal. 

In a number of cases nonlocal symmetries may be easily obtained by a 
recursion operator. 

Example 1 (Ibragimov and Shabat [1979]). For the Korteweg-de Vries 
(KdV) equation 

u, = u 3 + MM,, 

the recursion operator has the form 

L =*D 2 + |m + jUxD~ l . 



0-8493-4488-3/S0.00 + $.50 
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(0 

Acting by it on the coordinate / = 1 + m, of the canonical operator of the 
Galilean group, we get a new admissible operator with coordinate 


(3) 

/ 


(1) 

L / = t(u 3 + mu,) + \xu x + jM. 


(1) (3) 

Here /, / e s/, but further action of the recurrence L leads to the 
nonlocal symmetry operator 

/ = t(u s + \uu 3 + fu,u 2 + f“ 2 «i) + T *( u 3 + "“i) + 1 U 2 + 

where ip is a nonlocal variable defined by the integrable system of differential 
equations 

u 2 

•Px = “ 2 +y- 

This symmetry can also be found by direct calculation if one permits 
dependence of / on a nonlocal variable u_, such that £>(«_,) *» u. Dcvclop- 
ing this observation, one could introduce instead of s/ the space s/ of 
analytic functions of any finite number of local (x, u, u„...) and "natural” 
nonlocal (w_,, u_ 2 ,...) variables and seek operators with coordinates from 
s/. However, problems arise quickly. For example, the action of the operator 
L leads to nonlocal symmetry 

(7) 

/ = t(u 7 + JUU 5 + 7 u,u 4 + fu 2 u 3 + j%u 2 u 3 + fuu,u 2 + t|u? + gu 3 u,) 

+ JX(U 5 + f Ulij + y u \ u 2 + + 2 w 4 + f uu 2 + &« 3 

+ i(«3 + WW|)<P + 

with the nonlocal variable iA satisfying the equations 

(A, = u 2 , <A, = 2 mu 2 - u? + ftt 3 . 

The nonlocal variable (A found does not belong to a' because in “natural” 
variables it is represented as an infinite sum: 

iA = D~ l (u 2 ) = mm_, - m,k_2 + M 2 M -3 ~ ‘• 

Thus, the use of “natural” nonlocal variables in the present case would be 
unsuccessful. The same thing is true for the symmetry 

(9) (7) 

/ -Lf, 
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which depends on <p, i/r, and another nonlocal variable 6 defined by the 
system 



u 

~3 


1 


- u 


1 ’ 



-2m, u 2 + u 2 + m 2 m 2 - 2mm 2 + 



Generally speaking a closed theory of nonlocal symmetries can be con¬ 
structed by the introduction of functions of an infinite number of variables 
m, M|, m_|, ... (as is done, for example, in Kaptsov [1982]); however, here one 
loses the possibility of a constructive calculation of nonlocal symmetries. 

Thus, for the construction of nonlocal symmetries a basic problem is the 
proper choice of nonlocal variables. They are defined by integrable systems 
of differential equations that relate the nonlocal variables to the original 
differential variable u. The choice of these differential equations is made on 
the basis of some additional considerations. In the example just considered, 
such an additional consideration was the principle of recursive construction 
of the symmetry operators. 

Another choice is based on the observation (cf. Examples 2 and 3) that the 
existence of Backlund transformations can lead to extension of the admissible 
group due to nonlocal symmetries. 

We note that the nonlocal variables obtained turn out to be connected 
with conservation laws (generally speaking, nonlocal ones). In Example 1 they 
arc connected with the familiar series of conservation laws for the KdV 
equation; in fact, the compatibility conditions of the system of equations for 
< p , «/r, and 0 give, respectively, the first three conservation laws of this series: 




+ D x \~ U 2 

D < (« 2 )+D 1 (m 2 -2mm z - 
+ dIiu^s - u\ - m 2 m 2 + 2mm 2 



0 , 

0 , 

0 . 


Example 2 (Ibragimov [1983]). The equation 


“/« - “ 0 


is invariant with respect to the Backlund transformation 

v, — m, = 0 v x - m, = 0 . 


It has the nonlocal symmetry 


/ = tj(m +t>) 


with arbitrary function 77 . 
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Example 3. The linear diffusion equation 

u, - u 2 = 0 , 

due to its invariance with respect to differentiation and integration, has 
nonlocal symmetries 


ft = v, f 2 = 2 lu + w, 
where v x — u, v, = m,, and w x = xu, w, =* .ym, - u. 

An approach was developed in Akhatov, Gazizov, and Ibragimov [1987c] 
for equations having Backlund transformations and used (Akhatov, Gazizov 
and Ibragimov [1987b], [1987d]) for constructing nonlocal symmetries of a 
special type, namely, quasilocal symmetries. It is important for applications 
that the Lie equations corresponding to the nonlocal operators can be 
integrated. This circumstance lets one again come to the classical problem of 
group classification of differential equations. Here new possibilities for the 
construction of group-invariant solutions are revealed. 

Other approaches to nonlocal symmetries are considered in Fushchich 
[1979], Fushchich and Kornyak [1985], Kaptsov [1982], Khor’kova [1988], 
Kiso [1989], Konopel’chenko and Mokhnachev [1979], Svinolupov and Sokolov 
[1990], and Vinogradov and Krasil'shchik [1980], [1984]. 


7.1. QUASILOCAL SYMMETRIES 

(AKHATOV, GAZIZOV, AND IBRAGIMOV [1989b]) 

Let the systems of evolution equations 

u,-F, Fej/[x,u], (7.1) 

and 

v s = G, Gevjy.t], (7.2) 

be connected by a Backlund transformation 

s = t, y =» ip(x, ..,«*), r a = 4> a (x,u,u l ,...,u k ), ^ ^ 
a = l,...,m, ^,‘1> 0 ey[i,«]. 

Here x and y are scalar independent variables; u and v are vector-valued 
differential variables with successive derivatives u,, u 2 ,..., v 2 ,.. •, 

such as 


D z( u t)“"i+if “ 0 -«*; 


Dy(i\)=v l+ ,, V u = v. 
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Let System 7.1 admit an algebra of local symmetries, i.e., a Lie-Backlund 
algebra 

& F [x,u] = j/„ esf[x,u]: -jj- - {F,f u ) = oj, 

where the Lie bracket (F,f) is defined as the w-dimensional vector from 
s/[x, w] with the components 



[FJ] 


L[FiU fi , 


a-\ 


° -f; •/-/; f, 

[Flh- 



fi = 1 ,..., m . 


After the Backlund transformation given by Equations 7.3, if /„ es/ F [x,u] 
goes over into /„ es/[y,v], then /„ and /, are connected by the transition 
formula (Ibragimov [1981]), 


- D x (**)<p,)f u . (7.4) 

The extension of Formula 7.4 to arbitrary f, (in the general case f v € .a/[y, i>]) 
may lead to the introduction of new, nonlocal, variables Q\ which arc 
defined from Formula 7.4 and the corresponding conditions of tangcncy of 
the vector field f„(y,v,v lt ...,Q) to the differential manifold [G]. The 
function /„, calculated in this way, is a nonlocal symmetry; it is called a 
quasilocal symmetry associated with the local symmetry f u . 


Definition. A quasilocal symmetry /„ of Equation 7.2 associated with f„ e 
s/ h [x,u] is a vector-valued function f v that is connected with f u by the 
transition formula 7.4 and depends not only on the local variables 
s, y, v, y„... but also depends on certain new variables Q\ such that 

~ - + l ^ 4 e;-o. (7.5) 

9s <1Q 

In computing the bracket [G, /,) we use differentiation D y extended to the 
nonlocal variables Q' in the same way as to the usual differential variables. 

It is possible to use Equations 7.4 and 7.5 to obtain quasilocal symmetries 
f u for Equation 7.1 associated with local symmetries /„ for Equation 7.2. 


7.2. EXAMPLE 

Let us consider the equations 


v. 


»7 a/3 v xx 


(7.6) 
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and 



(7.7) 


connected by the Backlund transformation 0 = u, and translate the operator 





(7.8) 


admitted by Equation 7.7, into the corresponding operator admitted by 
Equation 7.6. 

In this case the transition formula has the form 


/„ = £>,(/,), (7-9) 

where /„ and f r are coordinates of the canonical Lie-Biicklund operator for 
Equations 7.7 and 7.6, respectively. For Operator 7.8 the coordinate /„ has 
the form 


/„ = - 3 xu - x 2 u t . 

Substituting this function into Equation 7.9 and using the Backlund trans¬ 
formation, we get the following equation with respect to the unknown func¬ 
tion 

£>«( /,) = -3 xu - x 2 u x = -3 xi\ - x 2 v, x . 

After integration, the solution of this equation may be written in the form 

f r = —x 2 i\ - xv + w, 

where w is a nonlocal variable, satisfying the equation 

D x w = v. 

Hence, the corresponding operator for Equation 7.6 has the form 

, d d 

Y = x 2 —— + (w - xc) — . 
dx dv 

The dependence of the nonlocal variable w on t is determined by the 
equation 

D,(w) = -3 v; l/ \ 

which is the condition of invariance of Equation 7.6 with respect to the 
operator Y. 
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Ordinary Differential 

Equations 


8.1. SOME FIRST-ORDER EQUATIONS WITH A 
KNOWN SYMMETRY 


I. y' = F(y). 



d 

dx 




d 


y' = F(kx + ly ). 



d 

/— 

dx 



a 

<ly 



y +*F(r) 
x -yF(r)' r 




III. / = F(y/x). 


a 


X =x 


dx 




0-8493-4488-3/S0.00 + S.50 
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XIII. xy' = y[ln y + Hat)). 


XIV. -P(x)y + Q( x ). 





e IPlx)dx 


d 

dy 


XV. / = P(x)y + Q(x)y n . 



yH g O-n)IP{x)dx 


d 

dy 


XVI. / - P(x)y. 



8.2. FIRST-ORDER EQUATIONS WITH SYMMETRIES 
LINEAR IN THE DEPENDENT VARIABLE 

Consider a first-order ODH 


/=/(*,y). (8.i) 

The determining equation (Equation 1.43) 

Vx+(V,-£x)f-iyf 2 -tfx-Vfy-0 

does not split into an overdetermined system. Therefore Equation 1.43 has 
an infinite set of solutions. That is why we can hope to find solutions of 
certain forms only. For instance, there is a sufficiently wide class of Equations 
8.1 that admit operators of the form 



(fl(j:)y + b(x)) 


d 

Hx 


+ (c(x)y + </(*)) 



( 8 . 2 ) 


in other words components £ and r) are linear in y (see Section 8.1). 
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Example 1 (Konovalov [1992b]). Let us find Operators 8.2 admitted by the 
equation 


/ =/„(*)>'"+/ P (*)y p +/,(*)>'• 



This equation admits an Operator 8.2 in the following cases. 

Case 1. f p = 0 (The Bernoulli equation). The Bernoulli equation admits 
two (n ± 2) or three (n = 2) linearly independent operators 8.2, for example, 

1 Id d \ 

X ‘T/[^ +f,y Ty)- 


Case 2. n, p *■ 2 (One may consider Equation 8.3 as a perturbation of the 
Bernoulli equation). In this case Equation 8.3 admits an Operator 8.2 iff the 
function z = (f p /f„) i/(n ~ p) satisfies the equation 


z'-f t z + Cf H z” 


(8.4) 


for some constant C. 

The set of Operators 8.2 admitted by Equation 8.3 is a one-dimensional 
vector space spanned by 



1 , d 1 , d 

_ 2 ~~ n - + 2*2 — n V- 

/„ ** f„ V 


In the canonical variables / = jf„z n ~ x dx, u = y/z, Equation 8.3 is writ¬ 
ten as 


u' - u" - Cu + u p . 


Remark. If n = 3 and p = 2 (the special case of the Abel equation), then 
Condition 8.4 turns into a less strict condition. 

Case 3. n = 2, p = 0 (The Riccati equation). The space of Operators 8.2 is 
three-dimensional, i.e.. 



d 

b — 
dx 



1 [(/a*)' 

2/ 2 h 



(8.5) 
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where b(x) is any solution of the equation 


fob + 


I 


2 h 


/./> + 


h 


• \ • 


J\ b + — 7 — -to 


2/2 


A 


/■* + 


(W 

h 


The reduced Riccati equation 


y' = y 2 +/o 


( 8 . 6 ) 


admits the operator 


d 

X = b — 
dx 



(8.7) 


where b is any solution of the equation 

b'" + 4/ 0 6' + 2/' b = 0. ( 8 . 8 ) 

In the canonical variables t - / <ir/ 6 , u = by + b'/2. Equation 8.6 is 
written as u' - w 2 + C, where the constant C is 

C = / ( , 6 2 + \bb" - \b' 2 . 

We cannot find solutions of Equation 8.8 in the case of arbitrary function 
f 0 , but an analysis of Equation 8.8 may be useful. The following example 
confirms this statement. 

Example 2 (Konovalov [1992a]). Consider the special Riccati equation, 

y' = y 2 + tf,* 5 ' + • • • +a p x s ”. 

Let us find the solutions of Equation 8.8 in the form 

b = A t x r ' + • • • +A„x r ". (8.9) 

Here we consider only two cases, p = 1 and p = 2. 

p= 1: y' = y 2 + ax*. (8.10) 

Equation 8.10 admits a generator given by Equations 8.7 and 8.9 in the two 
cases (a) 5 = -2 and (b) s = -2 ± 2/(2/i - 1), n = 1,2.In the first 
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case, b = x. In the second case, 

+ 2(4:-1) _ 2(2 n-k) , , 

rk 2n - 1 ’ 2/i — 1 . n ' 

nk- 2± j^-f) 

/l.-l, /l* + =(- 2 fl) 1 : ' , 24 ii- = --, k = 2./». 

nU^-D(r w -2) 

ro -2 

p = 2: / = y 2 + a,*''+ a,*’*. (8.11) 

Equation 8.11 admits a generator given by Equations 8.7 and 8.9 in the 
following two cases: 

a. y‘ = y 2 + a ,* -2 + a 2 x~ 2±i2 ^* a ' ,/<2 " _l \ where a, and a 2 are arbitrary 
constants 

b. y' = y 2 + a,* -2 * 0 '''' 0 + F(a, n)x~ 2±(2/n \ where a, is an arbitrary con¬ 
stant and a 2 = F(a,,/j) is obtained from the equation det(c (/ ) = 0, where 
(Cjj) is a three-diagonal matrix, 

c ik =^(M-4n-2), 

^(k-l)(k-\-n)(k-l-2n), 

n 

4 a 2 

Ckk -I = —(* - ") 

For example, the equation y' = y 2 + ax~ 3/2 - Aa 2 x~ l admits Operator 
8.7 with b = 1 + 8ox 1/2 in - 2). 


8.3. SOME SECOND-ORDER EQUATIONS WITH A 
KNOWN SYMMETRY 


I. y" = Fi y, y'). 

y" - Fix, y'). 

y" = Fikx + ly, y'). 
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H. y" - (i +y ,2 ) 3/2 / r |r. 


>’ ~ xy 
x + yy' 


x = y— -x— 

dx dy 


III. y" = y 




x-y 


dx 


IV. y" + 


Q"(y) 

«(y) 




</'(y) 

<?(y) 


x = Q(y) 


dx 


V. y" = FU, y - xy'). 


X = x 


dy 


VI. p(x)y” - p"U)y = F(x,p(x)y' - p'(x)y). 


X-p{x) 


dy 


VII. p 2 (x)y" + p(x)p'(x)y' = Fly . p(.r)y'). 


* = PU) 


to 


VIII. xy" = Fly/x, y'). 


d d 

X = x— + y — 
dx dy 


IX. y" =x k - 2 F(x- k y,x l ~ k y'). 


d d 

X = x — + ky — 
dx dy 


X. y" = yF(ye~ x , y'/y). 


d d 

X = — + y— 

dx dy 
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XI. y" =yFix, y'/y). 


X = y 


a x 


XII. y 


q(y) \ q(y) 


x = q(y) 


XIII. yy" = y’ 2 + y 2 F(x, xy'/y - In y). 


X = x) 


ay 


XIV. xy" + y' + x 1 y' i F(y , y/(xy') - In x). 


X = xy 


a x 


XV. x 3 y" - Fiy/x, y - xy'). 


X = x 2 — + xy — 
dx dy 


XVI. rV = y’ 3 Fiy/x,iy - xy')/y'). 


XVII. x k * 2 y m + (1 - k)x 


* + i 


a a 

X-xy— + y 2 ~ 

dx dy 

= Fix~ k y, xy' - ky). 


I a d 


XVIII. xy 2 y" + ik - Dxyy' 2 = y' 3 Fixy~ k , y/y" - kx). 


8.4. LIE GROUP CLASSIFICATION OF SECOND-ORDER 
EQUATIONS 

I. y" =/(>’. /)• 


G,: 


X\ - 


dx 
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Second-Order Partial 
Differential Equations with 
Two Independent Variables 


9.1. LINEAR EQUATION 

R(x,y)z xx + S(x,y)z iy + T(x,y)z yy 

+ P(x ,y)z x + Q(x,y)z y + Z(x,y)z = 0 

9.1.1. LIE’S CLASSIFICATION 
CLASSIFICATION (LIE CONTACT SYMMETRIES) 

(Lie [IXXla]) 

Equivalence Transformations 

x=f(x,y), y = g(x,y), z = a(x,y)z, 
where f, g, and tr are arbitrary functions. 

Classification Result 

For arbitrary /?, S, T, P, Q, and Z the symmetry' Lie algebra is infinite and is 
spanned by 

- Z T Z ' 

where tp(x, y) is an arbitrary solution of the equation. 

0-8493-4488-3/S0.00 + $.50 
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Second-Order PDEs, Two Independent Variables 

The algebra extends in the following cases. 

1. z xy + Y(y)z y + z = 0. 


AT, 

2. z ty + Q(x - y)z y + Z(x - y)z = 0. 


d 

dx 



d 

dy 


3. z xy + Cyz y + z = 0. 

d 

= dx' 


dy 


- Cxz 


dz ’ 


d d 

X, = a- y — 

3 dx dy 


4. z xy + 


B 


x - y 


z y + 


z = 0. 


(x-y) 

d d 

= — + —. 
dx dy 

i d 2 d 

= x 2 — + y 2 — 

dx dy 


d d 

x— + , 

dx dy 


- Axz 


dz 


5. z xx + z y + Z(x)z = 0. 


dy 


6. z xx + z y = 0. 


dx 

d 

d 

X 

X 3 - 2y — 

+ xz — t 
dz 

X 

d 

, d 

1 1 

Xs ~ Xy K 

+ >’ 2 — + 
dy 

(r 


d 

dy ' 

d d 

x— + 2y —, 
dx dy 

1 \ d 

2 y ) z dz 


7. z xx + z y + (A/x 2 )z = 0. 

d 

dy ’ 
d 

*3 = 


dx 


+ 2 y 


dy ’ 


Xy ^I +y X + l L 4 X *-VI 2 3 z 
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CLASSIFICATION (LIE POINT SYMMETRIES) 

(Ovsiannikov [I960]) 

Equivalence Transformations 

1°: x = ip( .V), y = *(y), z - 2 ; 

2°: x=x, y = y, z = io(x,y)z. 

Here <p, i^, and 10 are arbitrary functions. 

Classification Result 

For arbitrary A(x, y), B(x,y), and C{x,y), the symmetry Lie algebra is 
infinite and is spanned by 



d 

= * 0 (*>y) —» 

dz 


where z 0 = z 0 (x, y) is any solution of Equation 9.3. 
The algebra extends in the following cases: 


Case 1. If Laplace’s invariants 

h =A X +AB - C, k = B y +AB-C (9.6) 

(they are invariants under the transformations 2°) are equal to zero, i.e., 

h = 0, k = 0, 

then Equation 9.3 is equivalent to the wave equation 

z tv = 0. 

(see Section 12.1). 


Case 2. Let h * 0 (or k * 0). Then Equation 9.3 admits more than one 
additional operator iff the functions 

k 1 

P= Ti' q = h^ ogh ^ xy 


are constants. 

If p and q are constants, then Equation 9.3 is equivalent to either the 
Euler-Poisson equation (q 0) 



2/q 

- z, 

x + y * 


2 p/g 

x + y 


z y + 


Ap/q 


(x + y) 


0 


(9.7) 
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Classification Result 

For arbitrary H(x, y) the symmetry Lie algebra is infinite and is spanned by 




dz 


x • = 

dz 


where z () (x, y ) is any solution of Equation 9.5. 
The algebra extends in the following cases: 

1. H - H(,y). 




dx 


1. H = H(x). 


d 

dy 


3. // = mx 2 , m * 0. 




a 

dy 


a a 

X 2 = x— + 2y —, 
dx dy 


X , 


a a a 

-4xy— - 4y‘— + (x 2 + 2y)z — 
dx dy dz 


4. H = 0. 




dx ' 


a 

dy ' 


a a 

x— + 2 y 


dx 


dy 


X 4 = 2y-- xz 

dx 


1 


1 


dz ’ 


X ^ xy rx +y2 r y -[4 x2+ 2 y j z rz 


9.2. CHAPLYGIN EQUATION 

9.2.1. K(tr)xb n + - 0 (9.9) 

LIE POINT SYMMETRIES 

(Ovsiannikov [I960]) 

For arbitrary K(cr) the symmetry Lie algebra is infinite and is spanned by 

= x ' = ao’ 

where er) is an arbitrary solution of Equation 9.9. 
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Equation 9.9 admits three additional operators iff the function K(a) is 
given in the following parametric form: 


K=( 4 (s), 



(9.10) 


where £( s) and £ n (s) are two linearly independent solutions of the linear 
second-order differential equation 


d 

ds 


~(qs 2 + C,s + C 2 ) 


d£ 

ds 



q = const., 


(9.11) 


with C| and C 2 arbitrary constants. 
The transformations 


K(a) 


M 


(ca -I- d) 


4 * 0 ' 


acr + b \ 
Ctr + d )' 


(9.12) 


M * 0, ad - be 0, are the equivalence transformations on the set of all 
functions K(a) that are defined by Equations 9.10 and 9.11. 

Functions K(a) defined by Equations 9.10 and 9.11 and nonsimilar up to 
Equations 9.12 are as follows: 


1. 

2 . 


K(<r) = 1/cr 2 

K(a) = Jq()/2s ), a = Y 0 (]f2s )/J 0 (j2s ), where y = J 0 (x ) and y - V 0 (jc) 
arc Bessel functions of first and second kinds, respectively, satisfying the 
equation 


1 

y" +->■' + y = 0 
x 


3. K(a) = 0 r -4 *’/< 2, + where 2/q - v(v + 1) 

4. K(a) = e a 

5. K(cr) = P*(s), a = Q t (s)/Pfs), where C = P.is) and ( = 0„(s) are Leg¬ 
endre functions of the nth degree, of first and second kinds, respectively, 
satisfying the equation ((1 - r 2 )f'] + v(v + l)f = 0 


9 . 2 . 2 . ip e = -(/»„, <p„ = K(a)ijig 


(9.13) 


CLASSIFICATION (LIE POINT SYMMETRIES) 
(Ovsiannikov (1962]) 


Equivalence Transformations 


a _ 
Q = ~rB, 
VC 


a = ao + b. 


1 






K(<r) = cK(aa + b), 
where a, b. and c are constants. 
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Classification Result 

For arbitrary K{<r) the symmetry Lie algebra is infinite and is spanned by 

x ' = Te' = + 

where <p 0 (0, <r), i/r o (0, <r) is an arbitrary solution of Equations 9.13. 

System 9.13 admits two additional operators iff K(a) satisfies the equation 




p = const. 


(9.14) 


Additional operators have the following form: 
a. p # 0, 



1 

P 


K 

F 


+ 1 


d 2K d 

n’w- + -m»)- 


£)*<#)*> + 


d 

d ip 


K 

~K 


7 N'(0)<p ~ 


K 

F 


+ 1 \N(0)* 


a 

di]i 


b. p = 0, 



K 

2 I f i + 1 



\ /C ^ 

]/w(e)rfe-2/ — daN\e) 


a 

ae 


2 K a 

+ lc N 


K V K 2 

Y *(•)*+ *r*'(«>* 


K 


K 


7 N'(e)q, - 


K 

F 


+ 1 |W(0)iA 


a 



where N(ff) is a solution of the equation 

N"(d) + pN(0) = 0. 
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The set of all solutions of Equation 9.14 contains the following nonequiva¬ 
lent solutions: 

1. K = l/(T 2 

2 . K = e 2 ', a = f(e~'/t)dt 

3. K = „ * 0 

4 . K >= e a 

5. K = (( 2 - l)/(z + l)) 1-2 *', a = )(z - l)"-'(2 + 1 )-"dz. 


9.3. HOMOGENEOUS MONGE-AMPERE EQUATION 






LIE POINT SYMMETRIES 
(Chupakhin [1979], Ibragimov [1983]) 


it d d d 



*2 = T’ 

dy 


x <-*r x - 

d 

x, = y —, 

dy 

£ 

II 

S’]* 

d 

d 

Xh — x—, 
dy 

* 15 
* 

II 

* 

A ’ , “ 

d 

x "~ u Tx' 


X l3 *X 2 — +xy 

OX 

0 d 

— +xu — , 
dy du 


a a 

+ y r- 

dy du 


d 

x l5 - ™ ^ 

s d 

+ yu— + w z — 
dy du 



LIE CONTACT SYMMETRIES 
(Chupakhin [1979], Khabirov [1984]) 


d 

X = (x£ + yq + ()— + ••• , 

where 77 , and C are arbitrary functions of u x , u y , and u - xu x - yu y . 
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LIE-BACKLUNO SYMMETRIES 

(Chupakhin [1979], Ibragimov [1983], Section 21.1. and Khabirov [1984]) 



(*) d <«> " 

f — + • •', where / = /„ + yh + £ Q k ~'xf k , 

du k- 1 


where / 0 , //, and f k are arbitrary functions of the variables u x , u y , to = u — 
xu x - yity, R k u y , and R k to ik = 1- 1); differential operators Q and 
R are defined by the formulas 



9.4. NONHOMOGENEOUS MONGE-AMPERE EQUATION 

u, x u yy - u 2 xy + a 2 (x,y) - 0 


CLASSIFICATION (LIE POINT SYMMETRIES) 

(Khabirov [1990a]) 


Equivalence Transformations 


1 °: x - b u x + b l2 y + b x , y - b 2l x + b u y + b 2 , 

u = b n b 22 au + b 3l x + b 32 y + b 3 , a = aa 

2 °: x =x(\ - fix - yy)-\ y - y( 1 - px - yy) 

M - M(1 - 0* - yy)“', rt = rt( 1 - /3.v - yy) 2 , 


where b,, b iJt a, /3, and y are constants. 

This 12-parametric equivalence transformation group is a projective group 
with the Lie algebra spanned by 
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Classification Result 

For arbitrary a = a(x.y) the symmetry Lie algebra is three-dimensional and 
is spanned by 


d d d 



The algebra extends in the following cases {a * 0). 
1 . a - x fi ip(x a y). 


X 4 = x — - ay— + (p - a + l)w — 

dx dy du 


2 . a = * V- 




d d 

x $ = y— + (y + i)« — 

dy du 


3. a = x p . 


X 4 


d 

dy ' 

d d 

y— + u—, 

dy du 


X * X dy ’ 

X, - xy + (P + 1 )U L 


4. a = x "V- 

AT 4 = * 2 ^- 

d 

+ xy — 

d 

+ xu — . 

X s =xy 


dy 

du 

d 

X ‘-*T X 

d 

- 2u —, 
du 


X 7 = y- 

c 


— + y z — + yu — 
dx ' dy du 

d d 


+ (y + 1)H 


du 


5. a = 1. 


d d 

X H =X— + u — , 
dx du 


d 

dy' 


X„=y 


dx’ 
d d 

y— + u— 

dy du 


X 7 =x 


dy’ 
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Classification Result 

The Lie algebra of contact transformations is defined by the characteristic 
function lV(x, y,u, u x ,u y ) (sec Section 1.7; here we set v = u - xu x - yu y ). 

1. a = 0. 

W = W 0 (u x ,u y ,v) + xW } (u x ,u y ,v) + yW 2 (u x ,u y ,v) 

2. a = 1 . 

W = 2u - xu x - yu y + W^Uy - x,u x + y) + W 2 ( u y + X ' u x ~ y) 

3. a = a(x) is an arbitrary function. 

W~u- yu y + x(x,u y ) + Cy, where Xxx = « 2 ( 


For each of the following functions a = u(x) there is a further extension: 

i. a = 1/x. 

W = Axu x + u y (xu x - v) - 2y InUI 

ii. a = \x\ fi , p # 1 , 2 . 

W = A[xu x -(P+ l)yw v j 

+ {p + 1 )u y (pu + 2 xu x - (2/3 + l)y« y ) - yx 2 ** 2 


iii. a = e'. 


W - /l(u - u x ) + 2u x u y - 2yu 2 + uu y - ye 2x 

iv. a = (x 2 + y)~ '. 

W = xv - -yu, + /l[ -yx + u y ((x 2 + y)u x + xyu y - xi<)], 
_ r d* 

x ‘hrr y 

v. a = (x 2 + -y) _l exp(5x), 8 2 + 4y 0, 5 * 0. 


W = xv — yu x + 8yu y 

+ /l[ —y8 ~ 1 exp(25x) + u y ((5 - 2 x)u + 2 (x 2 + y)u x 

+ 2y(x - S)n y )], 

- f * 

X = )—y 
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Infinitesimal Calculus 
of Symmetry Groups 


Basic tools needed for group analysis of differential equations are assembled 
here. 

The main part of this chapter is classical and is discussed in well-known 
works, e.g., in Lie [1891], Campbell [1903], Dickson [1924], Eisenhart [1933], 
Ovsiannikov [1962], [1978]; see also [HI]. Therefore, references are given only 
when the material under discussion is rather new or if it is not widely known. 


1.1. ONE-PARAMETER GROUPS 

1.1.1. DEFINITION 

Let 

2'=/‘(2,fl), i=l,...,W, (1.1) 

be a one-parameter family of invertible transformations of points z = 
(z',...,z")e R' v into points z = (z l ,...,z N ) e U N . Here, a is a real 
parameter from a neighborhood of a = 0, and we impose the condition that 
Transformation 1.1 is an identity if and only if a = 0, i.e., 

/'(z,0) = z\ i = l,...,AL (1.2) 

The set G of Transformations 1.1 satisfying Condition 1.2 is called a (local) 
one-parameter group of transformations in R N if the successive action of two 
transformations is identical to the action of a third transformation from G, 
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i.e., if the function /=(/*,.. .,f N ) satisfies the following group property: 

f‘(f(z,a) t b) =/'(z,c), / = (1.3) 

where 

c = <f>(a,b) (1.4) 

with a smooth function <j>(a, b) defined for sufficiently small a, b. 

1.1.2. CANONICAL PARAMETER 

The group parameter a is said to be canonical if the composition law 1.4 is 
<j)(a, b) = a + b, i.e., if the group property 1.3 has the form 

f i (f(z,a),b)=f i (.z,a+b), i = (1.5) 

Given an arbitrary composition law 1.4 the canonical parameter a is 
defined by the formula 

,a da 
-'o A(a) ’ 

where 

d<t>(a,b) 

Aia)= - Jh — ’ 

Example. Let N = 1, and let z = z + az. This is a one-parameter group 
with the composition law <f(a, b) = a + b + ab. Here, A(a ) = 1 + a and the 
canonical parameter is a = ffda/A(a) = ln(l + a). 

We shall adopt the canonical parameter when referring to one-parameter 
groups. 

1.1.3. GROUP GENERATOR (INFINITESIMAL OPERATOR) 

Let G be a group of Transformations 1.1, where the functions f'(z, a) 
satisfy the initial condition 1.2 and the group property 1.5. The infinitesimal 
transformation of the group G is 

z‘ =* z‘ + a(‘(z), ( 1 . 6 ) 

where 

df‘{z,a) 

£'(z)= --- , i - (1.7) 

da „-o 

The first-order linear differential operator 

X=i i (z)-^ 7 (1.8) 

dz‘ 

is known as the infinitesimal operator (see, e.g., Campbell [1903]) or as the 
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generator of the group G; Lie called it a symbol of the infinitesimal transfor¬ 
mation 1.6. (see, e.g., Lie [1891], Eisenhart [1933]). 


1.1.4. LIE EQUATIONS 

Given an infinitesimal transformation 1.6, or an Operator 1.8, the Trans¬ 
formations 1.1 of the corresponding group G are determined by the following 
Lie equations with the initial data 1.2: 


d JL 

da 


= £'(/), /to=2‘, AL 


(1.9) 


1.1.5. THE GROUP GENERATOR IN NEW VARIABLES 


Under a change of variables 

y'^tfiz), i = 1,.... TV, 

the differential operator 1.8 is transformed as follows: 


(1.10) 


X = X(h‘) 


dy‘ 


( 1 . 11 ) 


Here X(h') is obtained by the action of differential operator X on the 
function h'{z); the resulting expression 


X(h‘) = t k (z) 


dti(z) 

dz k 


is written as a function of the new variables y. 


1.1.6. CANONICAL VARIABLES 

Any one-parameter group of Transformations 1.1 can be reduced, by a 
suitable change of variables 1 . 10 , to the translation group, e.g., to translations 
along the y l axis by the generator 

X = —- 7 . (1.12) 

*y 

Such variables y' are referred to as canonical variables. According to For¬ 
mula 1.11 a transition to canonical variables is determined by the equations 

X(h l ) = l, X(h 2 ) = 0,..., X(h N ) = 0. (1.13) 

1.1.7. INVARIANTS 

A function Hz) is said to be an invariant of the group G if for each point 
z<=R N it is constant along the trajectory determined by the totality of 
transformed points z : F(z) = F(z). 
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The function F(z) is an invariant of the group G with Generator 1.8 if and 
only if 

X(F) = ««,)£ = 0. (1.14) 

OZ 


Hence any one-parameter group has exactly N - 1 functionally independent 
invariants (basis of invariants). One can take them to be the left-hand sides of 
N- 1 first integrals /,(z) - C u ...,J N . l (z) - C N _ } of the characteristic 
equations for linear partial differential equation 1.14: 


dz' dz N 

Viz) = ' = ( N (z)‘ 


(1.15) 


Then any other invariant is a function of J x iz),...,J N _ l iz). 


1.1.8. INVARIANT EQUATIONS AND SURFACES 


Let M be an iN - j)-dimensional surface in R* given by equations 

F*(z) = 0, (1.16) 


where F k iz) are smooth functions such that 


rank 


dz' 



at every point zgW. 

The surface M is said to be invariant with respect to the group G (or the 
system of Equations 1.16 admits G ) if any point z of the surface M moves 
along this surface under the action of G, i.e., z e M if z e M. 

The surface M is invariant under the group G with the generator X if and 
only if 

XF k \ M = 0, k = l,...,s, (1.17) 


where the notation \ M means evaluated on M. 


1.1.9. INVARIANT REPRESENTATION OF INVARIANT SURFACES 

Let J l (.z\...,J N _ i (z) be a basis of invariants for the group G. Then 
equations of the form 

<t> A (/ I (z),...,/ A ,_ I (z))-0, *=1.5, (1.18) 

determine an invariant surface of the group G for any system of functions 
**• 

On the other hand, let M be a given surface invariant under the group G. 
We assume that the vector field ^ = (f 1 ,...,^ N ) determined by Formula 1.7 
is not equal to zero on M. Then the surface M can be represented by 
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Equations 1.16 where all functions F k (.z ) are invariants of the group G, i.e., 
by equations of the form 1.18 with appropriately chosen functions <!>*. 

1.1.10. FAMILIAR GROUPS 

In Table 1.1, selected one-parameter groups are listed that often occur in 
practice. 


TABLE 1.1 

One-parameter Groups on (x,y) Plane 


Transformations 

Generator 

Invariant 

Canonical Variables 

d 

such that X - — 

at 

Translations 

along x: x - x + a, y - y 

d 

X - 

dx 

J-y 

t ~x,u -y 

along y: x = x t y - y + a 

d 

AT- — 
dy 

] -X 

t -y,u -x 

along kx + ty - 0: 

x=x + la, y**y-ka 

d d 

X-l - k — 

Sx dy 

J “ kx + fy 

t - x/l, u =• kx + ly 

Rotation 

x - x cos a + y sin a. 

d d 

Xmy Tx-'T, 

J -x 2 +y 2 

t - arctg u - ^x 2 + y 2 

y - y cos a - x sin a 
Lorcntz 
transformation 

x - x ch a + y sh a. 

d d 

X « y— 4* x— 

J~y 2 -x 2 

1 y + x 
f - -r In-, 

y = y ch a + a sh a 
Galilean 
transformation 

x - x + ay, f - y 

dx dy 

d 

X - y — 

7 dx 

J-y 

2 y-x 
u«y 2 -x 2 

Homogeneous 

dilation 

d d 

X 

X 

x - xe a , y * ye a 

X=x— + y — 

/= - 

t — In x, u — — 

dx dy 

y 

y 

Nonhomogeneous 

dilation 

d d 

X* 

X* 

x « xe a , y « ye ka 

X = x — + ky — 

j — 

/ = In x, u = — 

dx dy 

y 

y 

Projective 
transformation 
x y 

_ d d 

X 

1 X 

--J= -- 

X = x 2 — + xy — 

J - - 

t -- ,U = - 

1 - ax l — ax 

dx dy 

y 

* y 


Copyrighted material 


8 


CRC Handbook of Lie Group Analysis of Differential Equations, Vol. 2 


1.2. PROLONGATION OF POINT TRANSFORMATION 
GROUPS 

1.2.1. THE SPACE s* OF DIFFERENTIAL FUNCTIONS 

The universal space of modern group analysis is the set . 0 / of differential 
functions introduced by Ibragimov [1981] (see also Ibragimov [1983], Section 
19) as a generalization of differential polynomials considered by Ritt [1950]. 
Accordingly, the following differential algebraic notation will be used in our 
presentation. 

The components of the vector z are taken from the following sets of 
different variables: 


x = {x‘), u = {u a ], u=[u°), u={u"},..., (1.19) 

where a = 1,..., m, and i,j = 1,..., n. These variables are correlated by the 
differentiations as follows: 

u“ = D,(u“), uf t = Dfiuf) = DjDiiu*). (1.20) 

Hence u u = u jit and therefore u will contain only u“ with i < j. 

The variables x are called independent variables, and the variables u are 
known as the differential variables with the successive derivatives u, u , etc. 

A locally analytic function (i.e., locally expandable in a Taylor series with 
respect to all arguments) of a finite number of variables 1.19 is called 
a differential function. The highest order of derivatives appearing in the 
differential function is called the order of this function. This set of all 
differential functions of all finite orders is denoted by s/. This set is a vector 
space with respect to the usual addition of functions and becomes an 
associative algebra if multiplication is defined by the usual multiplication of 
functions. In addition, the space s/ has the intrinsic property of being closed 
under the derivation given by the total derivatives 

D ‘ = ~dx l +U *~du° +U v~duf + 1 “ 1 **"*"* (1 ' 21) 

1.2.2. POINT TRANSFORMATION GROUPS 

Let z = (x,u). Then Transformations 1.1 are written in the form 

x l =f‘(x,u,a), /‘Ifl-o - x‘, (1.22) 

u a = <p a (x,u,a), (p a \a~o = u a . (1.23) 

A group G of transformations of this form is known as a group of point 
transformations in the space of dependent and independent variables. 
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The generator of the group G is 


where 


x = t iiXtU) A. + r(X ' U) J-. 



d JL 

da 


o-O 



d<p° 

da 


a-0 


(1.24) 


(1.25) 


1.2J. EXTENSION OF GROUP ACTIONS 


Let £>, denote differentiations in new variables x‘ given by Transformation 

1.22. Then 



(1.26) 


and Formulas 1.20 become 



Equations 1.23, 1.26, and 1.20' yield 

u;d,(/') -a(9>°). 


or, by virtue of Formula 1.21 



( 1 . 20 ') 


(1.27) 


(1.27') 


Formula 1.27 defines the extension of the group actions 1.22 and 1.23 to 
the first derivatives u. Transformations in (x, u, u) space given by Equations 

1.22, 1.23, and 1.27 determine the one-parameter group called the first 
prolongation of the group G and denoted by G. Higher-order extensions of 

the point transformations are obtained by successive derivations of Equation 
1.27 taking into account relations 1.26 and 1.20\ 


1.2.4. EXTENDED GENERATORS 

We now write Equation 1.27 for the infinitesimal transformations 1.22 and 

1.23, i.e., for /' = jc* + af\ <p Q = u a + a-q*. If we set u* = u* + at* for the 
infinitesimal transformation of the first derivatives, it is seen from 
Equation 1.27 that 

t* = £>,(*?“) - uJDft’). (1.28) 
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Thus, given a group G with the Generator 1.24, the first prolongation G 
has the generator 


. d d 

x = t i —. + ri°— + a 

1 dx‘ du 


duf' 


(1.29) 


with coordinates tj°, and f “ defined by Equations 1.25 and 1.28, respec¬ 
tively. The operator X extends the action of X to functions depending on 

x,u,u, and is called the first prolongation of Generator 1.24. Equation 1.28 is 

known as the first prolongation formula. 

The second prolongation for the generator X of the group of point 
transformations 1.22, 1.23 is 


X 

2 



(1.30) 


where the new coordinates % are defined by the following second prolonga¬ 
tion formula: 


- AA<1“) - U ?D, - uf h D, (.(!). 

The higher order prolongation is defined recursively: 


(1.31) 


(1.32) 


Introducing the quantities 


W' 


V° - 


(1.33) 


we can unify the prolongation formulas 1.28, 1.31, and 1.32 as follows (see, 
e.g., Ibragimov [1977]) 


t°-i, - A, - Dtfwn + 5 - 1,2. 


(1.34) 


1.2.5. PROLONGATION FORMULAS IN ONE DEPENDENT 
AND ONE INDEPENDENT VARIABLES 

Let x be an independent variable, and y a dependent variable with a 

successive derivatives y',y", _In the present case the total derivative 1.21 

is written as 

d d d 

D = T- + y'^- + y n T^ + ”’- (L35) 

dx dy dy 
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The successive actions of D on a function h(x, y ) yield 

D(h) =h x + y'h y , D 2 (h) = h xx + 2 y'h xy + y' 2 h yy + y"h y , (1.36) 
where h x and h y denote the partial derivatives with respect to x and y. 


Given the generator 

X = t(x,y)4~ + v(x,y)4~ (1.37) 

OX du 

of a group of point transformation on the (x,y) plane, Equations 1.28 and 
1.31 provide the following first and second prolongation formulas: 

£, = D(tj) -y'DiO, (138) 

= D 2 (ij) -?DHO - 2y"D(0- (139) 

Use of Equations 1.36 yields 

+ (1 *38') 

£2 " Vxx + (2nxy - txx)y' + (Vyy - 2tx,)y' 2 

~ y%y + (Vy - 2£ - 3y?,)/. (1.39') 


12.6. PROLONGATION FORMULAS IN ONE DEPENDENT 
AND TWO INDEPENDENT VARIABLES 

Let x,y be independent variables, and u a dependent variable. In the 
present case, Derivatives 1.21 are 

d d d d 

D, = — + u,— + u -h ••• , 

x dx x du xx du r xy du„ 


d d d d 

D = — + u — + u -— + u -— + 
y dy 1 du y du x yy du 


Operator 1.24 has the form 


X=^(x,y,u)4~ + £ 2 (x,y,u)4- + rj(x ,y,u)4~ 

ox dy du 


(1.40) 
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Its first and second prolongations are 


X-X+{ t 


d 

du x 



♦ 


X 

2 



(1.41) 

(1.42) 


where 


Ci = D x (v) -u x D x (€ 1 )- u y D x (£ 2 ), (1.43) 

C 2 - D y ( V ) - u x D y (t') - u y D y (£ 2 ), (1.44) 

Cu = DACi) ~ u xx D x (£') - u xy D x (t 2 ) 

= Dj(q) - u x D x (£ l ) - u y D x (£ 2 ) 

- 2u xx D x (Z') - 2u xy D x (t 2 ), (1.45) 

Cm - D y (C x ) ~ u xx D y ({‘) - u xy D y (C 2 ) 

= D y D x ( v ) - u x D y D x U >) - u y D y D x (C 2 ) - u xy D x (C l ) 

-u yy D x (t 2 ) -u xx D y (t') -u xy D y (£ 2 ), (1.46) 

C 22 = D y (C 2 ) ~ u x ,D y (t ‘) - u„D y (f 2 ) 

= D 2 (ij) - u x D 2 (C ] ) “ u y D y (C 2 ) 

- 2u xy D y (Z') - 2u yy D y (t 2 ). (1.47) 

Use of the definitions of D, and £> y yields 


Cl = Vx + - M, 1 - («x) 2 ^‘ - - “ x u y tu 2 > (1.43') 

Ci = Vy + u y Vu - - u x u y C u ' - u y C y - (u y ) 2 C u 2 , (1.44') 

£11 = V xx + 2u x V xu + “xxVu + (“*) 2 *U “ 2- u M Cx, - 2(u x ) 2 g xu 
— 3u x u xx C u — (***) Cuu ~ 2 u xy C x ~ u y C xx ~ 2 u x u y C xu 
~(u y u xx + 2U x U xy )Cu - (u x ) 2 u y Cu U , (1.45') 
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= Vry + UyVru + KVyu + + U t U y T) uu ~ + f/) - Ujf y 

- u xx £f - u x u y (£ x ' u + tf u ) - (2u x u xy + u y u xx )£j - (u x ) 2 t y ' u 
-(u x ) 2 u y ti„ - u & - u yy Z x 2 - (u y ) 2 z x 2 u - (2 u y u + u x u yy )g 


- u x (.u y ) 2 ti u , 


(1.46') 


in “ % + 2u yVyu + UyyVu + (“y^Vuu ~ 2U xyiy ~ U x£y\ ~ 2u x U y€y'u 


~(u x u 


yy 


+ 2 u y u xy )£j - u x (u y ) £ u ' u - 2u yy £ y - u v i 


y*yy 


- 2(u y ) 2 g yu - 3u y u yy tf - (u y ) 3 g u 2 u 


(1.47) 


13. SYMMETRY GROUPS FOR DIFFERENTIAL 
EQUATIONS 

0.1. THE FRAME OF A DIFFERENTIAL EQUATION 


Let Fes/ be a differential function of order p. Consider the equation 


f(x,u, u 



(1.48) 


If the variable u is considered to be a function of x so that 


du°(x) 

u a = u°(x), u° = - 

oX 


then Equation 1.48 defines a p-order partial differential equation. 

On the other hand, if x,u,u,... are treated as functionally independent 

variables connected only by differential relations 1.20, then Equation 1.48 
determines a surface in the space of the independent variables x,u,u,...,u. 

1 P 

This surface is called the frame (or skeleton) of the differential equation 
under consideration (Ibragimov [1992]). 

The frame equation 1.48 is accompanied with its differential conse¬ 
quences: 

D,F = 0, D'DjF = 0,..., (1.48') 


where 
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The totality of points (x,u, u,...) satisfying all Equations 1.48 and 1.48' is 

denoted by [F]; we shall call it the extended frame. 

A system of p-order differential equations is determined by equations 

F k [x,u, uu ) = 0, k = l,...,s, (1.49) 

where F k esf, and p is the maximum of orders of differential functions F k . 
We assume that 


rank 


dF k dF k * F k 

dx i ’ du a ’ du°’’" 



on the frame of the differential equations under consideration. The frame is 

a surface defined by the system of Equations 1.49 in the space of functionally 

independent variables x,u,u,...,u. The extended frame is given by 

l p 

F k = 0, D i F k = 0, D,DjF k = 0,... . 0.49^) 


13.2. FIRST DEFINITION OF A SYMMETRY GROUP 

The system of differential equations 1.49 is said to be invariant under the 
group G if G converts every solution of the system under consideration into 
a solution of the same system. In order words, the solutions of the differential 
equation 1.49 are merely permuted among themselves (or are individually 
unaltered) by every transformation 1.22, 1.23 of the group G. Here solutions 
of differential equations are considered as classical ones, i.e., are assumed to 
be smooth functions u a = u a (x). 

If the system of Equations 1.49 is invariant under G, the group G is also 
known as a symmetry group for System 1.49 or a group admitted by this 
system. 


1.33. SECOND DEFINITION AND THE INFINITESIMAL TEST FOR 
THE INVARIANCE OF DIFFERENTIAL EQUATIONS 

The former definition is conceptually simple. But, it depends upon a 
knowledge of solutions of the differential equations and therefore it is mainly 
of theoretical value. Virtually, the following geometrical definition is utilized 
in the problem of finding symmetry groups. 

The system of differential equations 1.49 is said to be invariant under the 
group G if the frame of the system is an invariant surface with respect to the 
pth prolongations G of G. 

p 

This definition does not assume the knowledge of solutions, and the 
invariance can be tested at once on any given differential equations via the 
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infinitesimal criterion given by Equations 1.17. In our case, this criterion 
yields 

XF k =0, k=\,...,s, (1.50) 

P (1.49) 

where X is the pth prolongation for the generator X of the group G, and 

p 

the notation | {J 49) means evaluated on the frame. 

Equations 1.50 are called the determining equations for the generator X 
of a symmetry group. The determining equations can also be written in the 
form (summation in / = 1 ,...,j) 

XF k = \‘ k F„ k = l,...,s, (1.50') 

p 

with undeterminate coefficients A* Gjaf, (/,k = 1,...,$) assumed to be dif¬ 
ferential functions that are bounded on the frame given by Equations 1.49. 


13.4. A SAMPLE FOR SOLUTION OF DETERMINING EQUATIONS 
Consider a second-order partial differential equation 


U x U xx + U yy = 


(1.51) 


describing a stationary transonic gas flow. Let 


, B B B 

X~('— + e 2 — + ri— 

Bx By Bu 


(1.52) 


be the generator of a symmetry group we are looking for. 

Use of the second prolongation formula 1.42 reduces the determining 
equation 1.50 to the form 


“„fi+Mn + £ 22 = 0, (1-53) 

where we substitute £„, and £ 22 from prolongation formulas 1.43', 1.45', 
and 1.47', and set u yy = -u x u xx . Then we have, in Equation 1.53, the 
independent variables x, y, u, u x , u y , u xx , and u xy , and the unknown 
functions £*, £ 2 , and rj depending only upon x, y, and u. Accordingly, we 
isolate in the left-hand side of Equation 1.53, the terms containing u xy , u xx , 
u x , u y , and set each term equal to zero. 

So, the terms containing u xy are 

-2u xu [i y 1 + u x tf + u y g + (i i x ) 2 £ u 2 ). 
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Consequently, 

# =0, C = 0, if = 0, if = 0. (1.54) 

The same argument applied to the terms containing u xx yields 

t) x = 0, rj u - 3 if + 2if = 0. (1.55) 

Then Equation 1.53 reduces to 

V yy = 0, 2q yu - if y = 0. (1.56) 

Thus, Equation 1.53 splits into the overdetermined system of linear partial 
differential equations 1.54-1.56. The general solution of this system is 

i'=C,x + C 2 , i 2 = C 3 y + C 4 , 7) = (3C, - 2C 3 )u + C 5 y + C 6 

(1.57) 


with six arbitrary constants C. 

1.3.5. COMMUTATOR 

Given two first-order linear differential operators 1.8, 

X, = i,‘(z)-?~j, l = 1,2, 

dZ 

their commutator (Lie bracket) is defined to be 

[X ly X 2 ] = X l X 2 -X 2 X r (1.58) 

The commutator is again a first-order operator and can be found by the 
following simple formula: 


[X lt X 2 ] = (X } (i‘) (1 -58') 

dZ 

Let X x and X 2 be two generators of point transformation groups, i.e., two 
operators of the form 1.24. It follows from the prolongation formulas, that 
the commutator and p-order prolongation (with an arbitrary p) obey the 
following rule of permutability. If 

X=[X„X 2 \, (1.59) 
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P P 


(1-59') 


13.6. THE MAIN PROPERTY OF DETERMINING EQUATIONS 

Determining Equation 1.50 is a system of linear partial differential equa¬ 
tions for functions £‘(x,u) and tj'(x,u), and hence the set of all its solutions 
is a vector space. The main property of the determining equation is that the 
vector space of its solutions is closed under commutator, i.e., if X x and X 2 
satisfy Equation 1.50 then their commutator X =[X x ,X 2 ] also satisfies this 
equation. Indeed, use of the determining equation in the form 1.50', together 
with Equations l^y and 1.58, shows that relations 

X x F k = A' F„ X 2 F k = m! F, 

P P 

imply 

XF k = co‘F„ 

P 

where 


°>l - *,(ri> - * 2 (a i) + - a i/*; 


A vector space of operators X closed under the Commutator 1.58 is called 
a Lie algebra of operators. Thus, the solutions of determining equations 1.50 
make up a Lie algebra. Given a Lie algebra L , its dimension is defined to be 
the dimension of the underlying vector space. The Lie algebra L of dimen¬ 
sion r is denoted by L r . 

For example. Solutions 1.57 of the determining equation in Section 1.3.4 
make up the six-dimensional Lie algebra L 6 spanned by the operators 





+ 3m 




(1.60) 


13.7. SYMMETRY GROUPS FOR LOCALLY SOLVABLE EQUATIONS 


Consider a system of differential equations 1.49. Let z 0 
be a generic point on the frame of this system: 


(Xq, U Q, , U q) 

p 





k = 1,..., s. 
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The system 1.49 is said to be locally solvable at z 0 if there is a solution 
passing through this point, i.e., there exist a solution u = h(x) of differential 
equations 1.49 defined in a neighborhood of the point x 0 such that u 0 = 
h(x 0 ),u 0 = dp h /dx p (x 0 ). The system 1.49 is said to be locally solvable if 

p 

it has this property at every generic point of the frame. 

Nonsingular systems of ordinary differential equations and the majority of 
differential equations of mathematical physics are locally solvable. 

It can be shown that, for locally solvable systems, both definitions given in 
Sections 1.3.2 and 1.3.3 provide exactly the same symmetiy group. A discus¬ 
sion of this equivalence is to be found in Lie [1891], Chapter 6, Section 1, 
Ovsiannikov [1962], Section 15.1. A recent general treatment of this subject is 
presented by Olver [1986], Section 2.6. 

1.3.8. WHAT OCCURS IN PARTICULAR CASES? 

If the system 1.49 is not locally solvable, it may happen that the definition 
given in Section 1.3.3 determines only a subgroup of the symmetry group 
defined in Section 1.3.2. Here is a simple illustrative example due to Olver 
[1986], Equations 2.117. 

The system of first-order equations 

u x =yu, u y = 0, (1.61) 

is an overdetermined system. It is not locally solvable. Indeed, the integrabil- 
ity condition u xy = u yx yields 

u=0. 0.61') 

Hence, the system 1.61 is not locally solvable at points z 0 ~ (*o».yo» M o» “o) 
of the frame if u 0 # 0, e.g., at the point z 0 with u 0 = 1, u 0 = (u x ,u y ) 0 = 

Thus the set of all solutions for Equations 1.61 consists only of one 
function u = 0. It follows that the one-parameter group of translations along 
the y axis is a symmetry group of the system 1.61, according to the first 
definition. But it is not a symmetry group by the second definition. 

1.3.9. THIRD DEFINITION OF A SYMMETRY GROUP 

Consider the system of p-order differential equations 1.49. We denote by 
F the vector-valued differential function F = (F,,..., F s ), and by [F] the 
extended frame defined by Equations 1.49 together with their differential 
consequences (Equations 1.49'). 

Following Ibragimov [1983], Section 17.1, we introduce the third definition 
and the corresponding infinitesimal criterion for the invariance of differential 
equations: 
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Tfasyst 


em of differential 


equations 


1.49 


is said to be invariant under the 


group G if the extended frame [f] is invariant with respect to the infinite- 

order prolongation of G. 

The infinitesimal criterion for this invariance is written as follows 
(Ibragimov [1983], Theorem 17.1) 



(1.62) 


It follows that the infinitesimal test requires only finite-order extensions both 
the generator X and the frame of the differential equations under considera¬ 
tion. 

Equations 1.62 will be also called determining equations. They possess the 
main property of determining equations given in Section 1.3.6. 

For locally solvable systems, all three definitions of symmetry groups are 
equivalent. For overdetermined systems, the first and third definitions are 
equivalent, whereas the second definition provides, in general, only a sub¬ 
group of the symmetry group given by the third definition. 


13.10. ILLUSTRATION OF A DISTINCTION BETWEEN 
DETERMINING EQUATIONS 1.50 AND 1.62 


Consider the following overdetermined system: 

u, = (u x V A/i u xx , v, = -3 (u x )" i/3 , v x = u. (1.63) 


By the notation of Section 1.3.1, this is a system of second-order differential 
equations with two independent variables t and x, and two dependent 
variables u and v. Accordingly, we take p = 2 in the determining equations 

1.50 and 1.62. 

We first solve the determining equations 1.50. In our case, the left-hand 
side of Equations 1.50 depends upon the variables x, t, u, v, u x , u xx , u xl , and 
u xx in accordance with prolongation formulas 1.32 (cf. Formula 1.46'). The 
solution of the determining equations yields the six-dimensional Lie algebra 
spanned by 



This is the Lie algebra of the maximal symmetry group for Equations 1.63 
obtained by the second definition given in Section 1.3.3. 

Consider now the determining equations 1.62. Here, we substitute v xx = u x . 
Hence the left-hand side of Equations 1.62 depends only upon the variables 
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x , t, u, v, u x , u xx , and u xr It follows that the third definition (Section 1.3.9) 
provides a more general symmetry group than the second definition. Namely, 
the solution of the determining equations 1.62 yields the seven-dimensional 
Lie algebra spanned by Operators 1.64 and by 

, d d d 

X-j = x 2 — + xv — + (v - xu) —. (1.65) 

dx dv du 

Operator X 7 generates, via Lie equations 1.9, the one-parameter group of 
projective transformations on the (x, v) plane 

x v 

x=- -, v = -- (1.66) 

1 — ax 1 — ax 

(cf. Section 1.1.10) accompanied by the following transformation of u: 

u = (1 - ax)u + av. (1.67) 


1.4. ELEMENTARY PROPERTIES OF LIE ALGEBRAS 

1.4.1. LIE ALGEBRA 

A Lie algebra is a vector space L endowed with a bilinear product 
[X x> X 2 ] (known as a commutator of X } , X 2 e L) that is skew-symmetric: 


[X xt x 2 ] = ~[X 2 ,X x ], 


and satisfies the Jacobi identity: 


[X x ,[X 2 ,X,\] + [X 2 ,[X 3 ,X x ]] + [X 3 ,[X iy X 2 ]} = 0 


for all X { , X 2 , X 3 e L. 

In the group analysis of differential equations, we deal with real (at most 
complex) Lie algebras of operators (see Section 1.36), and hence we consider 
only vector spaces over the field of real (complex) numbers. 

The dimension of a Lie algebra L is, by definition, the dimension of the 
vector space L. We shall use the symbol L r to denote an r-dimensional Lie 
algebra. 


1.4.2. THE STRUCTURE CONSTANTS 


Let L r be a vector space, and let X x ,...,X r be its basis. Then L, is a Lie 
algebra relative to a given commutator, i.e., L r is closed under this commuta¬ 
tor, if 


[**,*„] = c* X A 


with constant coefficients c* known as the structure constants. 
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The structure constants transform lilce tl. 
changes of bases. 


e com 


ponents of a i 


a tensor under 


l 


1.43. ISOMORPHISM AND AUTOMORPHISM 

A linear one-to-one map / of the Lie algebra L onto the Lie algebra K is 
called an isomorphism (and algebras L and K are said to be isomorphic) if 

/([*,, * 2 ] t W/<*,),/<*2>]it. 

where the indexes L and K are used to denote the commutator in the 
corresponding algebra. 

Two Lie algebras are isomorphic if they have the same structure constants 
in an appropriately chosen basis. 

An isomorphism of L onto itself is termed an automorphism. 


1.4.4. SUBALGEBRA AND IDEAL 

A vector space K c L is said to be a subalgebra of the Lie algebra L if it 
is closed under commutation, i.e.,[K, K] c K. It is an ideal of L if [K, L] c K, 
where [K, L) is the linear span of the set of all commutators [Y, X] with 
Y e K, and X e L. 

1.4.5. QUOTIENT ALGEBRA 

Let K be an ideal of L. The family L/K of pairwise disjoint cosets X + K 
(X e L) is naturally endowed with a Lie-algebraic structure. The resulting 
algebra L/K is called the quotient algebra of the Lie algebra L by its 
ideal K. 


1.4.6. DERIVED ALGEBRAS 
The Lie algebra 

L<» = [L,L] 

is called the derived algebra of the Lie algebra L. By construction, L (,) is an 
ideal of L. The higher-order derived algebras are recursively defined: 

L ln + l) = (L < " ) ) <,) = [L<">,L ( ">j, n = 1,2. 

A Lie algebra L is said to be abelian if L (,) = 0, i.e., if all elements 
commute. 
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1.4.7. SOLVABLE LIE ALGEBRAS 

The Lie algebra L r is said to be solvable if there is a series 

of subalgebras of respective dimensions r , r— 1,...,1 such that L s is an 
ideal in L s+ ,, s = 1,. .., r - 1. 

The Lie algebra L r is solvable if and only if its derived algebra of a finite 
order vanishes: L ( r n) = 0, 0 < n < <*>. It follows that any two-dimensional Lie 
algebra is solvable. 


1.4.8. SIMPLE AND SEMI-SIMPLE LIE ALGEBRAS 


The Lie algebra L is said to be simple if it has no ideals different from {0} 
and L. An example is the three-dimensional Lie algebra of the group of 
rotations in R 3 . 

A Lie algebra is said to be semi-simple if it has no solvable ideals different 
from {0}. A Lie algebra is semi-simple if and only if it contains no abelian 
ideals different from {0}. According to Cartan’s criterion, the Lie algebra L r 
with the structure constants c A „ is semi-simple if and only if 

det|| g M J * 0, 

where ||g M J is the matrix with entries 



r 7 
■'A* 


H,v= 1 ,...,r. 


1.4.9. INNER AUTOMORPHISMS 

Let L r be an r-dimensional Lie algebra. Let a basis X u X r be 
selected. Accordingly, the structure constants c* v are known, and any X e L 
is written as 


X = e^X li . 

Hence, elements of L r are represented by vectors e — (e‘,...,e r ). 
Let L* be a Lie algebra spanned by the following operators: 



c A e v 


de K ’ 



with the commutator defined by Formula 1.58. The algebra L* generates (via 
Lie equations) the group G A of linear transformations of (e M ). These 
transformations determine automorphisms of the Lie algebra L r known as 
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inner automorphisms. Accordingly, G A is called the group of inner automor- 

phis® of L„ or the adjoint pup of G. 

1.4.10. OPTIMAL SYSTEMS OF SUBALGEBRAS 

Two subalgebras of L r are said to be similar (or conjugate), if there is an 
inner automorphism which takes one subalgebra into the other. The similar¬ 
ity relation divides the set of all subalgebras of L, into disjoint classes of 
conjugate subalgebras. Now in this partition we take the classes of subalge¬ 
bras of the same dimension s, and choose a representative for each of the 
classes. The resulting set of pairwise nonconjugate subalgebras is known as an 
optimal system of 5-dimensional subalgebras of the Lie algebra L r 


1.4.11. EXAMPLE 


(Cf. [HI], Section 4.2). Consider the algebra L 2 with the basis 


d d 

X x =x 2 — +xy—, 
dx dy 


d yd 


- ~ 2 — -- X, = x— + - 


dx 2 dy 


Here, [X t ,X 2 ] = -X lt so that the nonzero structure constants are 


c \i ~ 


21 


1 


Hence, the algebra L A is spanned by 


£ i = - * Z TT’ 


de 


E 7 = e' . . 
2 de 1 


The group G A of inner automorphisms of L 2 is a two-parameter group 
composed of the following two one-parameter groups of transformations: 


e' =e' -a.e 2 , e 2 =e\ 


and 


e l = a 2 e l , e 2 = e 2 . 


generated by E, and E 2 , respectively. It follows that any vector e = (e l ,e 2 ) 
with e 2 ¥= 0 is similar to e = (o,e 2 ). Hence, the optimal system of one¬ 
dimensional subalgebras is (A',, X 2 ). 


Copyrighted material 



24 CRC Handbook of Lie Group Analysis of Differential Equations, Vol. 2 


1.5. MULTI-PARAMETER GROUPS 

1.5.1. DEFINITION 
Let 


z = f(z, a), (1.68) 

where z = (z 1 ,..., z N ) and a = (a 1 ,..., a'), be an /--parameter family of 
invertible transformations in Here, the vector-function / = (ff N ) 
is defined and sufficiently differentiable in a neighborhood of a = 0, and 
satisfies the initial condition: 


/| a -„=z. (L69) 

The set of Transformations 1.68 satisfying Condition 1.69 is called a local 
/•-parameter group G r of transformations in IR N if 

/(/(z, a), b) =/(z,c) (1.70) 


with a composition law 

c M = <p M (a,6), /x = 1 (1.71) 

where tp^ia, b) are smooth functions defined for sufficiently small a and b. 

Given a , there exists a solution b of the equations <p M (a,6) = 0, a = 
1,...,/-. This solution is unique and is denoted by a~ l . It provides the 
reconversion of Transformation 1.68 (an inverse element in the group G,): 

z = /(z,fl _1 ). 

1.5.2. LIE EQUATIONS FOR A GIVEN GROUP G r 

Let G r be an r-parameter group of Transformations 1.68 with the composi¬ 
tion law 1.71. Let 



<?/'(z,o) 
da " 


i = 1,..., N, v. = l,...,r, 


(1.72) 


and let 


v;(z) 


~db v 


a-0 


(1.73) 
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Then the functions /' satisfy the Lie equations 


*r_ 

da* 


- K(a)£*(f), i = 1. N,n~ l,...,r 


(1.74) 


The differential operators 


X » = & z) JP’ M-l,...,'. (1.75) 

with coordinates ^(z) given by Formula 1.72 are generators of the group G r ; 
they span r-dimensional Lie algebra called the Lie algebra of the group G r . 


1.53. CONSTRUCTION OF LIE EQUATIONS FOR A GIVEN LIE 
ALGEBRA L r 

Let L, be an r-dimcnsional Lie algebra. Let its structure constants, in a 
fixed basis of operators of the form 1.75, are c* A . Consider the following 
Cauchy problem: 


dOf 

~ - K + VI,.0 - 0.76) 

where 5 M A is the Kronecker symbol, and k* is a system of r parameters. The 
solution of Problem 1.76 has the form 

o; = th;(k't,...,k't). 

Define the functions V*(b) as follows: 

v;(b)=h;(b\...,b r ), b v = k v t. (1.77) 

Then Lie equations 1.74 (an overdetermined system) with these functions V* 
are integrable. Furthermore, there exists a unique solution /'(z, a) of the Lie 
equations satisfying the initial condition 1.69. This solution satisfies the group 
property 1.70 and hence defines an r-parameter group G, of transformations 
1.68. The Lie algebra of the group G r is identical to the given algebra L r . 

1.5.4. SIMILAR GROUPS 

Two r-parameter groups of transformations in R N are said to be similar if 
the transformations of these groups are connected by appropriate changes of 
the group parameters a = (a’,...,a r ) and the transformed variables z = 
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Section 22 of Eisenhart [1933] provides a general algorithm, due to Lie 
[1888], page 356 and Eisenhart [1932], for revealing a similarity of transforma¬ 
tion groups. 


1.5.5. COMPOSITION OF A MULTI-PARAMETER GROUP FROM 
ONE-PARAMETER GROUPS WHEN A LIE ALGEBRA 
IS GIVEN 


Let L r be a Lie algebra, and let Operators 1.75, 



constitute its basis. The construction of the corresponding /--parameter group 
G r described in Section 1.5.3 is mainly of theoretical value. For applied group 
analysis, an easy way is to construct G r as a composition of r one-parameter 
groups generated by each of the base operators via Lie equations 1.9. 

This construction depends upon the choice of a basis in L r . However, all 
these r-parameter groups as well as that obtained via Lie equations from 
Section 1.5.3 are similar. Therefore, they are considered to be indistinguish¬ 
able. 

Any subalgebra K of the Lie algebra L r generates, in a similar way, a 
group H c G, known as a subgroup of the group G,. 


1.5.6. BASIS OF INVARIANTS 

For multi-parameter groups, invariants are defined as in Section 1.1.7. A 
function F(z) is an invariant of the group G, with the base generators 1.75 if 
and only if the following equations hold: 

dF 

X r F m - 0, p = l,...,r. (1.78) 


Let 


r* = rank|£(z)|, (1.79) 

the matrix £^(z) being taken at generic points z e R v . Then it follows from 
Equations 1.78 that G, has N - r* (not N - r) functionally independent 
invariants /,(z),..., J N-r. (z), and any other invariant is a function of 

• • •» J N-r , • 

Any set of N - r* functionally independent invariants is called a basis of 
invariants for the group G r . 
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Example. Consider, in R 3 , the group G 3 of rotations with the generators 



Here, r = 3, and r* = 2. Consequently, the basis of invariants consists of one 
invariant, e.g., of 

|z| = }/( z ') 2 + (z 2 ) 2 + (z 3 ) 2 . 

1.5.7. REGULAR INVARIANT SURFACES 

A surface M c IR N is said to be a regular invariant surface with respect to 
the group G r if M is invariant under the action of G r (see Definition 1.1.8) 
and if the following property holds: 

r*U = r*, (1.80) 

where r* is defined by Equation 1.79, and is the rank of the matrix 
evaluated on M. 

Let M be given by Equations 1.16, and G, be a group with Generators 
1.75. Then the invariant surface criterion is written as follows (cf. Section 
1 . 1 . 8 ): 


= 0; fi=l,...,r. 


(1.81) 


Any regular invariant surface M admits an invariant representation (cf. 
Section 1.1.9) 


= 0, k = (1.82) 

where is a basis of invariants for the group G r . For the proof, 

see Ovsiannikov [1962] or [1978]. 

1.5.8. SINGULAR INVARIANT SURFACES 

An invariant surface M is said to be singular (with respect to the group 
G r ) if Equation 1.80 is replaced by the following inequality: 

r*L<r*. (1.83) 

Thus, the inequality 1.83 and Equations 1.81 provide an infinitesimal test for 
singular invariant surfaces. 
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1.5.9. REGULAR INVARIANT DIFFERENTIAL EQUATIONS 

In accordance with Sections 1.3.3 and 1.5.7, a system of p-order differen¬ 
tial equations 1.49 is said to be a regular invariant system with respect to the 
group G, of the point transformations 1.22 and 1.23 (with a = (o',..., a r )\ if 
the frame of these equations is a regular invariant surface of the pth 
prolongation of G r . 

For a given group G r of point transformations, the task of determining the 
general form of regular invariant differential equations of any order p has a 
simple solution. Indeed, first we find a basis of invariants for the pth 
prolongation of G r . (These invariants are functions of x,u, u,..., u and 

x 1 p 

therefore they are called p-order differential invariants.) Then we write 

Equations 1.82 with base differential invariants /,(*, u, u,..., u ),..., to 

i p 

obtain the general form of invariant equations. 

Example. Let us find the general form of regular invariant ordinary differ¬ 
ential equations of first and second order for the group G 3 generated by 



(1.84) 


Here, x is the independent variable, and y is the dependent variable. The 
first prolongations of AT,, X 2 , X 3 are identical with the operators 1.84, whereas 
their second prolongation yields 




(1.84') 


Whence, by Equation 1.79, r* = 2 for the first prolongation and r* = 3 for 
the second prolongation. Accordingly, the basis of the first order differential 
invariants consists of one invariant /, = y'\ the second prolongation has also 
only one independent invariant which is again /, = y'. We conclude that the 
general form of regular invariant first order differential equations for G 3 is 

y = C, C = const, (1.85) 

and that G 3 has no regular invariant differential equations of second order. 


1.5.10. SINGULAR INVARIANT DIFFERENTIAL EQUATIONS 

A system of p-order differential equations 1.49 is said to be a singular 
invariant system with respect to the group G r if the frame of these equations 
is a singular invariant surface of the pth prolongation of G r . 
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Exampl 


e. Consider again the 


r u F °) 


with the base generators 1.84. 


Equation 1.79 applied to the extended operators 1.84' yields that r* - 3 at 
generic points (x,y,y',y”), and that r* = 2 if and only if 



( 1 . 86 ) 


It is easy to verify that the infinitesimal invariance criterion is valid for 
Equation 1.86 and Operators 1.84': 



Hence, Equation 1.86 is a second-order singular invariant differential 
equation for G 3 . 


1.5.11. REGULAR AND SINGULAR INVARIANT SOLUTIONS 

Let the system of differential equations 1.49 be invariant under the group 
G, let H be subgroup of G. The solution 

u a = h a (x), (1.87) 

is said to be an //-invariant solution (for brevity, an invariant solution) if 
Equations 1.87 determine an invariant surface of H. This invariant surface 
may be regular or singular with respect to H. Accordingly, the //-invariant 
solution is said to be regular or singular. 

The majority of exact solutions that have important real world applica¬ 
tions, are invariant solutions. For example, the Schwarzschild metric is a 
singular invariant solution (with respect to the rotation group) for Einstein’s 
equations (see Ibragimov [1983], Section 9.4). 
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2 

Group Classification 
of Differential Equations 
Illustrated by Equations 
of Nonlinear Filtration 


A variety of differential equations recognized in engineering and physical 
sciences as mathematical models for a diversity of natural phenomena involve 
arbitrary parameters or constitutive laws. Naturally, these arbitrary elements 
are determined experimentally or from a “simplicity criterion.” It often 
occurs that one can achieve the same result by requirement that arbitrary 
element be such that the corresponding model equation admits an additional 
symmetry group. Thus we come to the problem of group classification of 
differential equations. 

The first systematic investigation of the problem of group classification was 
carried out by Lie [1881] for linear second-order partial differential equations 
with two independent variables. An English translation of this important 
paper is included in Part C of the present volume. 

Today, there is a considerable literature on the group classification of 
differential equations of physical interest. These results are presented in 
Part B of this Handbook. 

The purpose of this chapter is to exhibit, via a pedagogical example, the 
totality of practical methods available for Lie group classification of differen¬ 
tial equations. For more details and additional examples, see Ovsiannikov 
[1962], [1978], Akhatov, Gazizov, and Ibragimov [1989]. Classification methods 
in the framework of more general Lie-Backlund symmetries are discussed in 
Ibragimov [1983]. 
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2.1. AN OUTLINE OF CLASSIFICATION SCHEMES 

2.1.1. EQUIVALENCE TRANSFORMATIONS 

Given a family of differential equations, an equivalence transformation is a 
point transformation on the (x,u) space of independent and dependent 
variables leaving invariant the family of equations. In other words, the 
equations from the family under consideration are merely permuted among 
themselves (or are individually unalted) by an equivalence transformation. 

The set of all equivalence transformations, for a given family of differen¬ 
tial equations, is a group known as an equivalence group. In what follows, we 
denote it by f?. 

2.1.2. GENERAL APPROACH TO THE PROBLEM OF GROUP 
CLASSIFICATION 

The group classification is effected by inspecting the determining equa¬ 
tions. An essential part of the classification is the utilization of equivalence 
transformations. The equivalence relation divides the set of all differential 
equations of a given family into disjoint classes of equivalent equations. We 
choose a representative for each of the classes thus simplifying the determin¬ 
ing equations. This approach was first employed by Lie [1881]. The method, 
quite intricate in general, is efficient when applied to particular families of 
differential equations. 


2.1.3. PARTICULAR CASE 

If the group of equivalence transformations comprises all point transfor¬ 
mations, the problem of group classification reduces to the construction of 
optimal systems of Lie subalgebras. Lie [1883] pursued this way in his 
classification of ordinary differential equations. See also [HI], Chapter 3. 


2.1.4. PRELIMINARY CLASSIFICATION 

One can observe in applications of the group analysis that most of 
symmetry groups resulted from the group classification are, in effect, sub¬ 
groups of equivalence groups. Accordingly, one can consider the restricted 
problem of group classification by taking symmetry groups from equivalence 
transformations only. Then the problem reduces to the particular case 
described in the previous section. This approach was employed by Akhatov, 
Gazizov, and Ibragimov [1989], Sections 11 and 12, and was called a method 
of preliminary group classification. For more discussions and new applica¬ 
tions, see Ibragimov, Torrisi, and Valenti [1991], Ibragimov and Torrisi [1992], 
and Harm [1993]. 
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2.2. PEDAGOGICAL EXAMPLE 

(See [HI], Section 10.3.) 

Consider the family of differential equations 

u, = h{u x )u xx (2.1) 

describing the motion of a non-Newtonian, weakly compressible fluid in a 
porous medium with a nonlinear filtration law h(u x ), h' * 0. 

2.2.1. EQUIVALENCE GROUP » AND ITS LIE ALGEBRA L g 

According to Section 2.1.1, an equivalence transformation is a nondegen¬ 
erate change of variables t, x,u taking any Equation 2.1 with an arbitrary 
function h into an equation of the form 2.1, generally speaking, with a 
different function h. 

To find the continuous group of equivalence transformations, we seek its 
generator 



from the condition of invariance for the family of Equations 2.1 written as the 
system 

u, = hu xx , h, = 0, h x = 0, h u = 0, h u = 0. (2.3) 


Here, u and h are considered as differential variables (see Section 1.2.1): u 
over the space of independent variables (t,x), and h over the space of 
independent variables U,x,u,u„u x ). Accordingly, the coordinates £', £ 2 , 
and 7j of 7 are sought as functions of t, x, u (so that £, and £ 2 are given by 
prolongation formulas 1.29), whereas the coordinate p. is sought as a function 
of t,x,u,u,,u x ,h. 

By solving the corresponding determining equations (i.e., the infinitesimal 
test for invariance of the system 2.3), we obtain (detailed calculations are to 
be found in Akhatov, Gazizov, and Ibragimov [1989], Section 3.1) the equiva¬ 
lence Lie algebra L g spanned by 
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K is easy to see that the reflections 

t =» -t and x => -x (2.5) 

yield also equivalence transformations. 

Operators 2.4 and Reflections 2.5 generate the general equivalence group 
& for Equations 2.1. 


2.2.2. DETERMINING EQUATIONS 

The generator of a group admitted by Equation 2.1, is sought in the form 
(cf. Operator 2.2) 



(2.6) 


Consider the determining equation 

f, - h'(u x )u xx ( 2 - h(u x )£ 22 = 0. 

where (,’£ 2 * £22 are calculated according to prolongation formulas 1.29 and 
1.32, and u, is replaced by h(u x )u xx . We set coefficients of u xt and u lx equal 
to zero and split the determining equation into the following system (see 
Section 1.3.4): 


£W(0, (2.7) 

(2£ 2 - + 2 gu t )h = [v x + (ri - t x 2 )u x - t u Hu x ) 2 ]h\ (2.8) 

V, - = [v X x + 2( Vxu - £ xx )u t 

+ (luu ~ 2 tf„)(u x ) 2 - £ u \(u x ) 3 ]h. (2.9) 


2.23. THE PRINCIPAL LIE ALGEBRA L<? 

In the case of an arbitrary function h(u x ) Equations 2.8 and 2.9 split into 
the system 



V x = 0, Vu ~ tx 2 = 0 , 
= 0 , Vuu = 0 . 
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This system, together with Equations 2.7, yields 

f' = C, + 2 C A t, i 2 — C 2 + C 4 x, rj = C 3 + C 4 u. (2.10) 


Hence, in the case of an arbitrary function h(u x ). Equation 2.1 admits the Lie 
algebra spanned by 



( 2 . 11 ) 


This algebra is called the principal Lie algebra L? for Equations 2.1. 

Thus, the problem of group classification reduces to determining, from 
Equations 2.8 and 2.9, all particular functions h(u x ) when an extension of the 
principal Lie algebra L& occurs. 


2.2.4. CLASSIFYING RELATION 


It follows from Equation 2.8 that the function h(u x ) satisfies the equation 

(a + 2 bu x )h = (c + du x - b(u x ) 2 )h' (2.12) 

with constant coefficients a, b , c, and d. Indeed, the function h depends only 
on u x . Therefore, it is only possible for Equation 2.8 to hold when its 
coefficients either vanish identically or are proportional to a function 
A(r, x, u), i.e., 


if = b\, t) x = cA, Vu -i x 2 =d\. 


If b = c = d = 0 then a = 0, and we come back to Equations 2.10. Conse¬ 
quently, an extension of the principal Lie algebra is possible only for the 
functions h satisfying Equation 2.12 such that a + 2 bu x ¥= 0, c + du x — 
bu 2 # 0. Then we rewrite Equation 2.12 in the form 


K a + 2 bu x 

b c + du x - b(u x ) 2 


(2.13) 


and call it the classifying relation. 


2.2.5. SIMPLIFICATION AND SOLUTION OF THE CLASSIFYING 
RELATION 

We first simplify Equation 2.13 by means of equivalence transformations. 
We find that Equations 2.13 can be transformed into the following three 
canonical forms in accordance with whether A = 0, A > 0, or A < 0, where 
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A = d 2 + 4 be: 


h 

-1, if A = 0, 

(2.14) 

K 

cr - 1 



= -, a ^ 0, if A > 0, 

(2.15) 

h 

“x 


K 

a - 2u x 



= - a > 0, if A < 0. 

(2.16) 

h 

1 + u\ 



The integration of Equations 2.14-2.16 provides the following representa¬ 
tives of all functions h(u x ) when an extension of the principal Lie algebra L 
is possible: 

h = exp (u x ), (2.17) 

h = (u x )°-\ ^ 0,<r*l, (2.18) 

h = (1 + u x ) ' exp(tr arctg u x ), a Z 0. (2.19) 


2.2.6. THE RESULT OF THE CLASSIFICATION 

Now we solve the determining equations with functions h given by Equa¬ 
tions 2.17, 2.18, and 2.19. It follows that, for each case, the symmetry Lie 
algebra is five-dimensional and is spanned by Operators 2.11 and X 5 , where 


d d 

~ x— for u, = exp(u,)u„, 


( 2 . 20 ) 


X< = (1 - (T )t - + U - 

dt du 


( 7 - 1 


for u, = (u x ) u xx , <r^0, tr*l, (2.21) 


d d d 

Xc = crt — + u - x — 

dt dx du 


-l 


for u, = (1 + u]) exp (a arctg u x )u xx , a>0 


( 2 . 22 ) 


2.2.7. UTILIZATION OF THE METHOD OF PRELIMINARY GROUP 
CLASSIFICATION 

We define two projections, 7r, and ir 2 , of the algebra L g as follows. We 
restrict the action of equivalence operators 2.2 to the (t,x,u) and ( u x ,h) 
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spaces, respectively, by setting 

X=t,(Y)~('-~: + ( 2 4- + v4-- <2 - 23 > 

dt dx du 

Z = tt 2 (Y) = ■ (2.24) 

du x an 

These projections are well defined. Indeed, the coordinates $ l ,£ 2 , and tj of 
Y are functions of t, x, u by definition, and the coordinates £, and /x depend 
only upon the variables u x , h according to Equations 2.4. Hence, we obtain 
the Lie algebras 

L\ * ir,a r ), L\ = t r 2 U*), (2.25) 

of operators X and Z, respectively. Any subalgebra L c L g is projected onto 
the subalgcbras 7t,(L) = l) c L' r and 7t 2 (L) =* L 2 C. L 2 r . 

The method of preliminary group classification is based on the following 
statement (cf. Ibragimov and Torrisi [1992]). 

Let L be a subalgebra of the equivalence algebra L r . Then 

L 1 = t r,(L) (2.26) 

is a symmetry algebra for Equation 2.1 with the filtration law 

h - h(u x ) (2.27) 


if and only if Equation 2.27 is invariant under the group of transformations in 
the ( u x ,h) space generated by the Lie algebra 


L 2 = tt 2 (L). 


(2.28) 


Let a subalgebra L 2 c L\ be similar to L 2 under transformations of the 
equivalence group if, and let h = h(u x ) be an invariant equation with respect 
to L 2 . Then Equations 2.1 with the filtration laws h = h(u x ) and h = h(u x ) 
are equivalent. 

Thus, the problem of preliminary group classification of Equations 2.1 
reduces to the algebraic problem of constructing optimal systems of subalge¬ 
bras in L\. Moreover, it can be shown that invariant Equations 2.27 exist 
only for one-dimensional subalgebras. Hence, we have to solve the simplest 
problem of constructing an optimal system of one-dimensional subalgebras. 

Projection 2.24 applied to base operators 2.4 of L r yields the following 
basis for the Lie algebra L\: 



(2.29) 
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where 

z, - Tr 2 (y 7 ), 


z 2 = 7r 2 (-y 4 ), z 3 - 7r 2 (y 6 ), z 4 = ir 2 (—y g ). 

(2.30) 


Following Sections 1.4.9-1.4.11 and using Reflections 2.5, one can find the 
optimal system of one-dimensional subalgebras of L\: 


Z, + Z 2 , Z 3 + (a — 1)Z 2 , Z, + Z 4 + trZ 2 , Z, + Z 3 , Z 2 , (2.31) 

where a is a non-negative parameter. That a ^ 0, in Z 3 + (<r- 1)Z 2 , is 
achieved by the equivalence transformation 


t = t, x = u, u = x, u x = (u x )\ h = (u x ) 2 h. 

Now we find the invariant equations 2.27 for each subalgebra of the 
optimal system. For the operator 


Z i + z 2 



the invariance criterion for Equation 2.27 has the form (see Section 1.1.8, 
Equation 1.17): 

(Z, + Z 2 )(h - h(u x ))\ h _ h{UM) = h(u x ) - h'(u x ) = 0, 
whence, on integration (setting the constant of integration equal to 1), 

h(u x ) = exp(u x ). 

Thus, the invariance with respect to the first operator of the optimal system 
2.31 yields the filtration law given by Equation 2.17. Use of Relations 2.30 
shows that 


z, + z 2 = 7r 2 (y 7 - y 4 ), 

whence Equation 2.23, together with Equations 2.4, yield the additional 
symmetry operator (cf. Equation 2.20): 

at, -.rf*- r.)- -4 ♦ 4- 

Use of the second and third operators from the optimal system 2.31 yields 
the Equations 2.18 and 2.19, respectively. 

Use of Z, + Z 3 and Z 2 yield h = const and h = 0. We have eliminated 
these cases. 

Thus, wc have accomplished the group classification given in Section 2.2.6, 
by the simple method of preliminary classification. 
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Invariance Principle in Linear 

Second-Order Partial 
Differential Equations 


Here, the main emphasis is on applications of Lie group theoretic philosophy 
to the initial value problems. 


3.1. EQUATIONS WITH NONDEGENERATE PRINCIPAL 
PART 

Consider the linear second-order partial differential equation in n inde¬ 
pendent variables x‘, and one dependent variable u, 

F[u) m a"(x)u iy + b , (x)u i + c(x)u = 0. (3.1) 

The coefficients a lJ , b‘, and c all influence the nature of the differential 
equation. However, the major role falls to the coefficients a' 1 of the second 
derivatives (the principal part of the equation). We assume, in this section, 
that the principal part of Equation 3.1 is nondegenerate, i.e., 

det||a ,; || * 0. (3.2) 

In this case, the geometric foundations of the theory are more elaborate than 
for equations of the general form. An excellent general account of this 
background based on Riemannian geometry, is to be found in Hadamard 
[1923], Duff [1956], and Ovsiannikov [1962], 
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3.1.1. THE COVARIANT FORM OF THE DIFFERENTIAL EQUATION 

The Kiemannian space V n associated with Equation 3.1 is defined by the 
metric 


ds 2 = gij (x) dx i dx >, 

where ||g i; (jc)|| is the inverse matrix for ||fl' ; (x)||. 

Equation 3.1 is rewritten in the following covariant form: 

a‘ j u ,y + a'u , + cm = 0, (3.3) 


where 


u .U = «</ " “k r , k , 

is the second contravariant derivative in V n , and I )* denote Christoffel 
symbols of V n . 

3.1 2. EQUIVALENCE TRANSFORMATIONS AND THEIR 
INVARIANTS 

(Cotton [1900], Ovsiannikov [1962], Chapter 6; see also Ovsiannikov [1978], 
Section 27, and Ibragimov [1983], Section 10.) 

For Equations 3.1, the group of equivalence transformations comprises 
coordinate changes in V n : 


x" =/'(*), (3.4) 

a linear substitution of the dependent variable: 

u' = a(x)u, a(x) * 0, (3.5) 

and a simultaneous gauge transformation of the coefficients of F, i.e., 

F' = p(x)F, p(x) * 0. (3.6) 

Transformations 3.5 and 3.6 map the associated Riemannian space V n onto 
conformal spaces. It is convenient to deal with the following, space preserv¬ 
ing, combination of these transformations: 


F'[u] = e-*< x) F[ue« x) ]. (3.7) 


After Transformation 3.7, the coefficients of Equation 3.3. become 

= a’’, a" = a' + 2a'i<pj, d = c + a''( <p, y + <p ( <pj ) + a'<p/- 
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Hence, the following quantities remain unaltered under Transformations 3.7: 


*,/ = (gu a 'h ~ ( 8,i a ‘),i> i,j 


(3.8) 


H= -2c + a\ it + -gija'a' + 


n - 2 


2 1 2(n - 1) 


R , 


(3.9) 


where a lower index following a comma denotes the covariant differentiation, 
and R is the scalar curvature of V n . These quantities are Cotton’s differential 
invariants (Cotton [1990]). 

3.1.3. DETERMINING EQUATIONS 

The symmetry Lie algebra, for any Equation 3.1, contains an ideal spanned 


d d 

X 0 = u— and X T = r(x)—, 
du du 


(3.10) 


where t(jc) solves Equation 3.1. Taking the quotient algebra by this ideal, one 
can write infinitesimal operators, admitted by Equation 3.1, in the form 


, d d 

X = £‘(x)— + (r(x)u — , 

dx‘ du 


(3.11) 


where the function o(x) is determined up to an additive constant. 

The determining equations, for Operators 3.11 admitted by Equation 3.3, 
are written in the following invariant form (Ovsiannkov [1962], [1978]): 


Zt.j + $.i = 

2 — n 1 . .. 1 


(3.12) 


(3.13) 


Here 


£ 7 /, + pH = 0 . 


ti-gijt** a i=gn a> 


(3.14) 


(3.15) 


(3.16) 


3.1.4. EQUATIONS WITH TWO INDEPENDENT VARIABLES 


For hyperbolic equations with two independent variables, 

u + a(x,y)u x + b(.x, y)u + c(x,y)u = 0, 


(3.17) 


Copyrighted material . 



Invariance Principle 


41 


quantities and // are 
Darboux [1915]) 


reduced to the Laplace invariants 


(Laplace [IWB, 


h = a x + ab - c, k = b y + ab - c. (3.18) 

Namely 

K l2 = 2 (k-h), H = h + k. 

For elliptic equations 

u xx + u y, + a(x,y)u x + b(x,y)u y + c(x,y)u = 0, (3.19) 

the invariants have the form 

K l2 =a y -b x , H = -2c + a x + b y + {(a 2 + b 2 ). (3.20) 

For Equation 3.17, a symmetry generator has the form 

d d d , 

X = £(*) — + rj(y)— + <r(x,y)u —, (3.21) 

dx dy du 

and is determined by the following equations (Ovsiannikov [I960]): 

(hOx + (h V ) y = 0, (kOx + (k v ) y = 0, (3.22) 

(cr + ay + bij) x = (h - k)y, (cr + ay + b£)y = (k - h)£, (3.23) 
or (Ibragimov [1992]) 

d(h~) = 0, dike.) = 0, d(a + ay + b£) = (h - k)B, (3.24) 


where 

E = ydx - £dy (3.25) 

is the dual differential one-form for Operator 3.21. 


3.2. LIE GROUP TREATMENT OF RIEMANN’S 
METHOD 

This section is a synthesis Riemann’s method (Riemann [I860]) for integra¬ 
tion of linear hyperbolic second order differential equations in two variables 
with the group classification of these equations due to Lie [1881]. The 
comprehensive analysis of the well-known methods of construction of the 
Riemann function (alias Riemann-Green function) is presented in Copson 
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[1957] for the special types of equations. As a whole, six different methods are 
described in Copson’s paper. The seventh method based on Lie group 
analysis is offered in Ibragimov [1991], [1992]. 

3.2.1. INVARIANCE PRINCIPLE IN BOUNDARY (INITIAL) VALUE 
PROBLEMS 

Many problems of mathematical physics can be solved by utilizing the 
following semi-empirical principle. 

INVARIANCE PRINCIPLE 

If a boundary value problem is invariant with respect to a group G then a solution 
of the problem should be looked for in the class of invariant functions under G. 

Invariance of a boundary problem for a given differential equation involves the 
invariance (1) of the differential equation under consideration, (2) of the bound¬ 
ary (or initial ) manifold, and (3) of the data to the problem under the action of 
G on the boundary manifold. 

If boundary conditions of the original problem are not invariant, the 
invariance principle is useful in a combination with other methods. For 
example, Riemann’s method reduces the Cauchy problem with an arbitraiy 
(and hence noninvariant) data to a special Goursat problem solvable by the 
invariance principle. 

3.2.2. THE RIEMANN FUNCTION 

Riemann’s method reduces the integration problem for the equation 

L[u] = u xy + a(x,y)u x + bix,y)u y + c(x,y)u = fix,y) (3.26) 
to the construction of the auxiliary function v defined by the adjoint equation 

L*[v] = v xy - ( av)x - ( bv)y + cv = 0 (3.27) 

together with the following conditions on the characteristics: 

/ y fX 

a(.x 0 ,v)dq, v\y-y t = expj b(,{,y 0 ) d£. (3.28) 
/0 *0 

The boundary-value problem 3.27-3.28 is known as the characteristic 
Cauchy problem, or the Goursat problem. There exists the unique classical 
solution of this problem. The solution v to the Problem 3.27-3.28 is known as 
the Riemann function. If the function v is found, the solution of the Cauchy 
problem 

Liu) =/, u\ y = u Q ix), M y l r = m,(jc) (3.29) 
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with the data on the arbitrary noncharacteristic curve y is given by the 
integral formula 

u(x 0 ,y 0 ) = %[u(A)viA) + u(B)v(B)\ 

+ / {[ \vu x + (bv - \v x )u) dx - [jvu y + (av - \v,)u] dy } 

AB 

+ f f vfdxdy, 

where A and B are the intersections of y with the characteristics y = y 0 and 
x = x 0 , respectively, and the twofold integral is taken over the region bounded 
by the characteristics x = x 0 , y = y 0 and the curve y. 

3.23. EXAMPLES FOR SOLUTION OF THE GOURSAT PROBLEM 

Example 1. For the wave equation u xy = 0 the corresponding Goursat 
problem has an especially simple form 

v xy = 0, v\x-x 0 = 1, = 1. 

Evidently the solution of the problem is v *= 1. 

Example 2. The telegraph equation 

u xy + u = 0, (3.30) 

is the simplest equation (following equation u xy = 0) which allows the appli¬ 
cation of the Riemann method. The Goursat problem (3.27M3.28), in this 
case, is as follows: 

v xy + v = 0, u|,-* 0 = 1, = 1. (3.31) 

The standard textbooks suggest to solve the problem by letting 

v = Viz), where z = (x - x 0 )(y - y 0 ). (3.32) 

Then Problem 3.31 reduces to the following problem for second-order ordi¬ 
nary differential equation: 

zV" + V + V = 0, K(0) = 1. 

This is the Bessel equation. The substitution = ^4 z transforms it to the 
standard form fiV" + V + jjlV = 0. 

Thus, the Riemann function for the telegraph equation is given by the 
Bessel function 


v(x,y; x 0 ,y 0 ) = J 0 (]/4ix - x 0 )(y -y 0 )j- 
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Example 3. Riemann applied his method to the equation 

/ 

i> +-j v = 0, / = const. 

(x + >>) 


Here, Equations (3.28) have the form 


By letting 


v \x=x 0 y ly-/o 


v = Viz), 


where z = 


(x -x 0 )(y - y 0 ) 
(x 0 +y 0 )(x +y) ’ 


(3.34) 


(3.34’) 


(3.35) 


Riemann [1860] reduces the characteristic Cauchy problem to an ordinary 
differential equation. 


Guessing an appropriate form of the solution to the Goursat problem, in 
the last two examples, we have reduced the problem of construction of the 
Riemann function to the solution of an ordinary differential equation. It 
appears that this reduction follows from the existence of a symmetry group 
for the Goursat problem. It’s just the invariance principle, and not the 
successful guess, that gives the correct form of a solution. Let’s consider the 
equations presented in Examples 2 and 3 from this point of view. 


3.2.4. ILLUSTRATIONS TO THE INVARIANCE PRINCIPLE 


Example 1. Equation 3.30 admits the three-parameter group with the gener¬ 
ators 


d d d d 

x i = , x ■, = , X\ = x~ y~z • 

1 dx dy dx 7 dy 

Let us find the linear combination of these operators 

X= aX { + PX 2 + yX 3 , 

admitted by the Goursat problem. 

Characteristics x = x 0 and y = y 0 are invariant if 

[Xix -JC 0 )]U I# = a + yx 0 = 0, [X(y -y 0 )Jly-y 0 s P ~ Wo " °- 

It follows that y * 0 (otherwise a = /3 = 0). Hence, we can set y = 1 and get 
a = -x 0 , P = y 0 . The resulting operator 




“ (y^o) 



(3.36) 
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is obviously a^minsy by Equations 3.31. Titus, we can employ the invariance 

principle and look for the solution of the problem in the class of invariant 
functions under the transformations generated by Operator 3.36. This group 
has two independent invariants, viz. v and z = (x - jr 0 Xy -y 0 ). Hence, the 
invariant solution has the form (3.32). 


Example 2. Equation 3.34 also admits three operators (in addition to 
dilations and the infinite dimensional group of linear equation): 


dx 


d 

Ty 


dx 


+ y 


dy 


, d d 

X 3 =x 2 - y 2 — 

3 dx 7 dy 


As in the previous case, they can be grouped in a linear combination, 
namely: 


X = (x -x 0 )(x + y 0 ) 


d 

dx 


d 

- (y + *o>—. 

dy 


(3.37) 


that lives invariant characteristics and the conditions on them. Thus, we 
should look for the solution of Problem 3.34-3.34' in the class of invariant 
functions. The invariants for Operator 3.37 are v and 


(x - x 0 )(y — y 0 ) 

(■* +yo)(y + *o) 


(3.38) 


and the invariant solution has the form v = v( p). This solution coincides 
with that found by Riemann; the variable z that he used is expressed in terms 
of the invariant p by the functional relationship z = p/( 1 - p) and there¬ 
fore is an invariant as well. 


3.2.5. LAPLACE INVARIANTS AND THE GROUP CLASSIFICATION 

We proceed from the group classification due to Lie [1881] for homoge¬ 
neous equations (3.26). For our purposes, it is convenient to use the invariant 
formulation suggested by Ovsiannikov [1960] (see also [HI], Section 9.1.2.1). 

Theorem 3.1. The equation 

L[u] = u xy + a(x,y)u x + b(x,y)u y + c(x,y)u = 0 (3.39) 

admits a four-dimensional Lie algebra L 4 if and only if the invariants 
(Ovsiannikov’s invariants) 

p = k/h , q = (In |/i |) jr y//i (3.40) 
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(if h = 0, one should replace h and k) are constants, and L„ r £ 2, if p or q 
(or both of them) is not constant. Here h and k are Laplace invariants of 
Equation 3.39: 


h = a x + ab — c, k = b y + ab — c. (3.41) 

In the case of constant p and q Equation 3.39 is reduced either to the form 
(if q = 0) 


u xy + xu x + pyu v + pxyu = 0 


(3.42) 


and admits the operator 

d d d 

X = (a,* + a 2 ) — + ( —a,y + a 3 )--( a 2 y + a 2 px + a 4 )u —, 

dy ou 


dx 


(3.43) 


or to the form (if q # 0) 


2 2 p 4 p 

u... -:-ru.- t -ru„ 4- —-= 0 


*y 


q(x+y)~* q(x+y)" y q 2 (x + y) 2 


(3.44) 


and admits the operator 


. d d 

X = (a,j: 2 + a 2 x + a 3 )—- + (-a,y 2 + a 2 x - a 3 ) — 

dx ay 


a, — (px - y) + a. 
*1 


u 


du 


(3.45) 


Corollary. The adjoint equation 3.27 admits a four-dimensional algebra if 
and only if this is true for Equation 3.39. 


In fact, mutually adjoint equations, L[u\ = 0 and L*[v] = 0, have the 
Laplace invariants h,k and h * = k, k+ - h. Hence, the corresponding 
invariants 3.40: p,q and p*,q* are constant or not simultaneously. 


Remark. The general form of the equivalence transformations of Equations 
3.39 is as follows: 


x=f(x), y=g(y), u = \(x,y)u. (3.46) 

Laplace invariants 3.41 are in fact invariant only relative to linear transforma¬ 
tions of the dependent variable u that do not change coordinates x and y. 
On the contrary, the quantities p and q defined by Formulae 3.40 are 
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invariant under the general equivalence transformations 3.46 and therefore 
naturally arise in Theorem 3.1. 


3.2.6. THE MAIN RESULT 


Theorem 3.2 (Ibragimov [1992]). Let Equation 3.26 

L[u] = u xy + au x + bu y + cu = f 
have constant Ovsiannikov’s invariants 3.40: 

p = k/h, q = (\n\h\)xy/h 

where h = a x + ab - c, k = b y + ab - c. Then the Goursat problem 
3.27-3.28: 


rY r x 

L*[v] = 0, v\x-x t = exp/ fl(x 0 ,Tj) dq, tf|y-yo = exp j b(f,y 0 ) d€, 

Yo *o 

admits a one-parameter group and the Riemann function is obtained from 
the ordinary second-order differential equation. 

Proof. It follows from Theorem 3.1 and its corollary that it is sufficient to 
consider Equation 3.26 such that its adjoint equation 3.27 has the form (3.42) 
or (3.44) depending on whether the invariant q+ is equal to zero or not. 

Let <7* = 0 and let the adjoint equation have the form (3.42): 

L*[v] s v xy +w, + p*yv y + p*xyv = 0, p* = const. (3.42*) 

Then conditions 3.28 are 


v\x-x 0 =e x *’'~ y \ 


(3.42') 


and the Goursat problem 3.42*-3.42' admits the operator 

d d d 

X = (x - iy -y 0 )— + [ x 0 (.y -y 0 ) -p*y 0 (x-x 0 )]u— 

This operator has two invariants, viz. 


y = uc l*o(y-yo)+p.j'o(*-*o)l an( j p = (j: - jc 0 )(y-y 0 ). 

In accordance with the invariance principle we seek the solution of the 
Goursat problem in the invariant form 


v = p), p = (x- x 0 )(y - y 0 ). (3.47) 
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Substitution in (3.42*) yields: 


pV" + (1 + (p* + \)p)V' + p*pV = 0 


(3.48) 


and the characteristic data 3.42' becomes HO) = 1. Hence, the construction 
of the Riemann function is reduced to the solution of the Equation 3.48 with 
the initial condition HO) = 1. 

Let q* *= 0 and let the adjoint equation have the form (3.44): 


L*[u] = u xy - 


2 P 




+ 


4 P 


q*(x+y) x q*(,x+y) y ql(x+y) 


v = 0, 


p+,q % = const. (3.44*) 


In this case Conditions 3.28 assume the form 




*<> + y \ 2/, • 


*o +y 0 


) 


x+y 0 \ 2p ‘ /q * 


v\y-y t - — 

l *o yo) 


(3.44') 


and the Goursat problem 3.44*-3.44' admits the operator 

d d 

X = (x - x 0 )(x +y 0 )~— (y -y 0 )(*o + y) — 

ox ay 

2 d 

+ — [p*(x -x 0 ) - (.y -y 0 )]v-—- 

q* 

The invariants are 


l/=(x+y 0 )" 2 p * /9 *(x 0 +y)‘ 2/, -u and p 


(x -x 0 )(y -y 0 ) 

(x +y 0 )(y +x 0 )' 


Hence, the invariant solution is of the form 

x +y 0 \ 2p - /q -( x 0 +y \ 2/q - 
*>-■—— —— vipU 

x 0 + y 0 ) \x 0 +yo) 


M = 


(x -x 0 )(j> -y 0 ) 

(x +y 0 )(>' +x 0 )' 


(3.49) 


The Goursat problem 3.44**3.44' is then reduced to the solution of the 
ordinary differential equation 


p(l - pfV + (1 - p) 


1 + 


2 (p* + 1) 


-1 \P 


4p* 

V + -^-pV=Q 


q 2 * 


(3.50) 


with the condition HO) = 1. 


Copyrighted material 



Invariance Principle 


49 


For the practical utilization of Theorem 3.2, there is no need to reduce the 
adjoint equation to the corresponding standard form (3.42*) or (3.44*). 


3.2.7. EXAMPLE TO THE METHOD 


Consider the equation 

/ 

u xy -y^(.u x +u y ) /*0,/*-l. 


(3.51) 


Here, h = k = !(/ + lXx + y)~ 2 and Formulae 3.40 give p = 1, q = 2/ 
/(/ + 1). Hence, Theorem 3.2 can be applied. 

For the adjoint equation 


/ 


»xy + 


x + y 


(v x + v y ) - 


21 


(x + y)- 


v - 0, 


Equations 3.28 become 


( x o +>'o ) / 

\x 0 +y ) ’ 



( *o +y 0 \' 


(3.52) 


(3.53) 


Let us calculate the symmetry algebra for the Equation 3.52. Laplace 
invariants for Equation 3.52 are equal to each other and coincide with the 
invariants h = A: for Equation 3.51 (see corollary of Theorem 3.1). Thus, the 
determining equations (3.22) reduce to the following equation: 

(-W) +M-3 

\(x +y) 2 l y \(x+y) 2 



or 

(x +y)(f(x) + r i(y)) = 2( g(x) + rj(y)). (3.54) 

It follows: 


£ = C,x 2 + C 2 x + C 3 , t) -C,y 2 + C 2 y - C 

Then the third equation 3.24 has the form 


d <7 + 


/ 


x+y 


U+ 7,) =o, 


and yields 


a = C 4 + C,/(y - x). 
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Thus, the symmetry generator is given by 


* 2 * 


X = (C,x z + C 2 x + C 3 >— - (C,x 2 - C 2 y + C 3 ) 


dx 


dy 


+ [C 4 + C,/(y-x)]i/ 


dV 


(3.55) 


and contains four arbitrary constants C,,C 2 ,C 3 ,C 4 in accordance with Theo¬ 
rem 3.1. 

Now we choose contants in Operator 3.55 from the invariance conditions 
for the data (3.53). The invariance of the characteristics x = * 0 and y = y 0 
implies 


\X(x Xo)]l*-jt 0 — C\Xq + C 2 x o + C 3 — 0, 

— ^o>][r-^o = ~ C i>o + C 2 y 0 - C 3 = 0. 


Hence, C 2 = (y 0 — JCoXT,, C 3 = —x 0 yoCi. We choose C, = 1, and obtain 


d d 

X = (x - x 0 )(x + y 0 )—~(y- >>o)(*o + >0— 


+ [C 4 + C,/(y - x)]u 


dv 


(3.56) 


The invariance condition for the first Equation 3.53 yields C 4 = l(x 0 - y 0 ). 
Then the second Equation 3.53 is also invariant. Hence, Goursat problem 
3.52-3.53 admits the one-parameter group with the symbol 


d d 

X = (x- x 0 )(x + y„)— - (y - y<,)(* 0 + y)— 


+ J((y -y 0 > ~ (x -x 0 )H> 


dV 


(3.57) 


This group has two functionally independent invariants: 


z “ SrSiTjj and v - u « + * r “ (x+ yAy +x ° )V <3 - 58) 
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Hence, the invariant solution can be written 


v = 


(*0 +>o) 


21 


(x +y 0 )'(y + * 0 ) 


7 V(z) 


Substituting in Equation 3.52 yields; 


'-'( 2 + tti) 


z( 1 +z)K" + (1 + 2(1 -l)z)V 


Two conditions on characteristics reduce to K(0) = 1. 


(3.59) 


0. (3.60) 
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4 

Huygens’ Principle: 
Conformal Invariance, 
Darboux Transformation, 

and Coxeter Groups 


This chapter provides an elucidating glimpse at group theoretic aspects of 
Huygens’ principle for linear hyperbolic second order partial differential 
equations. 

A general theory, a historical survey, and an extensive bibliography con¬ 
cerned with Huygens’ principle are presented in Hadamard [1923], 
McLenaghan [1982], Ibragimov [1983], and Gunther [1988]. 

A detailed group analysis of Huygens’ operators and an account of results 
obtained prior to 1983 are to be found in Ibragimov [1970], [1983]. Recently a 
number of results has been obtained (Ibragimov and Oganesyan [1991]; 
Berest, Ibragimov, and Oganesyan [1993]; Berest [1993a]; Berest and Veselov 
[1993a], [1993b]) that reveal an interdependence of Hadamard’s treatment of 
Huygens’ principle and contemporary theoretical concepts recognized as 
being valid in soliton mathematics. 

Along with classical results, we outline here the new developments. 


4.1. HUYGENS’ DIFFERENTIAL EQUATIONS: 
HADAMARD’S PROBLEM 

Given the hyperbolic differential equation 

F[u] = g i, (x)u ij + b i (x)u i + c(x)u = 0 (4.1) 



0-8493-2864-0/95/S0.00 + $.50 
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in n independent variables x = Or 1 ,...,*"), Cauchy’s problem is a problem 
of determining a solution which assumes given values of u and its normal 
derivative on a space-like (n - l)-dimensional surface 5. These given values 
are called the Cauchy data. According to our local approach, the problem is 
considered in a neighborhood of a generic point x 0 , where the coefficients of 
Equation 4.1 are assumed to be C^-smooth, and det g' ; * 0. 

In general, the solution of the initial value problem at a point x 0 depends 
on the Cauchy data in the interior of the intersection S n C"(x 0 ) of the 
initial surface S and the retrograde characteristic conoid C~(x 0 ) with a 
vertex x 0 . 

If the solution depends only on the data in an arbitrary small neighbor¬ 
hood of S n C"(x 0 ) for every Cauchy’s problem and for every x 0 we say 
(after Hadamard [1923]) that Equation 4.1 satisfies Huygens’ principle or is a 
Huygens’ differential equation. This is equivalent to the statement that the 
fundamental solution for Equation 4.1 has the support only on the surface of 
the characteristic conoid. 

The physical significance of Huygens’ principle is that waves governed by 
Huygens’ operators propagate without diffusion. 

Familiar examples of Huygens’ operators are provided by the ordinary 
wave equations with an even number n ^ 4 of independent variables. 

The problem of determining all the Huygens’ differential equations 4.1 is 
known in the literature as Hadamard’s problem. 


4.2. ELEMENTARY SOLUTION: HADAMARD’S 
CRITERION AND PAINLEVE PROPERTY 

The necessary condition for the validity of Huygens’ principle is that n k 4 
be even (Hadamard [1923]). 

Accordingly, we set in Equation 4.1 n = 2(p + 1), p 2 : 1. Then an ele¬ 
mentary solution for the adjoint equation: 

F*[u] = (g lj v),j - (b'v)i + cv = 0 (4.1') 

is written in the form (Hadamard [1923], for generalizations see, e.g., Babitch 
[1991]): 


u(x,x 0 ) = V(x,x 0 )r p - W(x, * 0 )log T + w, (4.2) 

where V(x,x 0 ) = L p Z 0 'U y (x, x 0 )r^, W(x,x 0 ) = YZ. p U„(,x, x 0 )r v ~ p and w(x) 
is a regular function. This is a singular solution with singularities on the 
characteristic conoid given by 


r(x, x 0 ) = 0. 


(4.3) 
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Here, F(x, * 0 ) is the square of the geodesic distance from x to x 0 in the 
Riemannian space V n associated with Equation 4.1 (see Chapter 3). It solves, 
as a function of x, the following characteristic equation: 

*"(x)r,I} = 4I\ (4.4) 

The coefficients U v (x,x 0 ) are single-valued regular functions known as 
Hadamard coefficients. 

Hadamard’s criterion asserts (Hadamard [1923], Section 129) that the 
necessary and sufficient condition of the validity of Huygens’ principle for the 
Equation 4.1 is that the elementary solution 4.2 does not contain any 
logarithmic term. This condition can be equivalently written as follows: 

U v lr-o = 0, v^.p. (4.5) 

Thus, Equation 4.1 satisfies Huygens’ principle if and only if its adjoint 
equation 4.1' obeys a conditional Painleve property according to the terminol¬ 
ogy employed in Weiss [1984] (see also Weiss, Tabor, and Camevale [1983]). 

4.3. CONFORMAL TREATMENT OF HUYGENS’ 
EQUATIONS IN V 4 

“We have enunciated the necessary and sufficient condition, but we do not 
know how equations satisfying it can be found... This, and many other 
questions concerning the residual integral, would require further researchers” 
(Hadamard [1923], Section 149). 

An explicit determination of all Huygens’ equations for arbitrary even n is 
still an open problem. However, the solution of the problem has considerably 
advanced in the case n = 4, which is of the special interest because of its 
physical significance. 

43.1. WAVE EQUATION IN SPACE-TIMES WITH NONTRIVIAL 
CONFORMAL GROUP 

Mathisson [1939] and Asgeirsson [1956] proved independently that the 
classical wave equation is the only (up to trivial transformations) Huygens’ 
equation in Minkowski space. The following theorem (Ibragimov [1970]) 
extends Mathisson-Asgeirsson’s result and solves Hadamard’s problem on all 
the spaces V 4 with nontrivial conformal group. 

Let the Riemannian space V 4 associated with Equation 4.1 be a space-time 
with nontrivial conformal group. Then Huygens’ principle holds if and only if 
Equation 4.1 is conformally invariant, i.e., equivalent to the wave equation in 

K- 

Du= g ij Ujj + jRu = 0. (4.6) 
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For the proof, see Ibragimov [1970] and [1983]. 


43.2. REALIZATION ON THE PLANE WAVE SPACE-TIME 

Any space-time with nontrivial conformal group can be reduced, by a 
proper conformal mapping and a choice of coordinates, to the plane wave 
space-time. In this realization. Equation 4.6 is equivalent to the following one 

U u ~ u xx ~ f( x ~ *) u yy ~ 2 <p(x - t)u yl - u z2 = 0, (4.7) 


where / and tp depend on a single variable x - t and satisfy the hyperbolicity 
condition f - <p 2 > 0. 

The validity of Huygens’ principle for Equation 4.7 was revealed indepen¬ 
dently by Gunther [1965] and Ibragimov and Mamontov [1970] (see also 
Ibragimov [1970]). 

A detailed discussion of the solution formula to Cauchy’s problem for 
Equation 4.7 and to its extension to arbitrary n is given in Ibragimov and 
Mamontov [1977] and Ibragimov [1983]. 


4 33. THE CASE OF TRIVIAL CONFORMAL GROUP 

McLenaghan [1969], [1974] and Wiinsch [1978], [1979], using necessary 
conditions for the validity of Huygens’ principle (derived from Hadamard’s 
criterion), investigated peculiar attributes of spaces V 4 associated with 
Huygens’ equations. They demonstrate that the validity of Huygens’s princi¬ 
ple for Equation 4.1 on a space-time satisfying certain supplementary condi¬ 
tions (conformally empty, Einstein space-times, symmetric, recurrent, etc.) 
implies that V 4 is conformally equivalent to flat or a plane wave space-times, 
these being the only known space-times where Huygens’ equations do exist. 
An outline of these results is to be found in McLenaghan [1982]. 


4.3.4. CONJECTURE ON HUYGENS’ PRINCIPLE IN V 4 

At present, the following question becomes a fundamental one in solving 
Hadamard’s problem: 

Are there spaces V 4 with trivial conformal group such that Huygens’ 
principle is satisfied by any of Equations 4.1 in these spaces? 

We expect a negative answer to this question when dealing with differen¬ 
tial equations in the real domain. 

An interesting candidate to be a counterexample to this conjecture in the 
complex domain is presented in McLenaghan [1982], page 225. 
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4.4. DARBOUX-LAGNESE-STELLMACHER 
TRANSFORMATION 

In higher dimensions, the situation is more mysterious because of the 
failure of the relation of Huygens’ principle to the conformal invariance. 

A hierarchy of Huygens’ equations that are not conformally invariant, is 
derived by the following construction due to Lagnese and Stellmacher [1967]. 

In (n + l)-dimensional Minkowski space, we consider operators of the 
form: 


d 2 " d l 

F n +1 = n n + , + c = —j — X) - —2 + c(x, t), (4.8) 

dt «- 1 (<?*') 

where 

c(x,t) = a 0 (t) - a,(x 1 ) - — - a„(x n ). (4.9) 

Then we define 

c(x,t) = a 0 (t) - «,(*>)- & n (x n ) (4.9') 

by the following Darboux transformations: 

a k (x k ) = - a k (x k ) - 2 p?(x k ), (4.10) 

where k = 0,1,..., n; x° = t, and the functions /3* are determined via n + 1 
Riccati equations: 

d 

+ Pk + <* k (x k ) = 0, k = 0,l,...,n. (4.11) 

Now we proceed from any Huygens’ operator of the form (4.8) (e.g., take 
c = 0, and n ^ 3 odd) and perform Darboux-Lagnese-Stellmacher transfor¬ 
mations 4.9'-4.11 successively, one step being the transformation of any one 
of the coefficients a k only. Then, according to Lagnese-Stellmacher’s theo¬ 
rem, after s steps we obtain the Huygens’ operator in (n + 1 + 2$)- 
dimensional Minkowski space, 

F„+ 2 i + i = ^« + i + 2 i C’ (4.12) 

For example, F 3+ , = □ 3+ , becomes, after the one-step transformation of 
a 0 (O, as follows: 

F s+ , = □ 5 +1 ~^2 * (4.13) 
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and after the second step that we choose to be the transformation of 
we obtain the following Huygens' operator: 

2 2 

^7+1 ~ °7+l - ~2 + . 2 ' (4.13') 

1 U ) 

Although the Lagnese-Stellmacher huygensian operators fail to be confor¬ 
mally invariant, the whole hierarchy of such operators admits the nontrivial 
Lie-Backlund algebra of equivalence transformations preserving Huygens’ 
principle (Berest [1993]). This algebra is shown to be intimately related to the 
higher symmetries and rational solutions of the KdV-equation in the theory 
of solitons. 


4.5. NEW HUYGENS’ OPERATORS IN FLAT SPACES 
RELATED TO COXETER GROUPS 

Quite recently a new class of Huygens’ operators in multi-dimensional 
Minkowski spaces has been discovered (Berest and Veselov [1993a], [1993b]). 
They happen to generalize Stellmacher’s examples (see, e.g., Equations 4.12 
and 4.13) to the case of arbitrary root systems. 

4.5.1. ROOT SYSTEMS AND COXETER GROUPS 

Let E" be an Euclidean space of finite dimension n. With any nonzero 
vector a e E" the following linear operator is associated: 

2(a,x) 

s a :E"-*E n , x -* 5 a (x) = x - -- -a, (4.14) 

(a, a) 

where (a, x) is a scalar product of the vectors a and x in the space E n . The 
operator s a provides a reflection of the space E n with respect to the 
hyperlane (a, x) = 0 normal to the vector a. 

Consider a finite set of unit vectors 91 = [a] e E n , satisfying the following 
conditions: (i) the set 91 generates the space £", i.e., E n - span<91>, and (ii) 
for every a e 91 reflection s a conserves 91: 5„(9t) = 91. Such a system of 
vectors 91 is called the root system in the space E n and the related 
reflections s a , a e 91, generate a finite group which is referred to as the 
Coxeter group of the rank n. A complete classification of Coxeter groups is to 
be found in Bourbaki [1968]. 


4.5.2. NEW HUYGENS’ OPERATORS RELATED TO ROOT SYSTEMS 

Let 91 be a root system of the rank n and W be a Coxeter group 
associated with 91. In (1 + N)-dimensional Minkowski space M N+l one 
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considers the following hyperbolic differential operator: 


dt 




dy 


2 

m 


dx\ 


• • • 


dx. 


+ c(x) u = 0 (4.15) 


with the potential 


c(x) 


v (<*,<*) 

t- 8a . . 2 » 

<.e<h lx,a) 


m(m„ + 1) 


8, 


(4.16) 


Here, (x,, y m ) is a set of spatial variables, so that N = n + m; 

m a is a W'-invariant integer-valued function on SR: 

m : SR -» Z + . 

The following theorem is valid: 

For any root system SR the hyperbolic operators 4.15 with the potential 
4.16 satisfy Huygens’ principle if N is odd and 

N* 3+ £ m a . (4.17) 


For example, the following two operators: 

d 2 d 2 d 2 d 2 2 16(r 2 - 3x 2 ) 

A '~7F~7?~ cj/) 2 ~e~ o 2 + 3x 2 f ’ 

d 2 d 2 d 2 d 2 2 2 8 (t 2 -x 2 ) 

F *'~ dt 2 dx 2 ( 9y \f ( dy i0) 2 t 2 + x 2 (/^ jr 2 ) 2 


respectively related to the Coxeter group of A 2 and B 2 types satisfy 
Huygens’ principle (their fundamental solutions are presented in Chapter 7 
of the present book). 

The elliptic operators of the form 

d 2 d 2 

L=-b + c(x), A “TT+-+T7. (4.18) 

oX i oX m 


where the potential c(x) is given by the Formula 4.16 with the parameter g a 
assumed not necessary to be integer, have been introduced by Olshanetsky 
and Perelomov [1977] as a natural generalization of Calogero operators 
(Calogero [1971]) within the framework of the theory of integrable systems. 

The case of the special values of the parameter g a given in Formula 4.16 
have been investigated by Chalykh and Veselov [1990], [1992], who showed 
that such operators possess additional nonpoint symmetries and eigenfunc¬ 
tions with remarkable algebraic properties. 
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Applications to Celestial 
Mechanics and Astrophysics 


5.1. NEWTON-COTES POTENTIAL 

Consider a motion of a particle with mass m in a potential central field. 

We write the Lagrangian in the form 

m „ / dx 

L " 7 t + Wr)l ( T ’ 4 " * 

The equation of motion is given by 

l/'(r) , x 

mv --x. (5.2) 

r 

Having in mind the importance of scaling transformations in mechanics, we 
would like to clarify the form of potentials U(r) for which the dilation group 
with the generator 

d . d 

T = kt—+ x‘ — 7 , k = const, (5.3) 

dt dx ' 

satisfies the Noether theorem on the conservation laws (i.e., when Operator 
5.3 is a Noether symmetry). 
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It’s convenient to represent generator 5.3 in the form of a canonical 
Lie-Backlund operator (Ibragimov [1983]) 

X=U-ktv ')—- (5.4) 

dx‘ 

and write down an infinitesimal transformation of coordinates x = x + Sx, 
where 

Sx - (x — ktv)a. (5.5) 

Differentiation of Equation 5.5 with respect to t yields the velocity increment 

Sv = ((1 - k)v - ktv)a. (5.6) 

The principal part of the increment for the Langrangian 5.1, under small 
variations Sx and Sv of the coordinates and the velocity, is 

U'(r) 

8L = mv • Sv + -x • Sx. (5.7) 

r 

The Noether theorem can be formulated in our case as follows: 

If the increment of the Lagrangian is a total derivative, viz. 

dF 

8L = —, (5.8) 

dt 

then Equation 5.2 has the conserved quantity given by 

J = mv • Sv — F. (5.9) 


Theorem S.l. (Ibragimov [1993]). For Lagrangian 5.1 and infinitesimal trans¬ 
formations 5.5 and 5.6 of the dilation group Equation 5.8 is valid if and only if 

a 

U = - r, a = const. (5.10) 

r 2 

The corresponding equation of motion, 

mx = 2a—, (5.11) 
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admits the dilation group with the generator 

d . d 

T=2t—+x‘ —r. (5.12) 

St Sx‘ 

Moreover, it also admits the group of projective transformations with the 
generator 

„ S .3 

Z = t 2 — + tx '—-. (5.13) 

St Sx 

Both of these operators satisfy Equation 5.8, and Formula 5.9 yields the 
corresponding conserved quantities: 

/, = 2tE - mx • v, J 2 = 2t 2 E - mx • (2/v - x), (5.14) 

where 


is the energy. 



m 


v 2 + 



Proof. In virtu of Equations 5.5, 5.6, and 5.2, Formula 5.7 is rewritten as 

d 

8L = ——((1 - k)mx • v - 2ktU)a + ka(.rU' + 2 U). 
dt 

Therefore we have to find out when the expression rU' + 2U is a total 
derivative. This is possible if and only if the variational derivative of this 
expression vanishes: 

8 S x‘ 

— W + 2 U) = — -ArU' + 2U) = W + 2(/)-0. 

8x‘ Sx 1 r 

Thus, for an unknown function U{r) we obtain a second order equation 
{rV + 2 Uy = 0. The solution of the latter, up to an additive constant, is 
given by Potential 5.10. The remaining statements of the theorem are 
checked by standard calculations (see also Ibragimov [1983], Section 25.2). 

The central potential 5.10 possesses a number of specific properties (owing 
to its projective invariance) and thus arises in various problems of Newtonian 
mechanics. Newton in his Principia treated the motion of a body in this field. 
Then the motion of this kind was in greater details considered by Roger 
Cotes (1682-1716) in his “Harmonia Mensurarum.” 

There also exists a mysterious relation between the Newton-Cotes poten¬ 
tial 5.10 and the monatomic gas. This correlation is revealed via conservation 
laws 5.14 (see Ibragimov [1983], Section 25.2), that are also valid for Boltzman 
equations (Bobylev and Ibragimov [1989]). 


Copyrighted material 



62 


CRC Handbook of Lie Group Analysis of Differential Equations, Vol. 2 


52. GROUP THEORETIC NATURE OF THE KEPLER 
LAWS 


It is known after Laplace [1798] that the first Kepler law (planets move on 
elliptic orbits with the Sun being in their focus) is the direct consequence of 
the conservation law of the vector 1 


x 

A = v X M + a —, where M = m(x X v), (5.15) 

r 

for the equations 

mv = a—r (5.16) 

r J 

of motion in the central field with the potential 

a 

U =-, a = const. (5.17) 

r 


Further, Equation 5.16 admits the infinitesimal Lie-Backlund transforma¬ 
tion Sx = x + Sx with the vector-parameter a = (a 1 ,a 2 ,a 3 ), where 

Sx = 2(a • x)v - (a • v)x - (x • v)a, (5.18) 

and the Hermann-Bemoulli-Laplace vector 5.15 is obtained from the 
Noether theorem using Formula 5.9 (see Ibragimov [1983], Section 25.2). 

This Lie-Backlund symmetry is a natural generalization of the rotational 
symmetry of the Kepler problem. In fact, one should only have to notice that 
the infinitesimal transformation of a group of rotations is defined by the 
increment Sx = x X a and that Expression 5.18 can be presented in the form 
of a symmetric double vector product of vectors x, v, a: 

Sx = (x X v) X a + x X (v X a). (5.19) 

The invariance under the Lie-Backlund group with infinitesimal increment 
5.19 is the group theoretic formulation of the first Kepler law. 

Theorem 52. (Ibragimov [1993]). For a central field U(r), infinitesimal 
transformation 5.19 satisfies Condition 5.8 for the applicability of the Noether 
theorem if and only if U(r) is Newton’s potential 5.17. 


Proof. We repeat arguments of the previous section. Here 



2 


' d 

— ((x • a )U) — (v • a )(,rU' + U) 
dt 


‘According to Goldstein [1975], [1976] this vector has first appeared in 1710 as a constant of 
integration of the equations for orbit in publications by Jacob Hermann and Johann Bernoulli. 
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TABLE 5.1 


Kepler Laws and Related Symmetries (R Is Semimajor Axis, 

and T Is the Orbital Period) 


Kepler 

Conservation 

Infinitesimal 

Laws 

Laws 

Symmetries 

1. Orbit is 

Laplace vector 

Lie-Backlund symmetry 

an ellipse 

X 

A =* v X M + a- 

r 

8x = x x (v x a) + (x x v) x a 

2. Conservation 

w 

Rotations 

of area 

M » mix X v) 

6x - x X a 

integral 


Dilations 

T - R l/l 

—— 

i - a 3 f, I - n 2 x, 
or Sx « (2x - 3 /v)j, 



/ 2 /r 3 is invariant 


Therefore Condition 5.8 is written as 
5d> <?d> d d<t> 

—— s-—-- 0 , where <J> = (v • a)(r£/' + U). 

6x dx dt <?v 

Hence 


5<l> , x d 

— = W + t/y(v • a)- - — W + V )a 
8x r dt 

= - W + U)y x (x x a) - 0. 
r 

Thus we obtain ( rU' + Uy = 0, and subsequently potential 5.17 (up to the 
negligible additive constant). Therefore, all of the three Kepler’s laws have a 
group theoretical nature. This is demonstrated in Table 5.1 for two-body 
problem (elliptic orbits) with the Lagrangian L = (m/2)M 2 - a/r. 


53. IS THE ANOMALY IN THE MOTION OF MERCURY 
COMPATIBLE WITH THE HUYGENS PRINCIPLE? 

The Einstein’s explanation of the Mercury perihelion’s motion rests on the 
assumption that the space-time near the Sun has the Schwarzschild metric. 
This metric was first found by Einstein [1915] with an accuracy up to the 
second-order approximation. However, the transition from the plain space- 
time of Minkowski to the Schwarzschild metric violates the Huygens principle 
and hence gives rise to the diffusion of acoustic, light, etc. waves. 
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This is due to the fact that the Minkowski space belongs to the family of 
Riemannian spaces with a nontrivial conformal group whereas the 
Schwarzschild space has a trivial conformal group and does not satisfy the 
Huygens principle (see. Chapter 4 of this volume or Ibragimov [1983]). 

Thus, in connection with theoretical explanation of the anomalous motion 
of planets a new problem arises, that can be formulated as the following 
alternative: 

1. An explanation via the transition to the Schwarzschild metric correctly 
accounts the nature of phenomenon in the necessary approximation. Then 
the Huygens principle is violated, and hence acoustic, light, etc. signals 
diffuse. The level of the diffusions are to be evaluated to be sure that the 
latter can be detected. 

2. In the real world the Huygens principle is valid. Then an explanation of 
the motion of Mercury’s perihelion is to be found such that it does not 
contradict the Huygens principle. This will demand a rigorous physical 
analysis of equations of motion in a curved space-time with a nontrivial 
conformal group. The problem is simplified due to the fact that the 
complete description of a family of all such spaces is known: every 
space-time with a nontrivial conformal group can be reduced, by the 
choice of a suitable coordinate system, to the plain wave metric 

ds 2 = «**>[(<fc 0 ) 2 - (,dx') 2 - (dx 2 ) 7 - 2 fix' -x°)dx 2 dx 3 

-g(x' -x°)(dx 3 ) 2 ], (5.20) 

where / and g are functions of one variable x l — x° satisfying the 
hyperbolicity condition g - f 2 > 0 and /x is an arbitrary function of x. 


5.4. PECULIARITIES OF GROUP MODELING IN THE 
DE SITTER UNIVERSE 

We discuss here (Ibragimov [1993D the following two peculiarities concern¬ 
ing the transition from the Minkowski geometry to the de Sitter universe 
(space-time of constant curvature). 

The first of them is related to the possibility of treating the de Sitter group, 
in the context of the theory of approximate groups, as a perturbation of the 
Poincare group by introducing a small constant curvature. In fact, according 
to cosmological data, the curvature of our Universe is so small (~ 10 -54 
cm -2 ) that it is sufficient to calculate first order perturbations only. Then Lie 
equations are readily solved and yield approximate representation of the 
de Sitter group. This is the way to simplify the theory. 

The second peculiarity is the utilization of a special complex transforma¬ 
tion. In case of Minkowski space, it reduces to a trivial conformal transforma- 
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tion, admitted by the Dirac equation with a zero mass, and does not play an 
essential role. However, in our approach, it becomes a nontrivial equivalence 
transformation on the set of spaces of constant curvature, and its addition to 
the de Sitter group integrates all three possible types of spaces with constant 
curvature: elliptic, hyperbolic (Lobatchevski space), and parabolic (Minkowski 
space as the limiting case of zero curvature). 


5.4.1. APPROXIMATE REPRESENTATION OF THE DE SITTER 
GROUP 

Metric of the de Sitter space has the form: 

( K \ ~ 2 

1 + —p 2 J (c 2 dt 2 - dx 2 - dy 2 - dz 2 ), K = const, (5.21) 


where 


p 2 = r 2 - c 2 t 2 , r 2 = x 2 + y 2 + z 2 . 


(5.22) 


In the usual notation (x\ x 2 , x 3 , x A ) — (x, y, z,ict\ ds = idr we have 


dr 


l + jo- 2 ) 2 E (dx 11 ) 2 , <r 2 = E (I- 1 ) 2 . 

4 I m-i m-i 


(5.23) 


The group of isometric motions in the de Sitter space is called the de Sitter 
group. It differs from the Poincare group in that trivial translations of 
coordinates x M are replaced by more complicated transformations, the so- 
called “generalized translations.” For example, the generalized translation 
along the x 1 axis is generated by 


X x = (l + j[(*') 2 - (x 2 ) 2 - (x 3 ) 2 - 


dx 


K 

+ — x‘\ x 


11 .2 " , 


dx 


+ X 


dx 


+ x‘ 


dx 


(5.24) 


and has the form (a is a group parameter): 


x 1 


( K \ 1 
1 - — a 2 jy=- sin(av^X) 

1 + — or 2 + 1—-o- 2 )cos(a\/X) - x'JR sin(av/X) 
4 4 


(5.25) 


x‘ = 2 


1 + —a 2 + |l - — <r 2 jcos(a/X) - x'tfK sin iaCK) 


l = 2,3,4. 


Copyrighted material 


66 


CRC Handbook of Lie Group Analysis of Differential Equations, Vol. 2 


When the constant curvature K is small, one can utilize the approximate 
group theory (Baikov, Gazizov, and Ibragimov [19881). The approximate Lie 
equation for Operator 5.24 is easily solved. As a result, one obtains the 
following simple approximate representation of Transformations 5.25 with 
the small parameter K (for details of calculations see Ibragimov [1990]): 


+ a + 


!{[«*■ 


)‘ 



+x l a 2 + -a 3 ) + o{K), 


(5.26) 


x‘ =x‘ + —x‘(2 ax x + a 2 ) + o(K), l = 2,3,4. 

4 

5.4.2. THE KEPLER PROBLEM IN THE DE SITTER SPACE 

The free motion of a particle in the de Sitter space is described by the 
Lagrangian function 


L = - p 2 , (5.27) 

where 

and m and u are mass and velocity of a particle; we shall write x = (x 1 , x 2 , x 3 ), 
hence v = dx/dt. 

Using this familiar formula, let us find the Lagrangian formulation of the 
Kepler problem in the de Sitter space. Heuristic reasoning for that is the 
invariance of the classical Kepler problem under rotations and time transla¬ 
tions together with the known limiting expression 5.17 of the potential at 
K = 0, /3 2 -* 0, and Formula 5.27. Therefore we look for the Lagrangian of 
the form 

L = -me 2 # -1 /T^/3 2 + — 0 m (l -/3 2 )", m,n = const. (5.28) 

The action integral fLdt with this Langrangian is invariant with respect to 
rotations. Therefore the only additional condition is the invariance with 
respect to generalized translations in time with the generator (cf. Operator 
5.24) 



j(c 2 t 2 + r 2 ) ~ 
4 dt 



(5.29) 
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Theorem 5J. (Ibragimov 11993]). The action integral fLdi with the La- 
grangian 5.28 is invariant under the group with Generator 5.29 if and only if 
m = 0 and n = 1/2, i.e.. 


L = -me 2 #" 1 >/l - /3 2 + -y/l - /3 2 . 


(5.30) 


Proof. The required invariance condition has the form (Ibragimov [1983]) 


[* 4 + d,U)]l = o, 


(5.31) 


where X A is the prolongation of the Operator 5.29 to v, and f is a coordinate 
of the operator at d/dt. Calculations yield 


[*„ + £>,«>]*• 


aK 

U 


0 m (l - 0 2 ) 


(1 -In) 


X • V 


+ mt 


. (5.32) 


Therefore, the statement of the theorem follows from Equation 5.31. 


Remark. The analogous theorem, concerning the uniqueness of the invari¬ 
ant Lagrangian, is not valid in Minkowski space. Indeed, if K = 0 it follows 
from Equation 5.32 that Equation 5.31 is an identity for Lagrangian 5.28 with 
an arbitrary n. 


5.43. SPLITTING OF NEUTRINOS BY THE CURVATURE 

Spinor analysis in a curved space was developed by different authors from 
various points of view. A good presentation of a necessary apparatus and 
general references are to be found in the review paper by Brill and Wheeler 
[1957]. In accordance with Section 2 of this review the Dirac equation in the 
de Sitter metric 5.23 can be written as 

/ K A W 3 

(1 + — <r 2 ' y)'l> + = 0, m = const, (5.33) 

where -y M (p. = 1,...,4) are usual Dirac matrices in the Minkowski space, 
and (x • y) denotes a four-dimensional scalar product: 

4 

(x- y) = £ x'Y 1 . 
m-i 

Here we will be interested only in neutrino equations (m = 0). Then, in 
linear (with respect to K) approximation, Equation 5.33 becomes: 

<?i/» 3 

- -K(x •?)«/»=(). (5.34) 
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Equation 5.33 admits the de Sitter group, the action of which upon wave 
function i p is defined as follows. Let us write the infinitesimal transforma¬ 
tions of de Sitter group in the form 8x = ag. Then 8iJ/ = aSip, where 

1 « 3 IK \~ l 

s = - E —Ay^-y v y>-^ v ) + -K\\ + -<T 2 } (*-f). 

(5.35) 


Now we turn to Equation 5.34. It can be reduced (in the linear approxima¬ 
tion with respect to K) to the usual Dirac equation 

dtp 

- 0 (5.36) 

by the substitution 

(5.37) 

Equation 5.36 is invariant under the transformation 


x» = ix», / = V - 1. (5.38) 

Therefore, one can choose, instead of Equation 5.37, the different represen¬ 
tation for the function <p, viz. 


<p = tM*)ex p 


1 / K 

2 ,+ 4 


(5.37') 

Then Equation 5.36 yields (after eliminating the bar upon Jr): 

y“~: + • y)x - o. (5.39) 

Equation 5.39 coincides with Equation 5.34 in the de Sitter space with the 
curvature (-K). 

Transformation 5.38 converts time-like intervals in Minkowski space to 
space-like intervals, and vice versa. In the case of de Sitter spaces the same 
happens along with the simultaneous change of the sign of the curvature. 
Indeed, the Interval 5.23 being furnished with a subscript K, Transformation 
5.38 yields 


<p = *(.r)exp 


1 / K 

2 1+ 4 



(5.40) 
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Formula!; 5.37 and 5.3T can be interpreted as the “splitting” of a neutrino 

into two neutrinos, described, respectively, by Equations 5.34 and 5.39. They 
are different only when K # 0. The system of Equations 5.34 and 5.39 admits 
the approximate group defined by the infinitesimal transformations 

8x = af, 8ili = aSip , 8x = aT\, (5.41) 


where the vector £ = (£', £ 2 , £ 3 , £ 4 ) belongs to the 15-dimensional Lie 
algebra of the group of conformal transformations of Minkowski space (see, 
e.g., Ibragimov [1983]), and matrices S and T are given by 





M* v= 1 


3 

— v (y V - y V* - 3^) + -K(x ■ O, 



1 JL dt* 3 

8 E ^(TY-7V-3y -^(«'a 


(5.42) 


5.5. DYNAMIC PHENOMENA IN SPACE PLASMA 


Applications of Lie groups to the equilibrium theory of cylindrically 
symmetric magnetic flux tubes are considered here. These results are due to 
Milovanov and Zelenyi [1991]—[1993b] and Milovahov [1993a]-[1993c]. 

The self-consistent equilibrium of the tubes is governed by the dimension¬ 
less Vlasov-Maxwell equations 


d / 1 du 
dp\p dp 

d II du 

dp\p dp 


= pv(u + v), 

= pv(.u + u), 


(5.43) 

(5.44) 


where the plasma distribution function is assumed to depend on a linear 
combination of constants of the motion. In Equations 5.43 and 5.44, p is the 
dimensionless polar radius, v = v(u + u) is the dimensionless plasma density, 
and u and v are the components of the vector potential. Equations 5.43 and 
5.44 are simplified by transforming to the new variable x = p z : 


d du 

4—— = -i '(u + v), 
dx dx 


d du 

4 - 

dx d In x 


- v(u + u). 


(5.45) 

(5.46) 
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Substracting the second equation from the first and integrating over x, we 
find 


du dv 
dx d In x 


(5.47) 


Here, the integration constant is taken to be zero which implies a relation 
between the components of the magnetic field of the tube. Differentiating 
Equation 5.45 with respect to x and using Equation 5.47, we arrive at the 
third-order nonlinear differential equation 

x + 1 

u xxx =- u s p.(u), (5.48) 


where the function piu) is defined by 


•U + V 


-4/ p.(w) dw = v(u + v). 


(5.49) 


Analytical solutions to Equation 5.48 exist in both limiting cases, x -* 0 and 
x -* °°, only for the functions piu) = ±exp u and piu) = ±u p , where p is 
any real number. In fact, when piu) = ±exp«, one finds a nontrivial 
one-dimensional Lie algebra with the basis 



(5.50) 


in the limiting case x -» 0, and a two-dimensional Lie algebra with the basis 



(5.51) 


in the limiting case x -* <*>. Similarly, when piu) = ±u p , we have 


d u d 

X.=x - (5.52) 

dx p du 


in the case x -* 0, and 



(5.53) 


in the case x -» ». Using Equations 5.49-5.53, one can obtain particular 
solutions for the magnetic fields and plasma density in the tubes which play 
an important role when considering dynamic evolution of large-scale plasma 
configurations in the solar photosphere and interplanetary medium. 
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Another possible application of Lie groups concern spontaneous polymer¬ 
ization of magnetic field fluctuations during the radiation epoch (t — 10®- 
10' 3 s after the big bang) of the evolution of the Universe which is governed 
by the nonlinear kinetic equation of the form 

^ = A p + Qix)p 7 . (5.54) 

at 

In equation 5.54 x = lx I, the function p = pix,t) is the probability density to 
find a fluctuation /z + , say, at a point x at a time t, meanwhile Q(x) ax °~ 3 
shows the average probability of breakdown of symmetry in the creation - 
annihilation reaction O p. + p.~. The diffusion term Ap is defined as (e.g., 
see O’Shaughnessy and Procaccia [1985]) 

1 * I „ , dp \ 

(5 - 55) 

which is a generalization of the Euclidean diffusion operator on a fractal of 
dimension D. Here the function Kix) is the diffusion coefficient: 

Kix)=Kx°, (5.56) 

where K is the diffusion constant, and <r is the index of anomalous diffusion 
(Gefen, Aharony and Alexander [1983]). Note, that for Euclidean geometries, 
a = 0. Then, let us define the new function u(x, t) = x~ fi/2 p(x, t), where 
/3=1 + 8 - D = const. Combining Equations 5.44-5.56 after some algebra, 
we obtain 


pip + 2) u 

u xx =--- 2 + x ° u t ~ x ° uy - (5.57) 


In Equation 5.57, 0=<r + D- 3-/3(l - y)/2; moreover, we assume y # 1 
and <r > -2. Without lack of generality, we also set K = 1. Comprehensive 
analysis shows that Equation 5.57 admits the two-dimensional Lie-algebra 
spanned by 



x d 
(T + 2 dx 


d 


+ (i)U — , 
dU 


(5.58) 


*2 = 4. (5-59) 

at 

where <d = id + 2)/(<r + 2X1 - y). The infinitesimal operator X t defined 
by Equation 5.58, yields the invariant solution to Equation 5.58: 


P=x (p/2) u = Cx-<** D -W-'\ (5.60) 
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where constant C is defined by the relation 


4 C"-' = p 2 + 2p + 4 a>(a + 2)[(w - 1 )(<r + 2) + (a- + 1)]. (5.61) 

It is shown in Milovanov [1993a, b], that the invariant solution 5.60 can be 
used for the direct calculation of the fractal dimension of magnetic polymers 
in early Universe. The results obtained account for the present large-scale 
distribution of galaxies and galaxy clusters at ~ 10 h _l Mpc scales where 
h = HJ 100, and H 0 is the Hubble constant. (For details, see, e.g., Peebles 
[1980] and Bahcall and West [1992].) 

We now observe that the nonlinear kinetic equation 5.60 is the generaliza¬ 
tion of the linear diffusion equation 



(5.62) 


which is of great theoretical and conceptual interest in different branches of 
physics (e.g., see O’Shaughnessy and Procaccia [1985], Clement, Kopelman 
and Sander [1991], and Lawrence [1991]). Equation 5.62 with the diffusion 
term 5.55 describes fractional Brownian motion of the hot stars in globular 
clusters and anomalous diffusion of magnetic flux elements in the solar 
photosphere. Calculation of the admissible Lie group of Equation 5.62 
enables one to find basic analytical relations between the fractal dimension D 
and the index of anomalous diffusion o when considering self-similar behav¬ 
ior of dynamic systems in fractal geometries (for details, see Milovanov 
[1993c]). Here we present the admissible Lie group of Equation 5.62 with the 
diffusion term 5.55 in explicit form. 

First of all, when the index of anomalous diffusion o is arbitrary, Equa¬ 
tion 5.62 admits the four-dimensional Lie algebra with the basis 


d 2tx d 

X, = t 2 — +-- — 

dt o + 2 dx 


2 


Dt 


(o + 2) <r+2 


u — , 

dU 




X d 
o+2 dx' 


(5.63) 



When y = 2D - 2, we find two additional operators: 



x (* + 2)/2 d 

-- . 

o + 2 du 



(5.64) 
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which form, together with 5.63, a six-dimensional Lie algebra. Finally, when 
a = (2 D/3) - 2, the additional operators become 



<t + 2 


tx 


-(a *- 2)/2 


2)/2 
a + 2 


u 


du ’ 



tr + 2 , , <9 

_ x -i*+2)/2 u _ 

2 du 


(5.65) 


The generalized invariant solution to Equation 5.62 is given by: 


<T + 2 

p ~ 

1 1 

D/(<7+ 2) 

o v r-\ 

x 17 -" 2 

. (5.66) 

DT(D/(tr + 2)) 

(<r+2)V 

wXp 

(o- + 2) 2 / 
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6 

Utilization of 
Vessiot-Guldberg-Lie 
Algebra for Integration 
of Nonlinear Equations 


This chapter is aimed to illustrate a utility of the method of canonical 
variables (see [HI], Chapter 2) combined with the result due to Vessiot 
[1893], Guldberg [1893], and Lie [1893] on nonlinear ordinary differencial 
equations possessing fundamental systems of solutions. 


6.1. DEFINITION OF A FUNDAMENTAL SYSTEM 
OF SOLUTIONS 


Ordinary differential equations 


dx l 

~dt 




( 6 . 1 ) 


are said to posses a fundamental system of solutions if their general solution 
can be expressed in terms of a finite number m of arbitrary particular 
solutions 


x k (**»•••!■**)» 



(6.2) 



0-8493-2864-0/95/10.00 + $.50 
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by formulas 




(6.3) 


where C„...,C„ are arbitrary constants. 

Particular solutions 6.2 are referred to as fundamental system of solutions 
for Equations 6.1. It is required that the form of functions <p‘ does not 
depend on the choice of specific particular solutions 6.2. This, however, does 
not exclude, for a given system of Equations 6.1, the possibility to have 
several distinct representations 6.3 of a general solution as well as different 
numbers m of necessary particular solutions. 


6.2. VESSIOT-GULDBERG-LIE ALGEBRA 

The question of which of Equation 6.1 possess a fundamental system of 
solutions has no direct relation to symmetry groups. However, Vessiot [1893], 
Guldberg [1893], and Lie [1893] revealed that this question can be solved in 
terms of Lie algebras. In fact. Lie found the general form of equations with 
fundamental systems of solutions and proved the following main statement. 


Theorem 6.1. Equations 6.1 possess the fundamental system of solutions if 
and only if they have a special form 

dx' 

— - 7\(f )£,'(*) + - + T r U)f(x) (6.4) 

at 

so that operators 

X a = ^x)4~ i , a = l,...,r (6.5) 

aX 

span an r-dimensional Lie algebra L r The number m of necessary particular 
solutions 6.2 is estimated by 


nm > r. 


(6.6) 


The proof of this theorem with detailed preliminary discussions and 
examples are to be found in Lie [1893], Chapter 24. The Lie algebra L r that 
results from Theorem 6.1 will be referred to as Vessiot-Guldberg-Lie 
algebra. 
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6.3. APPLICATION TO NONLINEAR EQUATIONS 
OF LASER SYSTEMS 

6.3.1. ADAPTATION OF THE GALILEAN GROUP 


The phenomena of the wave front correction for optical radiations in laser 
systems are simulated by nonlinear equations known as the system of phase- 
conjugated reflection (wave front reversal) equations (see Zel’dovitch, 
Pilipetskii, and Shkunov [1985] and Bespalov and Pasmannik [1986]; see also 
Section 17.12 of this volume). Here, we shall consider a simplified (by 
choosing the medium parameters) variant of this system and restrict the 
discussion to the stationary case. Then the equations are written 



-/Ajf, =|£ 2 | 2 £„ 


(^- Ma )£ 2 = |£,| 2 £ 2 


(6.7) 


where A is the Laplace operator on the (x,y) plane, £, and £ 2 are complex 
amplitudes of the incident and phase conjugated (amplified) light waves, 
respectively. 

Equations 6.7 are evidently invariant under the translations along the x, y, 
and z axis, rotations on the (x, y) plane and appropriate dilations of depen¬ 
dent and independent variables. Now, we shall find an additional symmetry 
group using the analogy of the left-hand sides of Equations 6.7 and the heat 
equation 

u, ~ u xx = 0. (6.8) 


Equation 6.8 admits the Lie algebra L 6 spanned by 

d d d d 

~ Tt’ 

d 

= it — 
dx 


X 2 = —. 

X 3 = It 

— + X—, 

r 

i 

n 

2 dx 


dt dx 

du 

d 

, d 

d 1 

, x d 

xu —, 

x b = t 2 — 

+ tx - - 

(x 2 + 2 t)u — 

du 

6 dt 

dx 2 

du 


(6.9) 


and the infinite dimensional algebra of operators X = pit, x)d/du where 
p.(t, x) is an arbitrary solution of Equation 6.8 (see [HI]). 

Turning to Equations 6.7, we shall look for a symmetry generator as the 
following modification of the generator X 5 of the Galilean group: 

X = 2 z— + L^fJx,z)E a — + g a (x,z)£* — , 

where £* and E a are complex conjugate quantities. The choice of the 
operator in this specific form simplifies the solution of the determining 
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equations and yields 




+ ix\ E , 


d 

dE x 



( 6 . 10 ) 


6J.2. AN INVARIANT SOLUTION 


Consider the two-dimensional abelian Lie algebra spanned by Operator 
6.10 and the Operator d/dy. The basis of invariants is given by 

z , M| - E x e- ixl/ « z \ u 2 = E 2 e lxl/(4z \ 

and the complex conjugates for u, and u 2 . Hence, we have the following 
general form of the invariant solutions: 

£, = u,(z)e' x2/(4z) , E 2 = u 2 (.z)e~ ixl/( * z) . (6.11) 


For the simplicity sake, we consider the case of real functions u, and u 2 . 
Then the substitution of Expressions 6.11 in Equations 6.7 yields 


du x 

dz 


u\u 


1 



du 2 

dz 


“l“ 2 


^2 
2z ’ 


( 6 . 12 ) 


6J.3. UTILITY OF CANONICAL VARIABLES 


Equations 6.12 have the form of Equations 6.4 with the coefficients 

7,( 2 ) = 1, r 2 (z)--i 


and with Operators 6.5 given by 

d d d d 

X, = ulu, -+ u x u 2 -, X 2 = u, -+ u 2 -. (6.13) 

1 2 1 du x 1 2 du 2 2 du x 2 du 2 

We have 

l^i, X 2 ] = -2X t , X X VX 2 = u x u 2 (u 2 2 - uj) # 0. 

Therefore Operators 6.13 span a two-dimensional Lie algebra of type III 
given in [HI], Section 2.2.1 and hence can be transformed to the canonical 
forms. The use of canonical variables transforms Equations 6.12 to an 
integrable form. 

We find the canonical variables by solving the equations 

*,(*;,) = 0, X 2 (u 2 ) = 1, 
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and obtain 

v \ =u]-u\. 

Then Operators 6.13 become 


In u 2 ~ 1° u i 




Hence, in Variables 6.14, Equations 6.12 reduce to the following: 

dv x v x dv 2 v 2 

dz z ' dz z 


The solution of Equations 6.12' is given by 


C, 

u,= -—, v 2 = C 2 z + z in z. 


Now we reverse Formulas (6.14): 



(6.14) 


(6.13') 


( 6 . 12 ') 


(6.15) 


(6.14') 


and substitute herein solutions 6.15. It follows that the general solution of 
Equations 6.12 is given by 

> «2 = 

where £ = Cz k , C, k = const. Substituting this in Formulas 6.11 one obtains 
the invariant solution of the System 6.7: 



where £ = Cz k , and C,k are arbitrary constants. 
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Symmetry Groups 
and Fundamental Solutions 

for Linear Equations 
of Mathematical Physics 


7.1. LAPLACE EQUATION 


A „u = 0, n £ 3, 


(7.1) 


where A„ is the Laplacian in IR", 


iix'Y 


Ox-y 


The symmetry algebra L r , r = \(n + lXn + 2) + 1, is spanned by (see, 
e.g., Ibragimov [1972] and [1983], Section 10.2) 

d . d , a 

Xi = l. 


Y, = (2xV - |x|%'7)~7 ~(n~ 2)x l u~. 


(7.2) 


0-8493-2864-0/95/S0.00 + $.50 
© 1995 by CRC Press, Inc. 
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Z '= x ‘lx" Z ' = U Tu- . n) ’ 

where |x| 2 = (x 1 ) 2 + — + (x”) 2 . 

The equation for fundamental solutions, 

A„u = S(x), (7.3) 

where 5 is the Dirac measure, admits the subalgebra of L r spanned by 

Xjj, Z = Z, - (n - 2)Z 2 , If. 

The fundamental solution 



1 


2-n 


(2-i«)«u W ’ 


(7.4) 


where oj„ = 2-n n/2 /Yin/2) is the area of the unit sphere in R", is deter¬ 
mined by the requirement to be an invariant solution under the group 
generated by X t j and Z (Ibragimov [1989], [1992]). In addition, this solution is 
invariant under the conformal transformations generated by V'. 


7.2. HEAT EQUATION 


u, - A n u = 0. 


(7.5) 


The symmetry algebra L r , r = {(n + lXn + 2) + 3, is spanned by (Lie 
[1881] and Goff [1927]) 




dx' 


i * 


, d d 

X,l=x ~d7‘ ~ x ‘~dJ’ 


X„.2,-L- x ‘ u -L. 


d , d 
Z, = 2 1— +x‘ 


dt 


dx ' 


u 


du 


Y = t 2 — + tx‘—- - —(|x| 2 + 2 nt)u — , ( i,j = l,...,n). 

dt dx' 4 du 

The equation for fundamental solutions 


u, - A „u = Sit, x) 


(7.6) 


admits the subalgebra of L r spanned by 



Z = Z, - nZ 2 , Y. 


(7.7) 
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Ths fundamental solution 


u = 0 (/)( 2 / 7 tT) " exp| — j» (7-8) 

@0) being the Heaviside function, is obtained as an invariant solution under 
the group generated by X,j, X 0i , and Z (Ibragimov [1989], [1992]). 

The solution of Cauchy’s problem 


u, - b n u =f(t,x), 


(7.9) 




(7.10) 


where / e C 2 (t £ 0), u 0 (jc) e C(R"), is given by Poisson’s formula: 


u(x,t) = [' f 

Jr\ Jnn 


/(£ » T ) ( 

- n exp - —- 7 | di dt 


o J *'(Vir(t-T)) 


4 (/ - t) 


+ 


00 ) 


— r—n f W 0 (f)exp 

(2/^7) V 


U-ll 

4r 




(7.11) 


73. WAVE EQUATION 


u.. - A n u = 0 , 


7f 


n ^2. 


(7.12) 


The symmetry algebra L r , r = ^(/i + 2Xn + 3) + 1 is spanned by 




<?/ 


X 


dX 


i 


x “ ~ *'1. ? 


- X' 




i * 




. <? 


X. = t —r+x' —, Z.=t—+x‘ it 

°' dx‘ dt 1 dx‘ 


•i = - 

du 


Y 0 = o 2 + Ul 2 )^- + 2tx‘—r - (n - 1)/M-^- 

<?r <?x' 


(7.13) 


Y; = 2tx'—r + [2x i x i + 0 2 - Ul 2 )« w ]-A - 0 * - Dx'ii * 


<?r 


<?x' 


du ’ 


(/,; = l,...,n). 

The equation for fundamental solutions, 

u„-Cs n u = 8{t,x) (7.14) 
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admits the subalgebra of L r spanned by 


Xu, x 0i , z = z, + (1 - n)z 2 , y 0 , 


(7.15) 


The fundamental solution 


— ir (l ~ n)/2 0(t)6 ln 

1 „ / 0(/ 2 
-7 r~ n/1 eU)\ —f= 


3)/2 (/ 2 — |jc| 2 ), n odd 


-ui 2 )r 2>/2 

- \x\ 2 


n even 


(7.16) 


is a weak invariant solution with respect to the group generated by X,, X 0i , 
and Z (Berest [1991], [1993b], Ibragimov [1989], [1992]). 

The solution of Cauchy’s problem 

u„ - c 2 b n u = f(.t, x ), c = const, 

du 

«lr-» 0 = u 0 (x), — = u,(x), 

Ol /-f 0 

where /e C 1 (t 2: 0), u 0 e C 2 (R n ), u, e C^IR") for n = 1, and /gC 2 
(/ £ 0), u 0 e C 3 (R"), «, e C 2 (R") for n = 2,3 is given by D’Alembert [1746] 
for n = 1: 

u(x,t) = — j'dTf x+cU T) f(£,r)d€+ — f X+L 'u l (Z) d£ 

2c Jq J x -dt-r) 2cJ x -d 


+ 2 l“o(* + 0 + u 0 (x - <)], 


(7.17) 


by Poisson [1819] for n = 2: 


1 ri r 
u(x,t) = — f / 

2ttc J o ■'| f - x |< c (,- T ) 


f<C,T) 

c 2 (t - r ) 2 - |x - 


d^dr 


lire 


a/c 2 / 2 - lx - 


dt 


\x~Z\ 


<? / 1 r U 0 (f) 

dt ^ 2ttc ■'|f-ot|<« -^c 2 t 2 — |x — 


d% , 


(7.18) 
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by Poisson [1819] and Kirchhoff [1882] for n = 3 (see also Hadamard [1923], 
page 47 and Lcray fl953j, page 45): 


1 / /(f,< - |x - £l/c) 1 , 

u(x,t) = —f - T7~ d£ + 7 7T/ “i 

J \(-x\<ct \x-€\ dirte 2 Ju 


47 TC 


Ante* J \(-x\-ct 


+ 4(t4t/ «oU ><**}• 
dt [ 4t rtc 2 J\(-x\-ci I 


(7.19) 


For solution formulas in higher dimensions due to Tedone [1898], see, e.g., 
Courant [1962], Chapter VI, Section 12 and Ibragimov [1983], Section 13.4. 


7.4. TRANSFER EQUATION 


1 

-u, + s'Uj + yu = 0, (7.20) 

where u t = du/dx‘, i = l,...,n; s‘,v,y are arbitrary constants, and |j| 2 = 1. 
The symmetry algebra L x is infinite dimensional and spanned by 


X = a(x,t)— + [f‘(x - vst) + t>a(jc,r)5 < ]—- 


d 

-(g(x - vst) + vya(.x,t))u—, (7.21) 

du 

where a,f‘,g are arbitrary smooth functions. 

The equation for fundamental solutions, 

-u, + s'u; + yu = 5(x,/), (7.22) 


admits the subalgebra of L x spanned by Operator 7.21 provided that (Berest 
[1993b]) 


“(0,0) - 0, /'(0) = 0, g(0) = £ 4^7(0). (7.23) 

i-1 dx 

The fundamental solution 

u(x,t) = i;0(f)exp(--yu/)5(x - vst ) (7.24) 

is a weak invariant solution of Equation 7.22 under the group generated by 
Operator 7.21 with Conditions 7.23. 


Copyrighted material 



86 


CRC Handbook of Lie Group Analysis of Differential Equations, Vol. 2 


7.5. CAUCHY-RIEMANN EQUATION 


du 

dz 



where u = u(z, z), z = x + iy, z = x - iy, and 

dz 2\dx dy) 
The symmetry algebra L x is spanned by 


(7.25) 


d d , d 

X = a(z)— + /3 ( 2 , 2 )— + T)(.z)u — 

dz dz dU 


(7.26) 


where a(z), tj(z) are arbitrary analytic functions depending on the one 
complex variable z, and fi(z, z) is a smooth function of the variables z and z. 
The equation for fundamental solutions, 


du 

dz 


S(z, z) 


(7.27) 


admits the subalgebra of L x spanned by Operator 7.26 provided that 


a(0) - 0, 


da 

(3(0,0) = 0, 77 ( 0 ) = ——(0). 

aZ 


(7.28) 


The fundamental solution 

u - — (7.29) 

77 Z 

is an invariant solution of Equation 7.27 with respect to the subalgebra of L m 
spanned by Operator 7.26 with Restraints 7.28 


7.6. WAVE EQUATION IN RIEMANNIAN SPACE WITH A 
NONTRIVIAL CONFORMAL GROUP 


“oo - w n ~ Y, a‘ J (x 1 - x°)u,j = 0. (7.30) 

i.y-2 

Here (x l ,... t x H ) are spatial variables (n ^ 3), x° = t, = d 2 u/dx‘ dx' 
and ||a'7|| = ||« w ir*. 
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The symmetry algebra L r , r — 2« + 1, is spanned by (PetfOV [1961]) 


1 dx° dx'' 


X. 


1 dx 


i > 


n 


Y, = -x' 


+ TJ| + L^x'-x 0 )—, 


dx" dx 


i -2 


z . <*° +*'>( ^0 + ^i) + dx*' 


Zl = u Tu 


where M ,; || is a matrix of functions ^(x 1 - x°) such that 


A ij (cr) -= Ja ,j (a) da. 


(7.31) 


There exist coefficients a' ; (x' - x°) of the special form when the symme¬ 
try algebra of Equation 7.45 admits an expansion. 

The equation for fundamental solutions, 


“oo “ «n ” £ a ‘ j ( x ' ~ x°)u tJ - 5(x - x 0 ), 

U-2 


(7.32) 


where x 0 = (x$,...,x!j), admits the subalgebra of L 2n + 1 spanned by 


r,~ -<x‘ -x‘ 0 ) 


j? + j?) + j~y i(x ' ~ AV(xi _is) i^7 > 


Z = (x° + x 1 - x° - Xq)| —- + 


<?x° <?x 


(7.33) 


" d d 

+ L (* J ~ x 0~n ~ ( n ~ Dw— 

y=2 dx du 


The fundamental solution 


w - ^n-J Kx»-Xj)-(X»-Xg)r l 
2 (IdetM^x 1 - x°) - A'Kxl - 4)|| 


1/2 


5 («-3)/2 (r)> 
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■I, 


wnere x. 


(xl.*]!), admits the suhalgekra Af L, HftSHRA/j Hy 


x t = [O 2 - Ix| 2 ) - (t 2 - | jc 0 | 2 )] — + 2(x‘ - xl,) 


d A ■ d \ w . . * 

x 1 1 — + Y. xJ ~n - (« - l)(x* - x' 0 )u 


dt 


1 


dx> 


du 


(7.37) 


X H = I* 1 “ 4)^7 “ (*' ~ *{>^”7 (/ <»• 

The fundamental solution is given by 

« = + *1 + ^) s< " J/ (r) * (738) 

where p <,(n - 3)/2, T = (t - t 0 ) 2 - lx - x 0 | 2 , and F is Gauss’ hypergeo¬ 
metric series: 


F(a, P, y, x) 

£ a(a + l)-(a + k — l)/3( /3 + l)-(/3 + k - 1) x k 
= 1 + y(y + 1) —(y + * - 1 ) k\ • 

This is a weak invariant solution of Equation 7.36 with respect to the group 
generated by Operators 7.37. 


7.8. KLEIN-GORDON EQUATION 


u„ — A 3 u + m 2 u — 0. 


(7.39) 


The symmetry algebra is spanned by 


dt' 


X. = 


1 , ..i» 


dx' 


. d , d 

X„ = x ’— 7 - x ‘— 7 , 
1 ‘ dx 1 dx* 


d , d 
°' dx 1 dt 


Z = u — , 
du 


«- 1,2,3. 


(7.40) 


The fundamental solution 


00) , , m J\[m^t 2 - |x| 2 ) 

« - -^so ! - ui 2 ) - —e(< - ud- ' ’ 


2lT 


47r 


V / 2 - w : 


where ./,(*) is the Bessel function (see, e.g., Olver [1974]), is a weak invariant 
solution under the group generated by the operators X lJt X 0i . 
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7.9. HELMHOLTZ EQUATION 

^ n u + k 2 u = 0, (7.41) 

where A„ is the Laplacian in R". 

The symmetry algebra is spanned by 


Z = u 


du 


x - - ^ - 


.9 .8 

X,, = X 1 -r — X‘ -r 

" dx l dx 1 


(7.42) 


The fundamental solutions are given by 


u «-L e “w f 

hk 


1 


u = — 


2 ik 


e~ ikM for/i = l, 


u - - i//<»(A:UI), u = i//< 2 >UUI) for n - 2, 


u = - 


,'* 1*1 


4ttUI ’ 


u = - 


-*‘*i*l 


47 r|x| 


for n = 3, 


where H^ v) (.x) is the Hankel function (see, e.g., Olver [1974]). They are 
invariant solutions under the group generated by 


7.10. HUYGENS’ TYPE EQUATIONS RELATED TO 
COXETER GROUPS 


(Berest and Veselov [1993a], [1993b], see also this volume, Chapter 4.) 
The following hyperbolic operator is defined in R 10 by rank two Coxeter 
group of A 2 - type: 

6 2 d 2 d 2 d 2 2 16(f 2 - 3x 2 ) 

dt 2 9x 2 ( dy i) 2 (<?y 8 ) 2 * 2 (t 2 + 3x 2 ) 2 


The fundamental solution of this operator is as follows: 


u - 8«” (r) | 1 - ~ ?°) ; r 


2 tt 0 (f 2 + 3x 2 )(to + 3atq) 


ttn - XX, 


tt 0 (t 2 + 3 x 2 )Uo + 3 x\) 


r 2 - - 


1 


2 tt 0 (t 2 + 3 x 2 )Uq + 3x^) 


r 3 , 
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where !' = (/- 1 0 ) 2 - (x - x 0 ) 2 - If. ,(y' - y‘ 0 ) 2 . 

The operator related to the Coxeter group of fi 2 -type is defined in (R 12 : 

d 2 d 2 d 2 d 2 2 2 8(t 2 -x 2 ) 


dt 2 dx 


idy'y 


( dy 10 ) 


The corresponding fundamental solution is as follows: 

_ ,(4)/ r Ji _ 1 ~ «o>(<«o ~ ”o> 2 + <*0 ~ 'o*> 2 ) 

UJ \ 8 « 0 xr 0 ( x 2 + , 2 )(* 2 + / q ) 


1 (jc 2 + f 2 )Uo + /p) + 4(fl 0 - xr 0 ) 2 - Axx 0 tt 0 
48 tt 0 xx 0 (x 2 + t 2 )(x o + t ^) 


r 2 


i 


xc„ - //, 


16 W 0 xr 0 (x 2 + t 2 )(xl + t%) 


1 


1 


+ 


32 tt 0 xx 0 (x 2 + / 2 )<Xq + /£) 


r 4 , 


where T — (f — t 0 ) 2 - (x - x 0 ) 2 - E]° ,(y‘ - y‘ 0 ) 2 . 


7.11. GENERALIZED AXI SYMMETRICAL LAPLACE 
EQUATION 


d 2 u A du » 

+ ——- + 22 


d 2 U 


(dx°) 


O' 2 


*° k-l (<W 


= 0, n £ 2, 


(7.43) 


where A is a real constant. 

The symmetry algebra L r , r = (n + lXn + 2)/2 + 1, is spanned by 
(Aksenov [1993]): 


X. = 


1 dx 1 ' 


u 


i 


dx 1 


- x 


dxr 


z ' =xi J7>’ z '~ u Tu' . n) ’ 


r, “ 2 x ° x ‘ 7? + £ 

dX j= 1 


2x‘x> - 8 ij 22 (x*)‘ 

fc-o 


<?x' 


(7.44) 


-(A + n - l)x*« 
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The equation for fundamental solutions, 


d 2 u A du " d 2 u 

+ “To + E -— = S(x° ~ 


(dx 0 ) 2 ' *° *x° ' £ x ( dx k) 2 


n*2, (7.45) 


where x = (.x\...,x a ), admits the subalgebra spanned by 


X ., = x 1 — r -x* 


d 


') 


dx ' dx> 


X. 


n 


i - E (**)' 

k -0 


(i < j, i - n,y - 2,...,n), 


<? " L d d 

7 + 2x' E ** —r ~ (A + « — 1)x'm—. 


(7.46) 


<?x 


*-o 


<?x 




The fundamental solution 


w = P Pi 


1-A 

i _ P ) F\2 — 


Pi 


tx + A + 1 A p 

---, 1 - —,2 - A, 1-j 

2 2 P, 


is a weak invariant solution of Equation 7.45 with respect to the group 
generated by Operators 7.46. Here 

p 2 = (x° - l) 2 + E (x') 2 , p, 2 = (x° + l) 2 + E (xO 2 

i-1 i-1 


and F is Gauss’ hypergeometric function considered in Section 7.7. 
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8.1. NOTATION 

We used throughout this Chapter the special units h = e = c = 1, where h 
is the Planck constant, e is the electron charge, and c is the light velocity. We 
also apply the conventional quantum mechanical notation for the momentum 
operators: 

d 

Pk =i J^k' P k = Pk+* kf 

where i 2 = -1, and A k is a vector potential of an electromagnetic field. The 
scalar product in the Minkowsky space is denoted by (xr) = x k x k — x% - r 2 , 
(xp) = x k p k , etc. Here x, = r^x*, r is the position vector, tj (/ = 
diag{l, — 1, -1, — 1} is the Minkowski metric tensor, = 6*, and 5* is 
the Kronecker symbol. The sumation rule over the repeated indices is used 
throughout. Let L be a matrix linear differential operator, u = (u , ,...,u m ) r 
be the column of the dependent variables where T denotes the transposition. 
If the linear system 

L(x,p)u = 0, (8.1) 

admits the canonical Lie-Backlund operator (see Formula 5.22 from [HI]), 
then the determining equation takes the form 

Lrj(u) = B(u)Lu, (8.2) 

where B is a linear partial differential operator. 


0-8493-2864-0/95/S0.00 + S.50 
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If Equation 8.1 is the Klein-Gordon system or the Laplace-Beltrami 
equation, then -qiu) = Xu, where A' is a linear differential operator. (Mesh¬ 
kov [1983a], Shapovalov and Shirokov [1992]). 

Usually the assumption tj(h) = Xu is adopted for any linear system. Then 
Equation 8.2 is reduced to the following operator on (Shapovalov [1968a]): 

LX = BL. (8.3) 

Operator X satisfying Equation 8.3 is called the symmetry operator. There is 
the following important property: any polynomial of the symmetry operators 
is a new symmetry operator. The set of the symmetry operators is wider than 
the set of the Lie generators. For instance, several integral symmetry opera¬ 
tors were obtained by Fushchich and Nikitin [1983] and Fushchich, Shtelen, 
and Serov [1989]. Any linear equation possesses the obvious symmetry opera¬ 
tor X = 1, that corresponds to the scale symmetry u' = u exp(a). Besides, any 
linear equation 8.1 admits the following symmetry transformation u' = u + 
fix), where / solves Equation 8.1. 


8.2. WAVE EQUATION 


d 2 u d 2 u d 2 u d 2 u 

DU = -J - 2 - 2-2 “ 0- (8.4) 

a(x°y d(x'r d(x 2 r d(x 2 r 


The symmetry operators are given by (cf. Section 7.3): 

Pk> L ij = x iPj ~ XjPt, (8.5) 

D = ( xp ), Kj = 2xj(xp) - (xx)pj + 2iXj. (8.6) 

Operators 8.5 generate the Poincare group, D generates the dilatations and 
the operators K i generate the special conformal transformations 



x‘ + c'(xx) 

1 + 2(cr) + (cc)(xr) ’ 


u 

1 + 2(cr) + (cc)(xr) ’ 


(8.7) 


where c is a constant vector. Lorentz invariance of the wave equation was 
established by Poincare [1906]. Transformation 8.7 was established by 
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Bateman [1909] in the following form. If ( cc) ¥= 0, then Transformation 8.7 is 
a superposition of the Poincare transformations, dilatations and the inver¬ 
sion: 


x" = x‘ / ( xx ), u' = u/(xx). (8.8) 

If (cc) = 0, then Transformation 8.7 is a superposition of the Poincare 
transformations, dilatations and the following transformation: 

0 (xr) - 1 a ( xx ) + 1 

* = 2(x°-x‘)’ X ' = 2(x° - x 1 ) ’ 

(8.9) 

X* u 

x = x 0 _ X 1 » i = 2,3, u = _ x i • 

Notice that this structure of the conformal group was known for Lie [1871], 
page 351. 


8.2.1. NONEQUIVALENT OPERATORS 

There exist nineteen first-order symmetry operators that are nonequivalent 
under the conformal group (Bagrov et al [1988]): 

1. + op,; 2. L 23 + ap 0 ; 3. L u + a(p, + p 0 ); 4. p,; 

5 - Po + Pv 6 Poi 7 - Lq 3 + ap,; 8. + aL 0 „ a * 0; 

9. La + L 02 + ap,; 10. L 23 + L 02 + a(p 0 + p 3 ), a * 0; 

11. A 0 +p, + <*( A, - p 0 ) + pL^, 12. A 0 + p 0 + a(A, - p,); 

(8.10) 

13. A 0 + A, 4- Po ~ P\ + 2L 32 + a(p 2 + L 03 + L, 3 ); 

14. A 0 + A, + p 0 - p, + a(p 0 + p,) + 0L 23 ; 

15. D - L 01 + aLy + /3(p 0 + p,); 16. D + aL 01 + p L 23 ; 

17. A, — p, + aL 23 , 18. A, Po + ®L 23 ; 19. V2"A 2 + p 0 + p 3 . 
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8.2.2. IDENTITIES AND HIGHER SYMMETRIES 


The complete list of the quadratic identities was given by Bagrov et al. 
[1990]: 


L ijPk + LjkP, + L kiPj = 0, 2L,jD + K jPl - K,p l = 0, 
•quL»L u = 0, L u K k + L jk K, + L ki Kj = 0, i * j * k, 

(1/2) + D 2 + 2iD = -(xr)D, 

( 8 . 11 ) 

V k, L jk L jl + K jPj + iVjjD = -x) □, (KK) = ~(xx) 2 D, 

2r) k, (L ik • Lj,) + [K i pj] + [K j p,}- x ( Xj □, i + j, 

L jk p k + D Pj = Xj □, K‘L t/ + KjD = -(\/2)Xj(xx)n, 


where e tjkl is the Levi-Civita symbol, (e 0l23 = 1), and [a • b) = (1/2 Xab + ba) 
is the Jordan product. 

Any higher symmetry operator for the wave equations is a polynomial of 
the operators 8.5 and 8.6 plus trivial operator: A = R(x, p) □ (Bagrov et al. 
[1990], Nikitin [1991a]). 


8.2.3. WAVE EQUATION IN n DIMENSIONS 

For any constant metric rj i; in n dimensions the symmetry operators p t , 
L ijt and D are the same but K f take the following form 


Kj = 2 Xj(xp) - (xx)p J + i(n - 2)x>. (8.12) 


This implies the following modification in the transformation formula 8.7 
for u: 


u' = u{ 1 + 2(cr) + (cc)(xx)f~ n)/ \ (8.13) 

For the metric t\,j = diag{ 1, -1, ..., -1} Formulas 8.8 and 8.9 are modified 
as follows (Carmichael [1927]): 


x" = x‘/(xx), u' = u(xxf~ n)/2 , (8.14) 
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an 


J 


,»o 


(xx) - 1 
2(x 0 -* 1 )’ 


( xx) + 1 


x’ M = 


2(x° -x l ) ’ 


x" = 


(8.15) 


i = 2,— 1, u! = u(x° — x ! ) <2 " )/2 


8.2.4. CONSERVATION LAWS 


Any conserved current for the wave equation takes the following form: 


I k = Ul Xu — u — tXu, 

dx k 


(8.16) 


where X is a symmetry operator for Equation 8.4 (Abellanas and Galindo 
[1981]). 

Choosing X = p, or L i; here, we obtain the following conserved currents: 


f k = - ui] ki u ijt u k = r\ k, u it 

= xj k - x t f k + u(8 k Uj - «/«,). 


(8.17) 


Tensors T lk and M k are equivalent to the conventional tensors of the 
energy-momentum and angular momentum T ik and M k j, respectively: 


- rf + — 


"i - + ^B*', 


y4/* = = u(8/u k - 8 k u>), 

Bi! - -Bit -x,/y-x,A“ + 2u J (S*S/ - S/S/), 

where r* and M k are given by (cf. Expressions 8.32) 

7/ - 2u*u, - S/u,«*. Mfj - 7/x, - 7/x,. 

Operators 8.6 £> and imply the additional conserved currents 

B' = jr'r; + 2wi' f ylj = 2x;B' - («)r/ - 2u 2 8j, 


(8.18) 


(8.19) 


( 8 . 20 ) 


respectively. Any higher conserved current take form 8.16, where AT is a 
polynomial of Operators 8.5 and 8.6 as was mentioned previously. 
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83. KLEIN-GORDON EQUATION 

[v ij PiPj - m 2 \u - 0. (8.21) 

Notation are given in Section 8.1; m > 0 is a parameter. The equivalence 
group for Equation 8.21 is the direct product of the Poincare group and the 
Abelian gauge group: 


x" = 4*' + c l , fljafu* = r lj„ 

u! = u exp(/S), A' k = A k + (<?$/<?**), 


( 8 . 22 ) 


where S is an arbitrary function. 


83.1. FREE EQUATION 

If A k = 0, then Equation 8.21 possesses only ten symmetry operators of 
the first-order 8.5 (Ovsiannikov [1962]). That operators generate the Poincare 
group as it was mentioned in Section 8.2. Any higher symmetry operator of the 
free equation 8.21 is a polynomial of Operators 8.5 plus trivial operator: 
A =* R(x, <?/<?* X □ + m 2 ), (Bagrov et al. [1990]; Nikitin and Prilipko [1990] 
and Nikitin [1991a]). 

There exist ten independent, under the Poincare group, symmetry opera¬ 
tors (cf. Expressions 8.18) (Bagrov et al. [1973]; Patera, Winternitz and 
Zassenhaus [1975]): 

1. L-a + ap,; 2. + ap 0 \ 3. L 23 + a(p, + p 0 ); 4. p,; 

5 - Po+Pi> 6 - Poi 7 - ^03 + “Pi! 8 - L 23 + «L 01 , a * 0; (8.23) 
9. + L 02 + ap,; 10. L 23 + L 02 + a(p 0 + p 3 ), a * 0. 


83.2. NONFREE EQUATION 

Each symmetry operator of the first order is equivalent, under the group 
8.22, to one of the operators 8.23 (Bagrov et al. [1973]). If X = .Y'p, is a 
symmetry operator for Equation 8.21, then the vector fields X' and A' are 
commutative. The admissible potentials for the operators 8.23 take the follow¬ 
ing form: 

1-3. A 0 -A 0 U), A t =A,(f), A 2 =x 2 a(f) +x 3 b(f), 

A 3 = x 3 a( £) - x 2 b( { ), where 
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2 . 

3. 


4-6. 


5. 

7. 





£i = *°. $2 “ x i + x h £3 = x ' + a arctanU 3 /* 2 ); 


£, =» x 1 , f 2 “ x\ + xf, £ 3 = x° + a arctan(x 3 /x 2 ); 

= x° - x\ £ 2 = *2 + x 3 > fc "*° + *‘ + 2a arctan(x 3 /x 2 ); 
^ = /!;(£), where, 4. £, = x°, £ 2 - x 2 , £ 3 = x 3 ; 

£. = x° -x'.f, = x 2 , £ 3 = x 3 ; 6. 

/1 0 = (*° ~x 3 )a (0 + (oc° + x 3 )Mf)» A\ = /!,(£), 

A 3 = (x° - x 3 )( £) - (x° + x 3 )fc( |), A 2 = A 2 ( £), where 


a 


€! = *’ + 2 ln 


x°-x 3 

x°+x 3 


.fc-* 2 .fc 



/4 0 = (*° -x')a(^) + (x° + x 1 )Mf), =x 2 f(0 +x 3 g(£), 

/l, = (x° -x‘)fl(£) — (x° + x')M£). A 3 =x 3 f(£) -x 2 g({)f 
where £, = x£ -xf. 


£l =xl+xj, £3 


a arctan(x 3 /x 2 ) + - In 


x°+x> 

x°-x' 


(8.24) 


A 0 = [x 2 + (x° +x 3 ) 2 ]a(£) -x 2 6(£) + /(£), 
/l, = /!,(£), = (x° +x 3 )[Mf) - 2x 2 a(f)], 


- [xf - (x° + x 3 ) 2 ]a(£) -x 2 Mf) + /(f), where 


£i = x*(x° + x 3 ) - ax 2 , £ 2 = *o ~ x\ - x\, £ 3 = x° + x 3 ; 
= [(x° +x 3 ) 2 + 4a 2 ja(£) - (x° +x 3 )6(f) + /(f), 

y4 3 = [(x° +x 3 ) 2 - 4a 2 ]a( £) - (x° +x’)M£) + /(£), 
/I, = j(^), y4 2 = 2 abiO - 4a(x° + x 3 )a(£). 


where £, = x 1 , £ 2 = (x° +x 3 ) 2 - 4ax 2 , 

£ 3 = (x° + x 3 ) 3 + 6a 2 (x° - x 3 ) - 6ax 2 (x° + x 3 ). 
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Example. Let X = p 0 + p, be the symmetry operator and A is a parameter. 
Then the equation Xu = A u determines the quantum states 

u = il>(x 2 ,x 3 ,x° -x')exp[-(r/2)A(x 0 + *')] 

with the definite values of the physical value p 0 + p,. It is obvious that the 
equation Xu = A u determines the invariant manifold for the operator 



In the coordinates 

x' 3 = (l/2)(x° + x l ), x'° = (\/2)(x° -x l ), x'‘=x 3 , x' 2 =x 2 , 

Equation 8.21 is reduced to the following equation for i/»: 

(ap' 0 - P' 2 - P' 2 + V)* = 0, (8.25) 

where the functions a = A 0 A A, + A, V = ( A 0 - A x )a + iF 0i - m 2 , and 
F ot = (<9A,/dx 0 ) — (dA 0 /dx x ) do not depend on x' 3 according to the ex¬ 
pression 5 in Formulas 8.24. It is remarkable that Equation 8.25 possesses the 
infinite equivalence group (Shapovalov [1974]): 

x° =/(x'°, A), x‘ = ajix 10 , k)x‘ + bKx'\ A), A = <*>( A), 


where a' is an orthogonal matrix. 


8JJ. CONSERVATION LAWS 

Any conserved current for Equation 8.21 takes the following form: 

/* = (P k u)* Xu + u*P k Xu, (8.26) 

where symbol * denotes the complex conjugation, and X is a symmetry 
operator for Equation 8.21 (Meshkov [1993a]; for the free equation see 
Abellanas and Galindo [1981] and Galindo [1981]). 

This result admits the generalization onto the Klein-Gordon system 

P‘P,u a =M ap u p , (8.27) 

where M is a symmetric constant matrix. 
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Any conserved current for the system 8.27 takes the following form: 


/* = (P k uf Xu + u*P k Xu, (8.28) 

where u + = ( u*) T denotes the Hermitian conjugation, and A' is a symmetry 
operator for the system 8.27. 

Currents 8.26 and 8.28 are complex, therefore I k ± /* are the conserved 
currents too. The free equation has real solutions therefore the conserved 
currents read 


d 

I k =u k Xu - u — tXu. (8.29) 

dx k 

Choosing X = 1, p, and L i; in 8.27, we obtain the following conserved 
currents for the free system: 

J k -Hu*u k -uiu) t f k = V *'(<«, 

A - Xjf k + u+(8 k u, - 5*u,). 

Here J k is the electric current. Tensors f ik and M k j can be represented in the 
following form: 




(8.30) 


Re f* = T k + Re M k = -Mjj + S,B kl , 

AJ k = -Af' = (l/2)(6/^* - 8 k d’)u+u, d> = i) ik d/dx k , (8.31) 

B k ; = -B‘f = M/' - X,A? + 2(6*6/ - 8 k 8iyu. 

Here T lk and M k are the conventional tensors of the energy-momentum and 
angular momentum: 


T k = (« + )*u j + u*u k — 8 k L, M k j = T k Xj - T k x t , (8.32) 

where L = u*u‘ - u + Mu is the Lagrangian. Equations 8.31 denote that tut 
is equivalent to T ik and M k j is equivalent to M k j. Any higher conserved 
current for the system 8.27 takes the form 8.28, where AT is a polynomial of 
the operators 8.5 as it was mentioned previously. Several explicit expressions 
for the higher conserved currents of the free equation 8.21 were presented by 
Gordon [1981]. 
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8.4. NONSTATIONARY SCHRODINGER EQUATION 



1 

2m 


LPk-v 


k- 1 


u — 0. 


Here n = 3 for one particle and n = 3N for jV-body problem. 


(8.33) 


8.4.1. FREE EQUATION 

If A k = V = 0 then Equation 8.33 possesses the following first-order 
symmetry operators (Niederer [1972]): 

Po = , Pj = i ~n ’ A = t 2 Po~ tD - (m/2)r 2 - (ni/2)t, 

Ol O X J 

L jk = x jPk ~ x kPj> Gk = *Pk + mx*, D = 2tp 0 + x k p k . (8.34) 

Here k = 1,..., n, x k = x k , r 2 = The symmetry operators p k , k ^ 0, 
and L jk are the generators of the translations and rotations respectively. D is 
the generator of the dilatations x" = x‘ exp(a), /' = t exp(2 a). Operators G k 
correspond to the generators of the Galilei group : 

d . d , 

G k = t —r + rmx*« —. (8.35) 

The Galilean transformations are given by 

/' = /, *'* = x k + tv k , u' = u exp{im(rv + /v 2 /2)}, (8.36) 

where v is the vector of the group parameters. Operator A corresponds to the 
Lie generator 





+ (l/2)(imr 2 - nt)u 


d 

du 


(8.37) 


The corresponding group is given by 



t 

1 - at' 


x" = 


u' = m(1 - at) n/2 exp 


l - at ’ 


imar 


2(1 - at) 


, (8.38) 


where a is the group parameter. 
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Any higher symmetry operator of the free equation is a polynomial of the 

operators (Wilcitin [l99ll>]). Operators A, G k , and D do not commute 


with H but if we substitute p 0 = p 2 /(2m) into Expressions 8.34, then the 
transformed operators 8.34 will commute with H. 


8.4.2. NONFREE EQUATION 

Equivalence group for Equation 8.33 is given by 


r'=/(f), x" =<**(/)*'+*'(f), u' = u exp(/S), (8.39) 

where /, b‘, and S are arbitrary functions; a' = aO‘, Oj is an orthogonal 
matrix and a 2 = / = df/dt. The transformation formulas for the potentials 
take the following form: 


A'‘ = a- 2 \a\A' - m(«?x"/<?f)] - ( dS/dx "), 


V = idS/dt') + a' 2 V 


(8.40) 


+ a 


a k ,A'(dx' k /dt) 



E(<?*'V*) 2 + 

k 


1 

—naa 

2 


Formulas 8.39 and 8.40 slightly generalize that given by Shapovalov [1974]. 
Tensor F tj = ( dAj/dx 1 ) - (<M,/<?*'), where i,j ^ 0 , A 0 = -V, x° = t, is 
called the strength tensor of the electromagnetic field. It is the gauge invariant 
value. Formulas 8.40 imply that the field 




K + ma2 (' )fl 2 *i+fi(t), 


F u = F tj U) t i,j > 0, 


(8.41) 


is equivalent to zero field Fij = F'io = 0. To obtain the coordinates, where the 
field is zero, one ought to solve the following system: 

O;<0 - ~F kt O‘„ (8.42) 

lm at m 

where OO t = E and a) = aOj. It is clear now that Equation 8.33 with the 
field 8.41 possesses the symmetry algebra isomorphic to 8.34. If the potentials 
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are given by 

A k = (1/2 )x i F jk (t) + maa~ l x k + ma~ 2 a' k b i , 

2V = (1/(4 m))F is F sj x‘x i + a~ 1 a‘ j b,F js x s - md 2 a~ 2 r 2 (8.43) 
- 2mda~ 3 b i a , jX i - ma' 2 b 2 - inda 

where a] and b' are the solution of System 8.42, then the symmetry operators 
for Equation 8.33 are: 

Po = a~ 2 p 0 - a A (d‘ s x * + b')flip A , 

D = (1 - 2 aa~ 3 f)x‘p i + 2a~ 2 fp 0 

+ ~ 2 fa~ 2 i>i) - (l/m)fx J F jk ]p k , 

A =■ f 2 a~ 2 p 0 -f*a- A (d\x' + fc‘)a'p* - fD — Un/Df (8.44) 
-(l/2)m(a 2 r 2 + b 2 + 2a‘ j b i x i ), 

G k = fa~ 2 a k p‘ + m(a k x s + b k ), 

Pi = a~ 2 a‘ k p k , = a 2 a‘ k a{L kl + a~ 2 (b‘a{ - b i a' k )p k . 

Any polynomial of these operators is a symmetry operator. Any first-order 
symmetry operator takes the following form (n = 3): 

X = 2\Po + A'O’P) + (aL) + (bp), 

where L = r x p, scalar \ and the vectors a, b depend on t only. Nonequiva¬ 
lent under Group 8.39 operators and the corresponding admissible potentials 
are given by Shapovalov [1974]: 

1. X = p 0 , dA k /dt = dV/dt = 0; 

2. X = a(t)p 3 , A , =0, A 2 = a 2 , A 3 = a~ x (a 3 - max 3 ); 

V = (x 3 /a)(dA/dt) - ma(xl/(2a )) + a 0 , a, = a,(t t x l t x 2 ) 
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(iv) y < 0, P = sinh -1 A/-^-(6 sinh 2 A/), where b is an arbitrary function 

at 

and A = y — 2 y/m . 

x'=xsinh _I A t + b/m, t' = -(l/A)coth A/, 
i 1 

S = - — In sinh A t + J b 2 sinh 2 A tdt 55 ^ 

m A 

—— x 2 coth A t + bx sinh A/. 

2 

3. V = 0(/)x. Then there exist two transformations to the free equation, 
(i) /3 = 60), where 6 is an arbitrary function. 


1 


x' = x + 6/m, /' = r, 5 = — J6 2 dt + bx. (8.56) 


d . 


(ii) (3 = / 1 —(6/ 2 ), where 6 is an arbitrary function. 

dt 


x 6 

x' = - + — 
t m 


1 

'“-7- 


i 1 , m 

S = - - In t + -— J 6 2 / 2 d/ - —x 2 + bxt. 


2m 


(8.57) 


Equation 8.48 admits Operators 8.51 for each of the cases 8.52-8.57. Any 
higher symmetry operator is a polynomial of the operators 8.51. 

4. V = ax~ 2 + 6x 2 , where a and 6 are any constants, a * 0. There are only 
three independent symmetry operators of the first order 


X\ ~ Pot ~ 2t Po ^Pi */2, 
Z 3 = r 2 p 0 - tX 2 - mx 2 /2. 


(8.58) 


Each higher symmetry operator is a polynomial of the operators 8.58 
(Nikitin, Onufrychuk, and Fushchich [1992]). 


Other examples see in Anderson, Kumei, and Wulfman [1972], Bagrov and 
Gitman [1982], Beckers, Debergh, and Nikitin [1991], and in the references 
cited therein. 


8.5. STATIONARY SCHRODINGER EQUATION 



1 » 

p? + v 

<-l 


1 1/ = Eip 


(8.59) 


Notation are given in the Section 8.1. Besides V is a scalar potential and E is 
the eigenvalue of the operator H. The equivalence group of Equation 8.59 is 


Copyrighted material 



CRC Handbook of Lie Group Analysis of Differential Equations, Vol. 2 




the direct product of the Euclidean group and the Abelian gauge group: 

x" = a'jX 7 + c‘, 
u' = u exp US), 

where 5 is an arbitrary function. The first-order symmetry operators for the 
free equation are p t and L jy . They generate the translations and rotations. If 
n = 3, then each first-order symmetry operator for the nonfree equation 8.59 
is equivalent under the group 8.60 to one of the following operators: 

1. p 3 ; 2. L 3 + ap 3 , (8.61) 

where L = r x p, a is a constant (Bagrov et al. [19721). The correspondent 
admissible potentials are given by 

1. A ,;= Aj(x l ,x 2 ), V=V(x\x 2 ), 

2. A x = a , cos <p — a 2 sin tp, A 2 = a , sin <p + a 2 cos tp , (8.62) 

A 3 = 0, fl,-a,(p,£), V=V{p,0, 

where p = yjx\ + x \, ip = arctan(jr 2 /x'), f = x 3 - cup. 

For the bound states the wave function ip and the eigenvalue E depend on 
several integers n 1 ,n 2 ,...that are called the quantum numbers. If two or 
more solutions ipinj) exist for the same eigenvalue E 0 = Ei.nf), then they say 
the spectrum of H is degenerate. The number of the solutions corresponding 
to the eigenvalue E 0 is called the multiplicity of the degeneracy of the level E 0 . 

If Equation 8.59 possesses a non-Abelian symmetry group, then the 
spectrum of the operator H is degenerate. The multiplicity of the degeneracy 
of the given level E 0 is equal to the dimension of the unitary representation 
of the symmetry group (Demkov [1953]). 

If the eigenvalues of Operator H are degenerate, then a non-Abelian 
symmetry group exists (Demkov [1953]). 


a)a k ,8i k = Sj„ 

A' k =A k + ( dS/dx k ), 


(8.60) 


8.5.1. THE HYDROGEN ATOM 

(See Pauli [1926], Fock [1935], Bargmann [1936], Malkin and Manko 
[1966].) Setting n = 3, A t = 0, V = -e/r in Equation 8.59, we can write the 
symmetry operators in the following form, 

L = rXp, R = pXL-LXp — 2er/r. (8.63) 
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Vector R is called the Runge-Lenz vector (Lenz [1924], see also the Laplace 
vector in [HI]). Operators L, and give rise to the non-Abelian algebra. 
That is why the spectrum of the hydrogen atom is degenerate. 


8.5.2. ISOTROPIC HARMONIC OSCILLATOR 

H = — £ [ p\ + a) 2 x k ] = (o Y, ( c k c k + 1/2). (8.64) 

2 k -i *-i 

Here c and c + are the creation and annihilation operators 

c k = (2a >y' / 2 (,a)X k - ip k ), c k = ( 2<o)-' /2 ((ox k + ip k ), 

satisfying the canonical commutation relations: 

[c t ,c k ] = [c*,c k ] = 0, [c,,c* ] = 8 ik . (8.65) 

Symbol + means the Hermitian conjugation, therefore the unitary group of 
transformations c k = U k c, is the symmetry group (Baker [1956]). Algebra of 
the symmetry operators is spanned by the following basis: 

Ij k = cf c k , [Ijj, I kl ] = 8j k /,, — 6 , 7 I k j , [/jy,H] = 0 . ( 8 . 66 ) 

This algebra was first found by Demkov [1953] in the case n = 3. He 
presented the following symmetry operators: L jk = Xjp k - x k p r = 
(l/o>XPiP ; + a > 2 XjXj). It is obvious that 

L,k - i(CjC k - c* + Cj), H tj = c, + Cj + cf c, + 8 l} . 

Existence of the algebra 8.66 implies the degeneracy in the spectrum. 

8.5.3. TWO-DIMENSIONAL HARMONIC OSCILLATOR 

2 

H = (1/2 )(p] + pi + (o 2 x 2 + ai\x\) = (1/2 )^to i (c i c* + c/c,). (8.67) 

l 


Here the creation and annihilation operators 

c k = ( 2 b> k )~ 1/2 (u> k x k - ip k ), c* + = ( 2 o t k y w \u k x k + ip k ) 
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satisfy the relations 8.65. Two operators N, = cf c, commute with H for 
arbitrary a)^ Additional differential symmetry operators exist if and only if 
io t =l(o, (o 2 = m<o, where / and m are integers (Meshkov [1975]): 

/, = (c 2 + )'c? + (c.TcJ, I 2 = «[(c?) f cr - (cf)V a ]. ( 8 . 68 ) 

The case / = 1, m = 3 was considered by Fokas and Lagerstrom [1980]. 


8.5.4. TWO-DIMENSIONAL OSCILLATOR IN MAGNETIC FIELD 

H = (l/2)[(p, - bx 2 ) 2 + (p 2 + fex ,) 2 + e 2 r 2 ]. (8.69) 

Here b and e are any positive constants. In terms of the operators c it c* : 

2 acf = a 2 x , + p 2 + i(p, - a 2 x 2 ), 

2 ac, = o 2 x, + p 2 - *(/>, - a 2 x 2 ), 

(8.70) 

2 ac 2 = a 2 x 2 + p, + i(p 2 - a 2 jc,), 

2 ac 2 = fl 2 x 2 + p, - »(p 2 ~ ). 

satisfying Equations 8.65, Hamiltonian 8.69 takes form 8.67, where o>, = 
a 2 + b, <o 2 = a 2 - b, a = (b 2 + e 2 ) x/A (Dulock and McIntosh [1966]). There¬ 
fore there are only two differential symmetry operators N, = cf c t for any b 
and c (L i2 = N x - N 2 ). The additional symmetry operators exist and take 
form 8.68 if and only if (o l /<o 2 = l/m, or e 2 = <o 2 lm, and b = (cj/2 X/ — m), 
where / and m are integers and io is an arbitrary number. Louck, Moshinsky, 
and Wolf [1973] constructed the pseudodifferential symmetry operators for 
Hamiltonian 8.69. 

It is curious that two-dimensional Hamiltonian 8.69 is reduced to the 
one-dimensional H = M2c, + c, + 1) when e = 0. In this case p, + bx 2 and 
p 2 - fee, are the symmetry operators (Landau [1930], Johnson and Lippmann 
[1949]). These operators are proportional to c 2 ± c 2 , i.e., they are the hidden 
variables in the terms c f . 

8.5.5. THREE-DIMENSIONAL OSCILLATOR 

3 

H = (1/2) £ to/e.r/ + c/c,). (8.71) 

i- 1 


Copyrighted material 



Classical Field Theory 


111 


There exist three symmetry operators N t — c*c t , for any to,. The extension of 
this algebra is possible in the following cases: 

(a) o>, = lot, (o 2 = moi] /, = (c, + ) m c' 2 ,1 2 = (c 2 Vc"; 

(b) at l = lut, o >3 = kw ; /, - (c, + ) k c 3 ,1 2 = (c 3 )‘cf; 

(c) u) 2 = mto, w 3 = k<o; /, = (c 3 ) m c 2 ,1 2 = (c 2 ) k c 3 ; (8.72) 

(d) w, = lu), a> 2 = mm, to 3 = fca>; /, = (c, + y"c 2 , / 2 = (c 2 + VcJ", 

/ 3 = (c 3 + )'cf, / 4 = (c, + )*c', / 5 - (c 3 + ) m c‘, / 6 = (c 2 + )*c 3 m , 

where l,m,k are integers, o> is an arbitrary number. Notice that in the case 

(d) dimension of the symmetry algebra is the same as for the isotropic 
oscillator. Quesne [1986] constructed the pseudodifferential symmetry opera¬ 
tors for Hamiltonian 8.71. 

8.5.6. THREE-DIMENSIONAL OSCILLATOR IN MAGNETIC FIELD 

H = (l/2)[(p, - bx 2 ) 2 + (p 2 + bx ,) 2 +p] + e 2 r 2 ]. (8.73) 

Here b and e are any constants. In terms of the operators 8.70 and 

c 3 = ( 2 e) 1 / 2 (ex 3 - ip 3 ), c 3 = ( 2 e) l/ 2 (ex 3 + ip 3 ). 

Hamiltonian 8.73 takes the form 8.71, where &>, = a 2 + b, w 2 = a 2 - b, 
u) 3 = e, a = (b 2 + e 2 ) l/A (Quesne [1986]). There are three symmetry opera¬ 
tors N, = c*c lt for any b and e. The extension of the symmetry algebra is 
possible in two cases (cf. Expressions 8.72): 

(a) b = (e/ 2 )(/ — m)(lm ) 1 /2 , to, = lto, to 2 = mio, 

(8.74) 

a> = eOm)’ ,/2 ; /, = (c + Tc', I 2 = (c 2 + )'ci"; 

(b) b = (e /(2 mn))(m 2 - n 2 ), &>, = em/n, u> 2 = en/m; 

/, - (cr)" J c 2 " J , I 2 = (c 2 + )-V, / 3 - (c 3 + ) m c?, (8.75) 

/ 4 = (cf/c,", / 5 = (c 3 + )"c 2 ", / 6 = (c 2 + ) m c 3 \ 
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Other examples of symmetries for quadratic Hamiltonians are given by 
Malkin and Manko [1979]. 

8.5.7. N-BODY PROBLEM 

Let us mention in conclusion the one-dimensional systems of N pairwise 
interacting particles: 


/ 1 \ N N 

w=-Ea 2 + LgijWti - */)• 

V z /<-l i<j 

Here g j; are the constants and the potential takes one of the following forms: 

V(x) = x - 2 ,sinh -2 x,sin -2 x, x~ 2 + u) 2 x 2 , P(x),expx, 

P is the Weierstrass function. There exist the complete sets of the pairwise 
commuting symmetry operators for some special g /y . There are a lot of papers 
on this theme, therefore we refer only one review by Olshanetsky and 
Perelomov [1983]. 


8.6. MAXWELL EQUATIONS IN VACUUM 

8.6.1. TENSOR FORMULATION 

Let F it = -Fjj be the field tensor, then the source-free Maxwell equations 
are 


dF'i/dx' = 0, dF^/dxl = 0, (8.76) 

where F^ = (\/2)e ijkl F kl is the dual tensor and e ijk , is the Leui-Civita 
symbol. Other notation are given in Section 8.1. The maximal Lie algebra of 
the symmetry vector fields is spanned by the 17 vector fields (Ibragimov 
[1968a]): 



x1- 11 F u 


k<l 


dF, 


kl 




where f' is the Killing vector of the conformal group: 


$ = 2Xj(a:) - (.xx)c t + bx i + a, y x‘ + d r 


(8.77) 

(8.78) 

(8.79) 
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Arbitrariness of the parameters a and b‘ implies the following conserved 
currents: 


7* = ayF* + F'j a Jk + \8fF mn a mn , 0* = jc7*. (8.110) 

If, for example, cr iy = F ijt then 7* = T k , 0* = D k , but if cr,y = F tj , then 
/* = 0. If = F ijt , then 7* = STf/dx 1 , etc. Expressions 8.110 give all 
zilch-currents and some new currents. If we set a = XF, where AT is a 
polynomial of Operators 8.83, then Currents 8.110 are the higher conserved 
currents. Moreover replacing F tj into any Lie-Backlund vector field in 
8.110, we can obtain new conserved currents (Krivsky and Simulik [1989]). 


8.7. DIRAC EQUATION 

[y i P i — m\il> = 0. (8.111) 


Here m > 0 is a parameter, y‘ are the Dirac matrices. Other notation are 
given in the beginning of Section 8.1. In standard representation y‘ take the 
following form 



where E is the unit 2x2 matrix and 


/ = 1,2,3, (8.112) 



are the Pauli matrices. The set of the following matrices 


E, y‘, y 5 - V 3 = 


l 

Ysr\ ~ -[yj,y k ], 

where y, = rj, ; y ; , is the basis in the space of 4 X 4 matrices. Let € jklm be the 
Levi-Civita symbol, e 0123 = 1 and e, kl = e 0jkl . Denoting a k0 = ia k , a jk = 
Cj k i2 /, j, k, / > 0, one can write the basis matrices in the following explicit 
form: 

* > 0 , 

(8.113) 



y 5 = 


0 E 
E 0 


y 5 y' = 


0 


0 
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Lie-Backlund Symmetries: 
Representation by Formal Power Series 


This chapter 1 describes the general structure of Lie-Backlund transformation 
groups. The emphasis in Sections 1.1 and 1.2 is on the role of the space A of 
differential functions in the theory. Section 1.3 contains the main theorems and 
algorithms used for computation of Lie-Backlund symmetries of differential equa¬ 
tions, while in Section 1.4 we present the recent application of formal power series 
to the construction of invariants. 

We follow the internal logic of the subject. For a historical survey of the de¬ 
velopment of the theory of Lie-Backlund transformation groups starting with the 
works of Lie and Biicklund and ending with the modem contributions, the reader 
is referred to [H11. Chapter 5 (see also Chapter 6, Section 6.2.1 in this volume, and 
Anderson and Ibragimov (1979]). A detailed discussion of the theory and many 
applications are to be found in Ibragimov [ 1983]. 

Lie-Backlund transformation groups and their invariants are represented by for¬ 
mal series. The question of the convergence of these scries is not treated here. The 
reader who is interested in this aspect of the problem is referred to the classical 
book by Hardy (1949] and for a modem approach see Flato. Pinc/.on. and Simon 
[1977], 


1.1. The universal space of modern group analysis 

The prolongation theory of Lie point and Lie contact transformation groups 
requires the introduction of functions depending not only on the independent vari¬ 
ables x and dependent variables u, but also on derivatives of finite orders. 


1 Research supported in pan by NATO Collaborative Research Grant 930117 and travel funds from 
the University of Georgia. 
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This prolongation is sufficient in the context of classical Lie theory. However, 
it is insufficient for the natural generalization of the classical theory given by 
Lie-Biicklund transformation groups. In this generalization, one deals with trans¬ 
formations acting on intrinsically infinite-dimensional spaces. This new approach 
mandates the space A of differential functions as the universal space of modern 
group analysis. 

1.1.1. The space A 

The space A of differential functions was previously discussed in this Handbook 
(see [HI], Section 5.2, and [H2], Section 1.2.1). But. for the convenience of the 
reader, we reproduce here the necessary notation. 

Let 2 


.t = {•*'). w = {«“}, = «(2) = {«";). 


( 1 . 1 ) 


where or = 1,.... m\ i, j = 1,..., n. These variables are connected by the total 
differentiations 



as follows: 

«? = A(« a ). u-j = Dj(u ?) = DjDj («"). (1.3) 

The variables x are called the independent variables, and the variables u are known 
as the differential variables with the successive derivatives U( |), U( 2 >,.... In the 
particular case, when n = m = 1, these derivatives will be denoted by wi, u 2 
so that mi = u x , U 2 = u xx , etc. 


DEFINITION LI. A locally analytic function (i.e., locally expandable in a 
Taylor series with respect to all arguments) of a finite number of the variables 1.1 
is called a differential function. The highest order of derivatives appearing in the 
differential function is called the order of this function. The vector space of all 
differential functions offinite order is denoted by A. 

The space A has the intrinsic property of being closed under the derivation 
given by the total derivatives Dj. 


■ In [H11 and |H2], a slightly different notation for derivatives was used, namely, u, u instead of 


«(I). “( 2 )-etc. 
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1.1.2. Lie-Backlund operators 


DEFINITION 1.2. A differential operator of the form 


V _ hi ^ I ^ , rd ^ i y.Q 

X ~ « ^ — + <i, 


3m' 




1,2 


+ 


(1.4) 


wtere if 6 A. and 

$ = Ditf - $> 11 °) + t-iufj, % l2 = D, t D, 2 ()f - $j u °)+$>u° iii2 ,... (1.5) 


is called a Lie-Backlund operator. The abbreviated operator 



( 1 . 6 ) 


is also referred to as a Lie-Backlund operator provided that its prolonged action 
given by Formulas 1.4 and 1.5 is implied . 3 

Operator 1.4 is a formal sum. However, it truncates when acting on any dif¬ 
ferential function. Hence, the action of Lie-Backlund operators is defined on the 
space A. 


1.1.3. Lie-Backlund algebra L B 

Let 

Xv== *' v d? + r, ''W’ v=l ' 2 ' 

be two Lie-Backlund operators 1.6. Their commutator (Lie bracket) is defined by 
the usual formula: 

[X l ,X 2 ] = X l X 2 -X 2 X l . 


THEOREM 1.1. The commutator [X|. X 2 ] is the Lie-Backlund operator given 
by 


[X\,X 2 ] = (*,(${) - *2(*i))#7 + (X|0£) ~ *2Otf))^- + ••*. 0-7) 

ax' ou u 

3 Since the prolongations of Lie group gcneraiors and Lic-Biicklund operators are uniquely deter¬ 
mined by the prolongation formulas 1.5. there is no necessity to use a special notation for Operator 
1.4 to indicate the prolongation. 
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where the terms denoted by dots are obtained by prolonging the coefficients of 
d/dx' and 3/3 u a in accordance with Equations 1.4 and 1.5. 

As a consequence, the following statement is valid. 

THEOREM 1.2. The set of all Lie-Backlund operators is an infinite dimensional 
Lie algebra with respect to the Lie bracket 1.7. We call it the Lie-Backlund algebra 
and denote it by Lp. 

1.1.4. Properties of L B . Canonical operators 

The Lie-Backlund algebra is endowed with the following properties (see, e.g., 
Ibragimov [1983]): 

I. The total derivation 1.2 is a Lie-Backlund operator, i.e., D, € L B . Further¬ 
more, 

X* = 6 L b (1.8) 

for any 6 A. 

II. Let L» be the set of all Lie-Biicklund operators of the form 1.8. Then L. is 
an ideal of L B . i.e., [X. X,] e L , for any X € L B . Indeed. 

|X. X,| = (X(0 - X*($'))D/ 6 Z... 

III. In accordance with Property II. two operators X\ , Xi € L B are said to be 
equivalent (i.e., X| ~ X 2 ) if X\ - X 2 e L m . In particular, every operator X € L B 
is equivalent to an operator 1.4 with £' = 0 ,1 = 1,.... n. Namely, 

X-X-^D, «(if-eV)-4+.... (1.9) 


DEFINITION 1.3. Operators of the form 

x ="°^ + -- < i10 ) 

are called canonical Lie-Backlund operators. 

Thus, Property III can be formulated as follows. 

THEOREM 1.3. Any operator X € L&is equivalent to a canonical Lie-Backlund 
operator. 
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Canonical operators leave invariant the independent variables x 1 . Therefore, 
the use of the canonical form is convenient, e.g., for investigating symmetries of 
integro-differential equations and for finding recursion operators (cf. Chapters 
4 and 5; see also Section 1.2.5). It is important to note that the canonical form 
for the generator of a Lie point (or contact) transformation group is, in general, 
intrinsically a Lie-Backlund operator. Therefore, the canonical form was not used 
in classical Lie theory. 

IV. The following statements describe all Lie-Backlund operators equivalent to 
generators of Lie point and Lie contact transformation groups. 

THEOREM 1.4. Operator 1.4 is equivalent to the infinitesimal operator of a 
one-parameter point transformation group if and only if its coordinates assume 
the form 


$'=$;(x, «) + *i, rf 




• • • 

where € A is an arbitrary’ differential function and £ j, ^' 2 . r)“ are arbitrary 

functions of x and u. 


THEOREM 1.5. Let m = 1. Then Operator 1.4 is equivalent to the infinitesi¬ 
mal operator of a one-parameter contact transformation group if and only if its 
coordinates assume the form 


• • • » 

S' = £j(jr. u. wo)) + , q = tu(x.u. w ( i)) + £>,-, 


• • 

where $ l € A is an arbitrary differential function and £{. r}\ are arbitrary functions 

of x, u and U(j). 


EXAMPLES 


To illustrate the notion of the canonical Lie-Backlund operators, we give here 
the generators of familiar point transformation groups written in both the classical 
and the canonical Lie-Backlund forms. 


Translations. Let n = m = 1, u \ — u x . The generator of the group of transla¬ 
tions along the *-axis. 



is shifted, by Equation 1.9, into the following canonical Lie-Backlund operator: 
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Dilations. Let x, y be the independent variables, and k,c = const. The gen¬ 
erator of non-homogeneous dilations and its canonical Lie-Backlund form are as 
follows: 


X = x 


a 

dx 


+ cu 


d_ 

du 


(cu - xu x — kyuy)— + 

du 





Galilean Boosts. Here. 


d d d 

X=t- + —^(l-tu x )— + 
dx du du 


• • 


where t, x arc the independent variables. 


1.2. Formal transformation groups 

For the sake of brevity, we introduce the sequence 

Z = (x, m, M(j), U( 2 ), ...) (Lll) 


with elements z v , v > 1. Here, all that is essential is that some ordering be 
established within the sets x . u. . For x and u we will use the natural 

ordering so that 




,n+or _ 


= 1 <a<m. 


Denote by [z] any finite subsequence of z. Then elements of A are written as 

/(Izl). 

1.2.1. The representation space [[>1]] 

Consider formal power series in one symbol a: 

00 

/(z,a) = ]T/*([z])a*, /*([zl) € A. (1.12) 

*=0 
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Let / and g be formal power series, where / is defined by Formula 1.12 and g is 
given by a similar formula, viz. 


OO 

g(z,a) = ^Tgk(lz])a k , gk([z]) e A. 

*=o 

Their linear combination A./([z]) + j/g([z]) with constant coefficients k. p and 
product /([zl) ■ g([z]), respectively, are defined as follows: 

0 ° 00 00 

>.£/*([z])tf* +nY t gk([z))a k = X>/*([z]) + m([z]))fl*, 013) 

*= 0 k =0 k=0 

and 

(f;/ P ([z])a /, )-(f;^([zi)a , )=f;( £ wzwizny. o.m) 

p= I) <y=0 *=0 p+q=* 

The space of all formal power series 1.12 endowed with the addition and multi¬ 
plication operations defined by Equations 1.13 and 1.14, respectively, is denoted 

by [MU. 

Lie point and Lie contact transformations, together with their prolongations of 
all orders, are represented by elements of the space [M)J. The utilization of this 
space is a fortiori necessary in the theory of Lie-Biicklund transformation groups. 
Therefore, we call [Mil the representation space of modem group analysis. 

1.2.2. Lie-Backlund equations 

DEFINITION 1.4. Given an Operator 1.4. the Lie-Backlund equations are 


■J-x' = $'([zl). 

da 

= /?“([Z1). 

da 


Ta< = 

= . 

(L15) 


where a = 1,.... m and i, j,... = 1. n. 

In the case of canonical operators 1.10, the infinite system of equations 1.15 
simplify to the finite system: 

-^-u® = tj a ([z]). a = 1.m. (1.16) 
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Then the transformations of the successive derivatives are obtained by the total 
differentiation: 

S? = D, (5*), u?j = DiDjOT) . (1.17) 

1.2.3. Definition of a formal group 

Consider sequences of elements 

f v (z,a)e[[A)], v> 1. 


such that 

OO 

/ v (z,a) = £/*([z])a‘, fo([z]) = z v , v=l,2 . ( 1 . 18 ) 

k= 0 


where f£([z]), k = 1,2.are arbitrary elements of A. 

DEFINITION 1.5. Define a transformation of Sequences l.l I by 

z v = f v (z, a), v > 1. (1.19) 


DEFINITION 1.6. Transformation 1.19 is called a formal one-parameter group 
if the coefficients in the formal series 1.18 obey the property: 


fV/r-ix ^ (k + I)' rV „ / 

fk (El) = 2^ -TT7T- /*+/([-]>« • 


1=0 


k\l\ 


v > 1. k = 0, 1.2. 


( 1 . 20 ) 


THEOREM 1.6. Equations 1.20 are equivalent to the usual group property: 


f v (z,b) = f"(z,a + b), v > 1, 


( 1 . 21 ) 


written for formal power series. 

For the proof, see Ibragimov [1983], Section 15.1. 

This theorem requires more explanation. By definition, the left hand sides of 
Equation 1.21 are formal power series in one symbol b: 

f v (z,b) = f^f l v ([z])b l . 

1=0 
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In these series, z is given by power series in one symbol a, hence after rearrange¬ 
ment we can write them as formal power series in two symbols a and b: 

oo co 

£ fl'awb 1 = £ Rhmxttf. d.22) 

1=0 k.l =0 


Equation 1.21 asserts that the right hand side of Equation 1.22 can be rewritten as 
a formal power series in one symbol (a + />), viz. 

oo 

= f v {z, a+ b), v= 1,2. 

k =0 


REMARK. The group property, in its most general form 

/ l '(z, b) = f v (z. <t>(a, b)), v> 1, 


with the group composition law <p(a, b). can be transformed to Equation 1.21 by 
a suitable change of the group parameter a. The proof is similar to the classical 
case. 


1.2.4. Integration of Lie-Biicklund equations 

Consider Equations 1.15 with the initial conditions given in Section 1.2.3: 




(1.23) 


The formal integrability of the infinite system of Equations 1.23 is proved, e.g., in 
Ibragimov (19831. Section 15.1. It is also discussed in (HI (.Section 5.2. However, 
for completeness we restate the relevant theorem here. 

THEOREM 1.7. Lie-Biicklund equations 1.23 have a solution in the space [(->4(1. 
The solution is unique and is given by a sequence of formal power series of the 
form 

oo 

x* = x‘ + £ Ai([z])fl\ A'(UP G A. 

k=0 
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00 


= «“ + £>*“ ([z])a*, S*“([z])eA 


*=0 


(1.24) 


The coefficients /^([z]), fl" ((c)),... satisfy the group property 1.20. 

1 . 2 . 5 . Exponential map 

The question immediately arises as to how one calculates the coefficients in 
Series 1.24. The fundamental idea is provided by the exponential map in Lie 
group theory. For the generator X of a Lie transformation group of points x — 
Cx 1 ,.... .t"), the group transformation is given by 

x' = exp(aX)(x'), i = 1. n , (1.25) 


where 

exp(uX) = 1 + aX + — X - *F — X* + • • • . 

Zm • J • 

For example, let’s take, in the case n = 1, the generator 




(1.26) 


Equation 1.25 yields: 



= x + ax 


2 


+ a 2 . r 3 H-. 


(1.27) 


Similarly and more generally, as in the case of Lie group theory, one can easily 
prove that the solution 1.24 to the Lie-Biicklund equations 1.23 is given by the 
exponential map 

x 1 = exp(aX)(x'), u° = exp (aX)(u a ). uf = expiaX)^) . (1.28) 

where exp(«X) is given by Equation 1.26 written for the Lie-Biicklund operator 
1.4. 

As we discussed before, we can restrict our consideration to canonical operators 
1.10. Then Equations 1.23 reduce to the finite system of equations 

= = (1.29) 
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supplemented by the transformation formulas 1.17. It follows that formal groups 
of Lie-Backlund transformations can be constructed by virtue of the following 
theorem. 


THEOREM 1.8. Given a canonical Lie-Backlund operator. 



the corresponding formal one-parameter group is represented by the series 


a 1 


u° = u a +ai} a + X(n a ) + • • • + 1 T X n - , (rj a ) + 

2: n\ 


• • 


(1.30) 


together with its differential consequences 


,11 


V* = u? +aD l {ri a )+?-X(D,(r, a )) + -' +?-X n - l (D i (n a )) + ---, (1-31) 

Z* ft l 


and 




UT . = 


+aDi 


\ 


■Di,(rn+-+—X n -\D, 

nl 


D,Ari a )H *• (1-32) 


for any s > 1. 

PROOF. This result can be proved directly without using the general exponential 
map 1.28. Indeed, because of the uniqueness of the solution, one needs to only 
show that the formal power series 1.30 satisfy Equations 1.29. By definition. 
du i ®/da is obtained by differentiating the series 1.30 term by term: 

du" a 2 a n ~* 

— = ^+flXd)“) + -xV) + •■• + -—— x"-V) + •••. 

da 2! (n — 1)! 

The right hand side of this equation is identical with the formal power expansion 
(with respect to a) of the function r? a ([j)). where (z] is given by the series 1.30 
to 1.32. At last, we note that the series 1.31 for the transformation of the first-order 
derivatives and the similar series 1.32 for the higher-order derivatives are obtained 
from the series 1.30 via Formulas 1.17. Indeed, since the total derivatives D, 
commute with any canonical Lie-Backlund operator X, one has 

Dj exp(<iX) = exp(«X)D, . 
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Hence, Equation 1.30 and Formulas 1.17 yield the equations 1.31 and 1.32. 
EXAMPLES 

We illustrate an application of Theorem 1.8 by the following examples with 
n = m = 1. 


Example 1. Let 


„ a a 

* = “ 1 — + “2 7 — + 

au au | 


We have here i] = u\. Therefore, 


X(n) = u 2 . x 2 (n) = u 3 . x n -'{f ]) = w„. 




Hence, Transformation 1.30 of the corresponding formal group has the form 


30 n" 

“ = “ + ~7“" • 


n= I 


Example 2. Let 

i) if 

X = u p —+Up+ 1 --(-•••. (L33) 

a« K a«i 

Here, f; = u /( with an arbitrary positive integer />. We have: 

*(t?) = u 2 p< X 2 (r /) = «3 P . X n ~'(n) = u np . 

Hence, Transformation 1.30 is given by the following formal power series: 

oo a n 

u = u + Y'.—Unp- (1.34) 

I I] . 

Example 3. Let 

, a a 

X = Mj— + 2 ui«2t-1-. 

au du | 

Here, q = u 2 . Successively, we find: 

X (q) = 4u 2 u 2 . X 2 (q) = 8( M ; tt3 + 3«, Mj), 

X 3 (q) = 16(«|«4 + 12m|«2«3 + \2ujul ),.... 
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Hence, Transformation 1.30 has the form: 


u = u + au\ + 2 a 2 u]u 2 + -a 3 (u^u 3 + 3 «fw 2 ) 


,3/..3 


.2..2 


+ -a 4 (u‘|M4 + \2u]u2Uj + I2m|U']) H-. 


1.2.6. Representations: Lie versus Lie-Backlund 

Let us begin with an example, e.g., the series 1.27. It is convergent for |ax| < 1. 
In this case, the group transformation can be represented by the following analytic 
function: 

1=—^—. (1.35) 

I — ax 

In fact. Equation 1.35 is arrived at directly by integrating the Lie equation 


dJ 

da 




(1.36) 


For any given x, the solution of the Cauchy problem 1.36 exists for sufficiently 
small a, namely for |ci| < 1 /|jr|. This solution is unique and is given by Equation 
1.35. 

This approach. Lie’s approach, of solving the Lie equations leads one to local 
Lie groups of transformations represented by functions similar to Equation 1.35. 

However, in light of the problems posed by solving the Lie-Biicklund equa¬ 
tions 1.15, we emphasize an alternative direction for developing representations 
by power series similar to Equation 1.27. namely, representation given by the ex¬ 
ponential map 1.28. In this latter approach, one immediately arrives at the theory 
of transformation groups represented by formal power series. For instance, in 
our example we can consider the transformation 1.27 without any restriction on 
the group parameter a. Then the representation is given by a divergent series for 
|zw| > I. This is the direction taken in the book by Ibragimov 11983]. The essen¬ 
tial guiding principle is that formal power series representations merit in their own 
right. In fact, they are necessary to develop any comprehensive, sensible theory 
of Lie-Biicklund transformation groups. This situation pertains because the con¬ 
vergence problem for these formal power series cannot be universally solved and 
must be treated separately for each type of Lie-Biicklund operators. 

We note that series representations can. in principle, be used for constructing 
representations by functions. For instance. Equation 1.27 can be rewritten as 
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One recognizes the terms in the parentheses as the Taylor expansion of the function 
1/(1 - ax). 

In practice, in the case of Lie groups, it is easier to solve the Lie equations than 
it is to sum the exponential map. While, at the present stage of development, for 
Lie-Backlund transformations there is no difference in difficulty between solving 
the Lie-Biicklund equations and employing the exponential map. 

Finally, we remark that the origin of the fundamental difference between Lie and 
Lie-Backlund transformation groups is that the former are determined by ordinary 
differential equations (Lie equations) while the latter are determined by evolution¬ 
ary partial differential equations (Lie-Backlund equations) fori? = u(x, a): 

— U° = T) a (x,u,un) .M(*)), a = 1,.... m. 

da 


EXAMPLE 

Consider the canonical Lie-Backlund operator 1.33 from Example 2 of Sec¬ 
tion 1.2.5. The corresponding group transformations are given by the formal 
power series 1.34. These series converge in the disk |a| < r, if the sequence 
(m, mi, M 2 ,...) satisfies the inequalities 

\u P k\ < Ck\r~ k , C = const., k = 0, 1,2,.... (1.37) 

Then the transformed sequence (m, mi . M 2 , ...) satisfies the same inequalities 1.37. 
It follows that the representation 1.34 gives a local group of transformations in the 
class of entire functions u(x) of order p/(p — 1) determined by the conditions 
1.37 (see Ibragimov [1983], Section 16.2). 

Titov [ 1990] generalized this result to Operators 1.10 such that their coordinates 

if are linear functions of u. u ( i). m<*), k > 1, with coefficients depending on 

x. 

Furthermore, it is proved in Ibragimov [1977] that the ideal L„ C Lb (see 
Section 1.1.4, Property II) generates an infinite local group of transformations 
acting in the scale of Banach spaces of locally analytic functions u(x). Hence, 
the convergence problem concerns the quotient algebra Lb/L ,. More precisely, 
it concerns only the canonical Lie-Biicklund operators 1.10 with coordinates rf 
depending (nonlinearly) on derivatives M(*> with k > 1. 


1.3. Invariant differential equations 

Let F G A be an arbitrary differential function of order k > 1, i.e., F = 
F(x, u. M(i),.... M(*>). Consider the fcth-order differential equation(s) (F may be 
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vector valued): 

F(x, u. ii(i). u (k) ) = 0. (1.38) 

Denote by [F] the set of Sequences 1.11 determined by the infinite system of 
equations 

[FI: F = 0, DiF = 0, DiDjF = 0. (1.39) 

The set [F] is called the extended frame of the differential equation 1.38 (cf. [H2], 
Chapter 1). 

1.3.1. Determining equation for Lie-Backlund symmetries 

DEFINITION 1.7. Equation 1.38 admits a Lie-Backlund transformation group 
G if the extendedframe 1.39 is invariant under G. Then G is also called a symmetry- 
group of Equation 1.38. 

Here, we present the infinitesimal criteria proved in Ibragimov 119831. 

THEOREM 1.9. Let G he a Lie-Backlund transformation group with the gener¬ 
ator X. Equation 1.38 admits G if and only if 

*F| (F j = 0, XD,-F|j f j = 0. 

This criterion requires an infinite number of infinitesimal tests. However, it can 
be simplified and reduced to a finite number of tests. 

LEMMA. The equation 

xr |,n=° 

yields the infinite series of equations 

XD,F\ lF] =0, XDjDjF\ [n =0 . 

Thus, we have the following finite criterium for calculating Lie-Backlund sym¬ 
metries of differential equations: 


THEOREM 1.10. Equation 1.38 admits the formal group G generated by the 
Lie-Backlund operator 1.4, 
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if and only if 

XF| if) = 0, (1.40) 

where | [F . means evaluated on the extended frame [F] defined by the infinite 
system of Equations 1.39. 

DEFINITION 1.8. Equation 1.40 is called the determining equation for Lie- 
Biicklund symmetries of the differential equation 1.38. 


REMARK. The main difference between calculating Lie and Lie-Biicklund 
symmetries lies in the fact that in the Lie case one deals with generators whose 
coefficients £' and rf are differential functions of order zero (point symmetries) 
and one (contact symmetries), while in the Lie-Biicklund case one has no a priori 
restriction on the order. As a result of this situation, additional machinery is 
necessary (see Ibragimov [1983] and Chapter 4 of this volume; cf. also [HI], 
Section 5.1.3). 

1.3.2. Trivial symmetries 

In investigating the Lie-Biicklund symmetries, it is useful to take into account 
the following properties of the determining equation 1.40: 

I. The ideal L» C Lb (see Section 1.1.4, Property II) is admitted by any system 
of differential equations. Therefore, in applications to differential equations, the 
quotient algebra Lb/L, is the object of study. 

Indeed, let X , e L*. It has the form 1.8, 

X , = Si Dj. 


Therefore, X*F = D, F. Hence. X, satisfies the determining equation 1.40, 



by virtue of the definition of the extended frame [F] by Equations 1.39. 
II. Equation 1.38 admits any canonical Lie-Biicklund operator 1.10, 



with arbitrary coordinates rf satisfying the condition 



= 0. a = 1..... m. 


(L41) 
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Indeed, for a locally analytic if , Equation 1.41 yields 



t 1 a 0 F + i)° , D i F + r 1 2 ,J DiDjF + 


+ir 


•• 




A, • ■ • A t F, k 


oc. 


Here, the coefficients 


e .4 are arbitrary differential functions regular on 


Hence, the determining equation 1.40 is satisfied. 

a „a.i «.</ 

VO » "l » V2 * — 

the extended frame of the differential equation 1.38. Note that these coefficients 
may depend on F and its derivatives. However, the regularity requires that this 
dependence must be such that the functions if are determined, finite and locally 
analytic on [F], 

The general case of Lie-Backlund operators 1.4 such that 





reduces, by virtue of the equivalence relation 1.9. to a canonical operator satisfying 
the condition 1.41. 

Lie-Biicklund symmetries given by the properties I and 11 are naturally consid¬ 
ered as trivial symmetries of a given differential equation 1.38. In group analysis 
we are interested in nontrivial symmetries only. 

EXAMPLE 

Consider an arbitrary pth-order scalar evolution equation in one space variable 

x: 


u, = fix, U, U\ . Up), 


where m = u x , etc. For this equation, nontrivial Lie-Backlund symmetries can 
be taken in the form 



a 

n(t,x,u,u\ .u*)— H-. 

dll 


For instance, consider the group of translations in t. Its generator d/'dt is equivalent 
to the following nontrivial Lie-Backlund symmetry: 



and can be rewritten, by using the differential equation under consideration, in the 
form 

X = fix, u, u i.H-• 

on 
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1.4. Invariants 

In the group analysis, invariants of Lie point symmetry groups are used, e.g., 
for an explicit representation of invariant solutions (Ovsiannikov [1962]). The 
prolongation theory allows one to construct invariant differential equations via 
differential invariants of a given group prolonged to the space A. 

Lie-Biicklund transformation groups do not have enough invariants in the space 
A. However, they have as many differential invariants as any one-parameter Lie 
point transformation group, if one allows formal sums of elements from A. 

1.4.1. Differential invariants in A 

DEFINITION 1.9. Let G be a formal one-parameter group of transformations 
1.24 acting in the space of Sequences 1.11. Let F([z]) € A he a differential 
function of order k. Then F is called a differential invariant of order k for the 
Lie-Biicklund group G if 

F([z]) = F([z]) 

for any z given by Sequence 1.11 and for its image z under Transfomuition 1.24. 

This definition subsumes Lie’s differential invariants of all orders and general¬ 
izes the notion to Lie-Biicklund groups. 

THEOREM I.II. The function F([z]) € A is a differential invariant of the 
Lie-Biicklund group with the generator X if and only if 


XF = 0. 


The proof can be carried out using the exponential map 1.28 and is similar to 
the Lie case. 

1.4.2. Differential invariants of the Maxwell group 

Consider the evolutionary part of the system of Maxwell’s equations, viz. 

dE dB 

— = curlB, — = —curlE. (1.42) 

ot ot 

We treat this system as a Lie-Biicklund equation 1.16. The corresponding Lie- 
Biicklund transformation group with the group parameter a = / is called the 
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Maxwell group. Its Lie-Biicklund operator is: 

X = £[(cum>)‘ ±. - (curlE) ' 


THEOREM 1.12. The Maxwell group has the following basis of differential 
invariants of order 0 and I (Ibragimov 11983J. Section 17.2): 

x = (*'. .t 2 ,.* 3 ), divE. divB. 

where x denotes the three spatial coordinates. Furthermore , 4 all other (higher- 
order) differential invariants are functions of these basic invariants and of the 
successive derivatives of divE and divB with respect to x. 

It follows that, e.g., equations 

divE = /(x), divB = g(x), (1.43) 


with arbitrary functions / and g. are invariant under the action of the Maxwell 
group. Hence, if Equations 1.43 are satisfied at time t = 0. then they are satisfied 
at all subsequent times t. Here, the physics dictates the choice. Note that with the 
choice / = g = 0. we come to Maxwell’s equations in a vacuum. 

1.4.3. Lack of differential invariants in the one-dimensional case 

Let us discuss the one-dimensional case. Namely, consider transformation 
groups involving one independent variable x and one dependent (i.e., differen¬ 
tial) variable u together with successive derivatives u\,U2. .... such that m,+i = 
D(uj), uo = u. where 



It is well known that local Lie groups of transformations have an infinite num¬ 
ber of differential invariants. For Lie-Biicklund transformation groups the corre¬ 
sponding problem is open, if we consider invariants to be from the space A. More 
precisely, the situation in the one-dimensional case is described by the following 
statement. 

4 N.H. Ibragimov, unpublished. 
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THEOREM 1.13. Let 

d 

X = t](x, «/) — +••• 

du 

be a proper Lie-Backlund operator (not a generator of a Lie point or contact 
transformation group). Then it has no differential invariants in A (in the sense of 
Definition 1.9) except arbitrary functions of x. 

PROOF. The invariance of a differential function F(x, u .a*) € A of order 

k, under the action of the operator X is determined by the equation 

XF = tM- + D(r,)^~ + Dhn)^- + • • • + D k (n)^~ = 0. (1.44) 

du da| dU 2 ouk 


The highest-order derivative involved in this equation is u*+/. It appears in the 
expression D k (q). Hence, Equation 1.44 yields 


Consequently, 



This implies F = F(x). Hence. X has only one functionally independent invariant 
in the space A. namely x. 

1.4.4. Formal invariants in [M]]: Outline of the method 

In this section, we consider again the one-dimensional case of the preceding 
section. We show that one has for Lie-Backlund transformation groups the same 
situation as for Lie point transformation groups if one considers an approximation 
of invariants by divergent power series with coefficients from the space A. For 
a detailed discussion of the method sketched here, see Anderson and Ibragimov 
[1994], 


DEFINITION 1.10. Two Lie-Backlund operators, 

9 

X\ =£|(x,a,ui. u k )— + t)i(x,u,ui, 

ax 
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and 


3 3 

*2 = &(>\ V, l>t.tv) — + r/2(v. V, Vl . V s )— + 

9y dv 


are said to be similar if there exists an invertible formal transformation in U-4)], 
namely given by the formal power series in one symbol £: 

y = .t+fKiU, u.u\ . u mi )+e 2 Y 2 (x, u, «i.u W2 )+---, T, € A. (1.45) 


v = u+eVi(x,u,ui . u n ,) + e z V 2 (x.u,u\ .u„,)H-, V t e A (1.46) 

such that X\, written in the new variables y, v. coincide with X 2 , i.e.. 


X,=X,(y)^- + X,( V )^-=X 2 . 

dv dv 


0.47) 


This definition subsumes the usual definition of similarity in Lie theory. 

We shall use the well-known fact that the generator X of any one-parameter Lie 
transformation group is similar to the generator of translations: 



(1.48) 


Consider two Lie-Backlund operators: the operator X| given in the form 1.48 
and a canonical Lie-Backlund operator 


d 

X 2 = rj(y,v,v, . Vs)— +•••, (1.49) 

o V 

where u/ + i = D v (i>,). The method for approximating invariants of the Lie- 
Backlund operator X 2 consists of three steps. 

FIRST, we introduce the operator 

X t = (1 - E )^-+eX 2 , (1.50) 

dy 

where X 2 is the operator 1.49. The operator X e continuously connects the opera¬ 
tors 1.48 and 1.49: 

X £=0 = X,. X e=l = X 2 . 

SECOND, we establish the following result on similarity: 


THEOREM 1.14. Operator 1.50 is similar to the operator 1.48. 
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The proof is direct. We find the similarity transformations 1.45 and 1.46, by 
solving Equation 1.47, in particular 

*i(y)=l-e, X\(v) = et](y,v,vi . v s ). (1.51) 

THIRD, take the known basis of all differential invariants of Operator 1.48, viz. 

U, Ml, M2. (1.52) 

and subject them to the similarity transformation obtained by solving Equations 
1.51. 

As a result, one obtains invariants represented by elements of the space I[-41], 
in accordance with the following definition. 

DEFINITION 1.11. An element of[[A)\, namely a formal power series in one 
symbol e, 

F(y, v, ui,...; e) = + eFi + e 2 F 2 + • • • 

is called an invariant of the formal group with the Ue-Backlund operator 1.50 if 
the formal series X e F vanishes: 

X e F = 0. 


Here Fq, F \, F 2 ,... depend on finite numbers of the variables y, v, uj,... and are 
elements of A. 


1.4.5. Example to Section 1.4.4 

Consider the Lie-Backlund operator 

a 

Xi = U| — H-. 

dv 


In this case. Operator 1.50 has the form 

d d 0 3 

X e = (1 -e)— +£U|— +ev 2 — +ev 3 — + ••• . (1.53) 

dy dv dv\ dv 2 

We select “the simplest nontrivial” solution of Equations 1.51 at each step and 
obtain the following transformation: 


y = (1 - e)x +eu. 
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v = u + exu\ + e 2 {(2 - M|).tM| + 

3 1 

+£ 3 [4jmi + 2x 2 U2 - -X 2 U\U2 +XU 3 -4xu] + —JC 3 M3) + 

mm J m 

One can easily find the transformations of derivatives, e.g., 


ui =u\ + e(2mi + xu 2 - uj] + e 2 [4u\ - 4mJ + 4xu\u 2 + ^jc 2 U 3 + «'!l + 


V2 = U2 + EXU I + £ 2 [4U2 - 3m I M 2 + xu$] H -, l >3 = M 3 H -. 

The reason for the diminishing orders of e with the ascending orders of the 
derivatives is to illustrate which powers of e are required to invert the above trans¬ 
formations up to order o(e 3 ). 

In this process, one finds 


I 


2 „2 


u — v — EXVI + -e x*V 2 + o(e ), 


which, together with the expression for y, yields the following transcendental 
expression for x: 

y - (1 - e)x = ev - E 2 .tt>i + ^e 3 x 2 v2 + o(e 3 ). 


These approximate equations can be calculated with any degree of precision. 
The general result is as follows (Anderson and Ibragimov [ 19941): 

The Lie-Biicklund operator 1.53, 

3 3 3 3 

X e = (1 - £)— +EVI— + EV2— + EO 3 — H-. 

3v ov 3U| 3i^2 


is similar to the generator of the group of translations 1.48, 




in accordance with Theorem 1.14. The similarity map 1.45 - 1.46 is given by 


(-exY 

y = (1 -e)x+ EM, “ = / . --- Vi , 

1=0 1 • 


(1.54) 
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where t>, + i = D y (vj), vo = v - 

With this result in hand, we can map the infinite number of differential invariants 
1.52 of Operator 1.48 into equivalent ones for the Lie-Backlund operator X e . Thus, 

THEOREM 1.15. The Lie-Bdcklund operator 1.53 has a countable basis of 
invariants determined by functions 

u(y, v,V),V2, ...). u i (y , v, iq, vz,...), uz(y, v, vi,V 2 ,...),... (1.55) 

where y. v, vi, i> 2 ,... are defined recursively via Equations 1.54 using the differ¬ 
entiation formula 


D x = D x (y)D y = (1 - e( 1 - u ,)) D y . (1.56) 

Using this theorem, one can easily find, e.g., the invariant u with the second 
order of precision: 


u = v - eyv i + e 2 (vv i - yuj + ^y 2 V2) + o(e 2 ). 


1.5. Backlund transformations for evolution equations 

1.5.1. Definition 

The majority of the Backlund transformations that appear in applications satisfy 
the following definition (Anderson and Ibragimov [1978], Fokas and Anderson 
[1979]). 


DEFINITION 1.12. Consider the following two evolution equations: 

u, = F(x, u. U] . u„) (1.57) 


and 


v, = H{x, v. i>i,.... v„). 


(1.58) 


Here, u \,..., u„ and iq,.... v„ are successive derivatives of u and v with respect 
to the spatial variable x. Equations 1.57 and 1.58 are said to be related by a 
Backlund transformation if there exists an ordinary’ differential equation 


^(.t, u, «i. u r . V, V|. 14 ) = 0 


(1 -59) 
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which is invariant under the Lie-Backlund transformations group given by the 
coupled evolution equations 1.57 and 1.58 (cf. Section 1.2.6), i.e.. generated by 
the canonical Lie-Backlund operator 


X = F(x. u 



+ H(x, v. 




(1.60) 


If F ~ H, one says that Equation 1.59 defines an auto-Backlund transformation 
of Equation 1.57. 

This definition naturally generalizes to systems of evolution equation. Namely, 
consider Equations 1.57 and 1.58 with vector-valued functions 

u = (uu"), v = (u 1 . v m ) 


and 

F = (F 1 . F m ), // = («'. H m ). 

Then a Biicklund transformation is given by Definition 1.12 where Equation 1.59 
is a system of m equations with a vector-valued function 

<t> = (<t > 1 .<t> m ) 


and Operator 1.60 has the form: 


n\ / q (3 \ 

= ( F*(x,u .«„)— + H(x,v . v„)— J + 

a=l ^ ' 


1.5.2. Illustrative examples 


Example 1. The Burgers equation 


U, = MM, + U xx 


and the heat equation 



are related by the following Backlund transformation (known as the Hopf-Cole 
transformation; see, e.g., [HI], p. 182): 


v x — -uv = 0. 

2 
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Example 2. The Korteweg-de Vries equation 

u, = uu x + u xxx 

and the modified Korteweg-de Vries equation 

v, = gt> 2 u* - v xxx 

are related by the Biicklund transformation (known as the Miura transformation; 
see, e.g., (HI), p. 189): 

v x ~ y(u + v 2 ) = 0. y = ± 1. 

Example 3. The Korteweg-de Vries equation 

u, = u xxx + 6um x 

has the auto-Biicklund transformation (see, e.g., (HI), p. 189): 

u x + v x + (u - u) (A. - 2 (u + u)) 1/2 = 0. k = const. 

Example 4. The classical example is the Bonnet equation 

2u$ n = sin(2w). 

It is invariant under the Bianchi-Lie transformation'’ 

m(§. n) *-*■ »>(£. n) 

determined by the system of first-order equations: 

+ i>£ = sin(u - u), a,, - v n = sin(u + v ). 

Bianchi-Lie transformation satisfies Definition 1.12 if we rewrite the Bonnet equa¬ 
tion, in new independent variables / = $ + /?. x = £ - i) and dependent variables 
u l , u 2 , as an evolutionary system: 

uj = u 2 , u 2 = u l xx -f sinu'cosu 1 . 

-’’Historical remarks are to be found in Anderson and Ibragimov [ 1978]. 
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Then the Bianchi-Lie transformation is an auto-Backlund transformation of this 
system and is given by the following two equations 1.59: 

t/| + u 1 — sinw'cosu 1 =0, u\ + v 2 + sint/'cosw 1 = 0. 
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Approximate Transformation Groups and 
Deformations of Symmetry Lie Algebras 


In applied sciences, differential equations depending on a small parameter are 
of frequent occurrence. Therefore, a theory based on the new concept of an 
approximate group was developed for tackling differential equations with a small 
parameter — particularly those relating to applications. 

One-parameter approximate transformation groups were introduced in Baikov, 
Gazizov, and Ibragimov (1987a], (1988a], 11989a]. Recently, the theory was 
evolved in Baikov, Gazizov, and Ibragimov (1993), and Lie theorems were ex¬ 
tended to multi-parameter approximate transformation groups. 

Though the new concept maintains the essential features of the Lie group theory, 
it has certain peculiarities both in theory and applications. 

This chapter provides a concise introduction to the theory of approximate trans¬ 
formation groups and regular approximate symmetries of differential equations 
with a small parameter. 


2.1. Preliminaries 

In what follows, all the functions under consideration are assumed to be locally 
analytic in their arguments. 


2.1.1. Notation 

Let z = (z‘. Z N ) be an independent variable and e a small parameter. We 

write 

F(z, e) = o(e p ). 



lim 

£ —0 


f(z.g) 

£P 
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or equivalently, if 


F{z,e) = e p+l ip(z,e) 


where (p(z , e) is an analytic function defined in a neighborhood of s = 0 and p is 
a positive integer. 



f(z,e) -g(z,e) = o(e p ). 


we write 

f(z 9 e) = g(z, s) + o(e p ) 9 


or, briefly 


f **g 


when there is no ambiguity. In words, / is approximately equal to g. 

In theoretical discussions, approximate equalities are considered with an error 
o(e p ) of an arbitrary order p > 1. However, in most of the applications and 
examples (Sections 2.2.4, 2.2.5, 2.4.8, 2.5.3 to 2.5.6, 2.6.2, 2.7), the theory is 
simplified to the case p = 1. 


2.1.2. Approximate Cauchy problem and its solution 

An approximate Cauchy problem. 


dz 

— % 

dt 

4=o 



( 2 . 1 ) 


( 2 . 2 ) 


is defined as follows. 

The approximate differential equation 2.1 denotes the class of differential equa¬ 
tions 


dz 

dt 


= gU.e) 


(2.3) 


with functions g(z, e) ** f(z, e). 

Similarly, the approximate initial condition 2.2 is the class of conditions 



(2.4) 


with P(e) or(e). 

The following known statement on a continuous dependence of a parameter 
hints the natural definition of the solution to Problem 2.1 - 2.2 and furnishes 
with the theorem on the existence and uniqueness of the solution of an arbitrary 
approximate Cauchy problem. 
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THEOREM 2.1. Let the functions f (z, e), g(z, e) be analytic in a neighborhood 
of a given point (zo, 0). Let 

f(z,e) = g(,z.e) + o(e p ). 


and 


a(e) = 0(e) + o(e p ), of(0) = 0(0) = z 0 . 


Then there exist the solutions z(t , e) and w(t, e) of the problems 


— 

dt 


= f(z,e), z|, =0 = <*(£), 


and 


dxu . 

— = g(w,e), w|, =0 = fie), 

respectively. These solutions are locally analytic, unique and approximately equal, 
viz. 


z(t, e) = w(t, e) + o(£ r ). 


Thus, the solutions to all the problems of the form 2.3 - 2.4 coincide in a given 
precision. Therefore, the solution of the approximate Cauchy problem 2.1 - 2.2 is 
defined as the class offunctions z(t,s) approximately equal to the solution of any 
specified problem 2.3 - 2.4. According to the above theorem, this definition does 
not depend on the choice of Problem 2.3 - 2.4, and the solution of the approximate 
Cauchy problem 2.1 - 2.2 is determined uniquely. In applications, it is convenient 
to identify the solution of the approximate Cauchy problem with the solution of a 
specified problem 2.3 - 2.4. 


2.1.3. Completely integrable systems 

A system of approximate equations 

dz' 

— s=^(z,«,£), i = l. N,a= 1. r, (2.5) 

are said to be completely integrable, if 

d / dz‘ \ _ J_ / dz' \ 

da? V da° j da a \ / 

whenever z satisfies Equation 2.5. 
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The completely integrable system 2.5 with arbitrary initial conditions 



has the unique approximate solution of the form 

z' ss /o (a) + ef[(a) + - h e p i = 1 . N. 


2.2. One-parameter approximate groups 

A detailed discussion of the material presented here is to be found in Baikov, 
Gazizov, and Ibragimov [1989a). 

2.2.1. Definition 

Consider a set of smooth vector-functions fo(z.a), f\ (z, a) . f p (z, a) with 

coordinates 


fj(z.a) ./;(z,a). / = 1. N. 

Let us define the one-parameter family G of approximate transformations 

? * fo{z,a) + ef[(z,a) + ---+e p fp(z,a), i= 1. N, (2.6) 

of points z = (z 1 ,..., z N ) € /?' v into points z = (z 1 . z N ) € R N as the class 

of invertible transformations 


z = f(z.a,e) 


(2.7) 


with vector-functions / = (/’,..., f N ) such that 

/'(z, a, e) r; f^(z, a) + sf{(z . a) H - 1- £ p fp(z. a). 

Here, a is a real parameter, and the following condition is imposed: 

/(z, 0, e) Rs z. 
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Furthermore, it is assumed that Transformation 2.7 is defined for any value of a 
from a small neighborhood of a = 0, and that, in this neighborhood, the equation 
/(z. a, e) ^ z yields a = 0. 

The set G of Transformations 2.6 is called a (local) one-parameter approx¬ 
imate transformation group if 

f(f(z , a. e), b. e) /(z, a + b , e) 
for all Transformations 2. 7. 

Here, f does not necessarily denote the same function at each occurrence. 
Example. Let us take N = 1 and set z = x . Consider the following two functions: 

f(x,a,e) = x+a( 1 + ex + ^-ea) 


and 


g(x,a,e) = x + a(l +£*)(1 + jsa) 


They are equal in the first order of precision, viz. 

g(x. a. e) = f(x. a. e) + e 2 <p(x, a). <p(x, a) = ^a 2 .r. 


and satisfy the approximate group property. Indeed, 


f(g(x,a, e), b , e) = f(x. a + b.e) + e 2 ip(x. a . b, e). 


where 


<f>(x, a, b. e) = -a(ax + ab + 2bx + eabx). 


2.2.2. Approximate group generator 

The generator of the approximate group G of Transformations 2.6 is the class 
of first-order linear differential operators 


X=t-‘( Z ,E) 


dz‘ 


( 2 . 8 ) 


such that 

£) * gfc) + e${ (z) + • • • + £%(z), 
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where the vector fields £o, £i.are given by 


?i(z) = 


3 fUz, a) 


da 


0 * ” = 0 . P' 1 = 1 


N. 


In what follows, an approximate group generator is written as 

x * (${(z) + t*i<z) + ... + e'*'(z)) 


It is written also in a specified form. viz. 


* J (7 

x = s ($o<z) + ^l(z) + • • • + ^7 • 


(2.9) 


2.2.3. The approximate Lie equation 

For approximate groups, the Lie theorem can be proved in the following modi¬ 
fication. 


THEOREM 2.2. Let G be an approximate group given by Transformations 2.6, 
and let X be its generator 2.9. Then the function f(z,a, e) satisfies the equation 


df(z< a. f) 

da 


** $(f(z,a,£),£). 


Conversely, for any Operator 2.9, the solution of the approximate Cauchy problem 


dz 

da 




( 2 . 10 ) 



( 2 . 11 ) 


determines an approximate one-parameter group of Transformations 2.6 with the 
group parameter a. 

Equation 2.10 is called the approximate Lie equation. 


2.2.4. The first-order approximation to the Lie equation 

Consider the approximate generator 2.9 with p = 1: 

X = (&(Z) + (Z)) . 

dz 
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The corresponding approximate group transformations have the form: 

z * fo(z,a) + efi(z.a). 


In this case, the approximate Lie equation 2.10 is written: 


(Hfo+efO 

da 


£o(/o + «/i) + (/o + £f \) 


It follows that the approximate Cauchy problem 2.10 - 2.11 reduces to the usual 
Cauchy problem of the form: 


dfo 

da 


= £o(/o). 


d A 

da 


= &(/o)/i+*i(/o). 


( 2 . 12 ) 


/oL«o — L=o ~ ® 


u= 0 


(2.13) 


Here, 


*o<z> = 


dzi 


In coordinates, the differential equations 2.12 are written: 


<*A 

da 


= ^(/o). 


</</ 




= E 

k = \ 


9$j>U) 

dz k 


yf+«i(/o). 


J=/o 


REMARK. The case of an arbitrary /> is treated in Baikov, Gazizov, and 
Ibragimov [1987a], [1988a], [1989aJ. 


2.2.5. Solution of the approximate Lie equation in the first-order pre¬ 
cision (examples) 

Example 1. I-et N — 1, z = x, and let 


X = (l +ex) 


dx 


Here, £o(-0 = 1. |i(x)=x, and the corresponding Cauchy problem 2.12-2.13 


is written: 
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Mo=0 ~ X ' f [ L=0 ~ ® 


<i=0 


Its solution has the form 


/o = x + a, f\ =xa + 


Hence, the approximate group is given by (cf. the example in Section 2.2.1) 


x x + 


a +e ^ 


x a + 



This approximate transformation is certainly contained in the Taylor expansion (in 
e) of the exact group transformations generated by X: 


x = xexp(ae) + 


exp(a£) - 1 


= x+a+e (xa + + ir) + ' 


Example 2. Let N = 2, z = (x, y ), and let 

3 |j 

x = (1 + ex 2 )— +exy— 

dx dy 


Here, £o (x,y) = (1,0), $i(j:,y) = (x 2 ,xy), and the Cauchy problem 2.12 
2.13 is written: 


4/o_. d fo _ n dfi _ 


da 


= I. 


da 


= 0. 




/o' L-o =*• /<?L-o= y- fi Lo=°- /fL=o = °- 

The solution of this problem yields the following approximate group transforma¬ 
tions: 


x % x + 


a + e ^ x 2 a 


+ x a L + 



y y + e (xya + 


ya 



The exact group transformations are 


_ 8x cos 8a + sin 8a _ 
8(cos 8a - 8x sin 8a) ' 


cos 8a — 8x sin 8a ' 


where 8 = -Je. 
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2.3. Approximate Lie algebras 

Current developments in the theory of multi-parameter approximate groups 
require a modification of basic notions of Lie algebras. This section, based on 
Baikov, Gazizov, and Ibragimov [1993], is aimed to introduce the minimum of the 
necessary modifications. 


2.3.1. 


Let 


Approximate operators 



be a set of smooth vector fields. An approximate operator is the class of first-order 
differential operators (cf. Section 2.2.2), 




such that 


*W)**o<z> + «*i(z)+ ••• + *'#«. i = I. N. 

According to this definition. X docs not necessarily denote here the same op¬ 
erator at each occurrence. Thus, in approximate group theory, we deal with "un¬ 
specified” operators. 

2.3.2. Approximate commutator 

An approximate commutator of the operators X\ and X2 is an approximate 
operator denoted by [X|. X 2 I and given by 

[X l ,X 2 ]**X i X 2 -X 2 X l . 


Example. For the operators 


„ 3 3 3 3 

*i = 7 - +«— . X 2 = — +ey—, 
ox ay ay ox 


the approximate commutator is equal to zero up to the errors 2 , while, in the second 
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order of precision, it is equal to 



2.3.3. Properties of the commutator 

The approximate commutator adopts the usual properties, viz. 

a) the linearity: 

(«X, + bX 2 ,X 3 ]*a[X i ,Xi] + b[X 2 ,X i ], a,b = const.. 


b) the skew-symmetry: 




c) the Jacobi identity: 

[[X|, X 2 ], X 3 ] + [[*2, *3]. *iJ + [1*3, *l]. *2] * o. 

2.3.4. Approximate Lie algebra of approximate operators 

A vector space L of approximate operators is called an approximate Lie algebra 
of operators, if it is closed (in the approximation of a given order p) under the 
approximate commutator, i.e., if 


[X x ,X 2 ]zL 


for any X\,X 2 € L. Here the approximate commutator [X|, X 2 ] is calculated to 
the precision indicated. 


2.3.5. Linear independence 

Approximate operators X a . a = 1. r, are said to be linearly independent 

if the approximate equation 

C a X a % 0 

with constants coefficients C" (they are assumed to be independent of e) yields 

C" = 0, a = \ . r. 
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Example. The approximate operators 





are linearly dependent in the zero order of precision, while they are linearly inde¬ 
pendent in the first order of precision. 


2.3.6. Basis of an approximate Lie algebra 

A basis of an approximate Lie algebra L is a set of linearly independent approx¬ 
imate operators that span the vector space L. If L has a finite basis consisting of 
r < oo operators, then it is said to be finite-dimensional (r-dimensional) and is 
often denoted by L r . 


2.3.7. Essential operators 

Let L be an approximate Lie algebra, and let { X a } be a set of linearly independent 
approximate operators from L, considered in a given approximation of order p. 
Denote by { X'p } the set of approximate operators obtained by multiplying elements 

of |X a } by e,£ 2 . e p and neglecting the terms of order o(e p ). If the set of 

approximate operators 

I*..**} 


provides a basis of L. then the operators X„ are said to be essential operators of 
the approximate Lie algebra L. 

An approximate Lie algebra is completely determined, in a given precision, by 
its essential operators. 


2.3.8. Structure constants of an approximate Lie algebra 

Let L r be an r-dimensional approximate Lie algebra, and let { X a ). a = 1,..., r, 
be its basis. Then 


lXa,X„] *c Y a pXy, = 1.r, 

with constant (and independent of e) coefficients C afi’ <*-P-Y= I . r. 

The coefficients are termed the structure constants of L r . 
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2.3.9. Example of an approximate Lie algebra and its essential 
operators 

Consider the following operators: 



a 

Jx 




( a 9\ „ a a 

* 3 = TaI + > 8?)' = * 5 = V 

Their linear span is not a Lie algebra in the usual (exact) sense. For instance, the 
(exact) commutator 

(x,.* 2 ]=* 2 (4-4) 

is not a linear combination of the above operators. 

However, these operators span an approximate Lie algebra in the first order of 
precision. Indeed, in this approximation, we have the following non-vanishing 
commutators: 

[X,. X 3 ] ** IX 3 , X,] « X 4 , [X 2 , X 3 1 ~ -[X 3 , X 2 ] ** X 5 . 


Thus our operators span the 5-dimensional approximate Lie algebra L 5 with the 
following non-zero structure constants: 

c n ~ ~ c 3l = r 23 = -c 32 = *• 


The operators X|, X 2 , and X 3 are the essential operators of L 5 . 


2.4. Multi-parameter approximate groups 

In this section we recount the results of current developments. For the proofs 
of the main theorems, the reader is referred to Baikov, Gazizov, and Ibragimov 
[19931. 

2.4.1. Definition 

Consider approximate transformations (cf. Section 2.2.1): 

z = f(z.a,e ) =« fo(z,a) + efi(z,a) + ... + e p f p (.z,a), (2.14) 
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where z = (z 1 ,..., z' v ) € R s and a = (a 1 ,..., a r ) is a vector-parameter. It is 
assumed that 

/(Z,0,£)^Z. 

The set G r of Transformations 2.14 is called a (local) r -parameter approximate 
group of transformations in R N if 


/(/(z, a, e), b . f) % /(z, c , e) 

with the vector-parameter c = (c 1 . c r ) given by 

c* 1 = V^ia.b), p = \ . r, (2.15) 


where ip 1 ' ( a, b) are smooth functions defined for sufficiently small vector-param¬ 
eters a and b. 

Functions 2.15 define a group composition law ip = (tp x ...., <p r ) and satisfy 
the following conditions: 


(p(a.Q) = a, <p(0,b) = b. 


2.4.2. Infinitesimal generators 

Let G r be an approximate group. Its infinitesimal generators are the approximate 
operators (see Section 2.3.1) 





dz‘ 


(2.16) 


where a = 1.r. The vector fields 

$a.v(Z, e) = (§i„(z, e) . tf„(z, e)), a = I.r; v = 1. p. 


are determined by the group transformations 2.14 as follows: 




df£(z,a,e) 

da° 


i = l...., N 


(2.17) 


a =0 
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2.4.3. The direct first Lie theorem 

Let G r be an approximate group of Transformations 2.14 with the composition 
law 2.15. We set 



d<p a (g, b) 
dbP 


1 

b=0 


a, fi = 1.r. 


It follows from the properties of the group composition law <p(a , b) that (see 
Section 2.4.1): 


^( 0 ) = 8% 


where 8p is the Kronecker symbol. Hence, the matrix A = yA a p(a)j has the 

inverse matrix V = when a is sufficiently small. Lie’s direct first 

theorem is valid for the approximate group of Transformations 2.14 in the following 
modification. 


THEOREM 2.3. The functions f'(z, a. e) satisfy the equations 

» = 1. N,a= 1.r, (2.18) 

called the approximate Lie equations. Furthermore, the infinitesimal generators 
2.16 span an r-dimensional approximate Lie algebra. 

2.4.4. The inverse first Lie theorem 

Consider an arbitrary set of r linearly independent (to a given precision, see 
Section 2.3.5) vector fields £„(z,e) = (£<J(z, £) . z.e )), a = 1. r. 

Q 

and a matrix V(a) = (V,; (a)) of the rank r. Consider, for the given and 
V(a). the system of the approximate equations 2.18. Assume that this system is 
completely integrable (Section 2.1.3). Then the solution of the equations 2.18, 
under the initial conditions 

/ Lo * z - 

yields a local r-parameter approximate group G r of Transformations 2.14. 


2.4.5. Structure constants of an approximate group 

Under the assumptions of Section 2.4.4. the coefficients V<?(a) of Equations 
2.18 satisfy the Maurer-Cartan equations: 


9V£ 

da a 


dvi 

3 a& 


a yH V Y 
C YH V f) V a 
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with constant coefficients c° Yil , y.p.o = 1__ r. 

The coefficients are termed the structure constants of the approximate group 
G r given in Section 2.4.4. 


2.4.6. The second Lie theorem 

THEOREM 2.4. Consider a given local r-parameter approximate group G r . 
Let c Ytt , y. p.o = 1,..., r, be its structure constants. Then the infinitesimal 
generators 2.16 of G r are linearly independent (Section 2.3.5) and span an r- 
dimensioiutl approximate Lie algebra L r . The structure constants of the algebra 
L r (Section 2.3.8) are identical with those of the approximate group G r . The 
approximate Lie algebra L r is called the Lie algebra of the approximate group 
G r . 


Conversely, let r linearly independent approximate operators X a , a = 1,..., r. 
span an approximate Lie algebra L r . Then there exists a local r-parameter ap¬ 
proximate group G r such that its Lie algebra is identical to the approximate Lie 
algebra L r . 

Given an approximate Lie algebra L r . the group G r is determined uniquely. One 
can determine the approximate transformations of the group G r by constructing the 
Lie equations 2.18 or by composing an r-parameter group from r one-parameter 
groups generated by the basic operators of the algebra L r . Both ways were pre¬ 
viously discussed in this Handbook in the case of classical Lie group theory (see 
(H2), Sections 1.5.3 and 1.5.5) and can be easily modified to the case of approxi¬ 
mate group theory. The second way (the composition of G r from one-parameter 
approximate group transformations) is simple. The first way is more complicated 
for the practical use. However, it is of fundamental theoretical value. Therefore, 
for the convenience of the reader, we sketch it in the next section. 


2.4.7. Approximate Lie equations for a given approximate Lie alge¬ 
bra 

Given an r-dimcnsional approximate Lie algebra L r with the basic operators 
2.16, the problem of determining the completely integrable system of the approx¬ 
imate Lie equations 2.18 reduces to the solution of the Maurer-Cartan equations 
(Section 2.4.5). The solution of the latter problem is given by the following con¬ 
struction. 

Let c Y a p, a,p,y= 1.r be the structure constants of the approximate Lie 

algebra L r ■ Consider the Cauchy problem 



(2.19) 
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where <5^ is the Kronecker symbol and A.' 1 is a system of r parameters. The 
solution of the problem 2.19 has the form 

dg = th5(\'t . k r t). 

Define the functions V„ ( b) as follows: 

Vf(b) = h£(b' . b r ), b v = k v t. (2.20) 

Then the functions v£ ( b) solve the Maurer-Cartan equations, and hence the 
system of the approximate Lie equations 2.18 is completely integrable. 


2.4.8. Example (the first order of precision) 

Consider the approximate Lie algebra L r discussed in Section 2.3.9. In this 
case, the Cauchy problem 2.19 has the following solution: 

e" = t, « = i.5, e} = e\ = \y?t 2 . 


and 0a = 0 for other values of a and p. Formula 2.20 yields: 

V„“ = l, « = 1.5; V, 4 = i(, 3 ; V 2 5 = '-b\ 


and Vu = 0 for other values of a and p. Thus, by setting b 2 = 2a 3 , one can write 
the approximate Lie equations 2.18 in the form: 


= 0 ; 


dx 


3a: 

dx 


3a: 

dx 

da' 

= 1 + ea i . 

a 

II 

ft) 

* 

da 3 

= ex. 

da 4 “ da* 

3 y 

- 3 y 

• . 1 

3v 

w 


dy 

„ 3 v 

da 1 

= ex - »? 

II 

+ 

ft) 

G 

da 3 

= ey. 

da 4 3 a 5 


= £. 


This system, together with the initial conditions 


X lo=0 = X ' 


o=0 


= v 


yield 


x =» x + a' +e (a 4 +a*x +a 2 y + ^(a 2 ) 2 + a'a 3 ^ , 
y Rs y +a 2 +e + a 3 y + a ] x + ^(a 1 ) 2 +a 2 a 3 ^ . 
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2.5. Equations with a small parameter: Deformations of 
symmetry Lie algebras 

The purpose of this section is to carry over Lie's infinitesimal method (cf. [H2], 
Sections 1.1.8, 1.2.4, and 1.3.3) to approximate group analysis of differential 
equations with a small parameter. We sketch the main algorithms for calculating 
approximate symmetries. A detailed presentation with the proofs of the basic 
statements is to be found in Baikov, Gazizov, and Ibragimov [ 1989a]. 

2.5.1. Approximate invariance and the determining equation 

Consider a set of smooth s -dimensional vector-functions 

F 0 (z),Fi(z) . Fq(z) 


with coordinates 

Fq ( z ), Ff ( z) . F° (z), a = 1. s. 

It is supposed that s < N. 

Let G be an approximate group of Transformations 2.6 with the given order of 
approximation p > q. The approximate equation 

F(z,e) = Fq(z) + eF](z) H- ¥e q F q (z) = o(e q ) (2.21) 

is said to be approximately invariant with respect to G if 

F(/(z, a. e). £) = o(e q ) 

whenever z = (z 1 ,..., z N ) satisfies Equation 2.21. 


THEOREM 2.5. Let 


rank 


BF°(z) 

dz‘ 


= .v 


II fbUM) 


Let X be the Generator 2.8 of the group G. Then Equation 2.21 is approximately 
invariant under the approximate group G if and only if 


XFtz.e) 


( 2 . 21 ) 


= o(e p ). 


( 2 . 22 ) 
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Equation 2.22 is called the determining equation for approximate symmetries. 
If the determining equation 2.22 is satisfied we also say that Equation 2.21 admits 
the approximate operator X. 


2.5.2. Deformations of a symmetry Lie algebra. Stable symmetries 

Theorem 2.5 yields the following simple result which is, however, of funda¬ 
mental importance. 


THEOREM 2.6. Let the equation 2.21 be approximately invariant under the 
approximate group with the generator 2.9: 


X = S‘(z, e)^- = ($£(z) + e$j(z) + • • • + e%(z)) 



such that £o(z) = (£q(z) .(z)) # 0. Then the (exact) operator 



(2.23) 


is the generator of an exact symmetry group for the equation 


F 0 (z) = 0. 


(2.24) 


In what follows, Equation 2.24 is treated as an unperturbed equation , and Equa¬ 
tion 2.21 is termed a perturbed equation. Under the conditions of Theorem 2.6, 
the exact symmetry generator X° is called a stable symmetry of the unperturbed 
equation 2.24. The corresponding approximate symmetry generator X for the 
perturbed equation 2.21 is called a deformation (of order p) of the operator X () 
caused by the perturbation of order q, viz. 


eEi(z) H-h e q F q (z). 


The notions of a stable symmetry and of its deformations apply to any symmetry 
Lie algebra of Equation 2.24. In particular, it may happen that the most general 
symmetry Lie algebra of Equation 2.24 is stable. In this particular case we say that 
the perturbed equation 2.21 inherits the symmetries of the unperturbed equation. 
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2.5.3. First-order deformations 

Here, we simplify the equations of Section 2.5.1 by letting p = q = 1. Then 
Equation 2.21 and an approximate group generator 2.9 become 

Fq(z) + eFi(z)^0 


and 


i _ *f 


X = X°+eX l =^(z)^ 7 +^j(z )^ 7 


respectively. The determining equation 2.22 for approximate symmetries reduces 
to the following: 


(X°+£X , )(F 0 (2)+£Fi(z)) 


Fo(z)+eF\ (z)=0 


= o(e). 


The determining equation can also be written, by using undeterminate coeffi¬ 
cients, in the form similar to the case of exact Lie symmetries (cf. (H2], Section 

1.3.3, Equation 1.50'). This form is given by the following theorem (see Baikov, 
Gazizov, and Ibragimov [ 1989a], Equations 4.23 to 4.25). For the sake of brevity, 
we limit here the discussion to scalar equations. That is, we let .v = 1. 


THEOREM 2.7. In the first order of precision, the determining equation for 
approximate symmetries can be written as follows: 

X°F 0 (z) = Mz)Fq{z). (2.25) 

X'F 0 (z) + X° F\ (z) = k(z)Fi(z). (2.26) 

Here the factor k(z) is determined by Equation 2.25 and afterwards substituted 
into Equation 2.26 where Equation 2.26 itself must hold for the solutions z of the 
unperturbed equation 2.24, viz. Fq(z) = 0. 


2.5.4. Algorithm for calculating the first-order approximate 
symmetries 

Theorems 21 and 22 provide a simple and convenient algorithm for calculat¬ 
ing (both “by hand" and by using symbolic software) the first-order approximate 
symmetries of equations with a small parameter. The algorithm consists of the 
following three steps. 

1st step. Find the exact symmetry generators X° of the unperturbed Equa¬ 
tion 2.24, e.g., by solving the determining equation for exact symmetries: 


X n F 0 U) 


Fo(z)= 0 
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derivatives involved in Equation 2.27, the operator X has the form: 2 

x = (fo + fa + (*d + £ Si') + (>» + f»?i) ^ + (<o.o + *Ci.o) 

3 3 3 

+ (Co.i +efu) t -b + (fo.oo + efi.oo) t -•- (Co.11 +« - Ci.n) r—• 

du x dun nu xx 

Here, the prolongation formulas are 

Cv.O = D/iHv) ~ UiDr($j!) — n x D,($!) t 


fv.l = Dx (.Hv) ~ U l — U X Dx(%v )» 

fi'.oo = ^i(Cv.o) — u itDt(%v) ~ u txDt(H il)» 

Cv.il = Ar(fv. i) — u tx D x (^) — m u Dj(?||), 

where v = 0,1. The operators D, and D x are the total differentiations 1.2 (sec 
Chapter 1) with respect to the independent variables t and x, viz. 



The algorithm of Section 2.5.4 requires the calculation of exact symmetries for the 
unperturbed equation 

Mu = (u°u x ) x . <7*0. (2.28) 

We will use the available result of the group classification of nonlinear wave 
equations due to Ames, Lohner, and Adams [ 1981 ] (see also [HI], Section 12.4.1). 
This classification singles out three types of Equations 2.28 corresponding to the 
following values of cr: (i) cr * 0 is an arbitrary constant, (ii) a = -4/3, (iii) 
a = -4. Let’s implement the algorithm in these three distinct cases. 

2 Editor's note: In contemporary group analysis based on the Lie. Lic-Biicklund. and approximate 
group theories, infinitesimal generators act in the universal space A of differential functions (see 
Chapter I). Given an operator 


x = +n a -^~. $‘.n a eA. 

8x' 3u° 


its extension to derivatives (of any order) of u is uniquely determined by the prolongation formulas. 
Therefore, there is no ambiguity if one uses (as S. Lie did) the same symbol X for the prolonged 
action of this operator. It's no advantage introducing special symbols to designate prolonged 
groups and their infinitesimal generators. 
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I. a ^ 0 is an arbitrary constant. 

1st step. The most general Lie symmetry generator for Equation 2.28 is 

A ^ ^ 

X° = (C, + C}t)— + (C 2 + Cyx + Ctx)— + C 4 — — 

dt dx o du 

where C\ ,.... C 4 are arbitrary constants. Hence, the unperturbed equation admits 
a 4-dimensional Lie algebra L 4 . 

2nd step. Using this generator X°, one readily finds the auxiliary function 


H = C$u t . 


3rd step. Thus, we arrive at the following determining equation for deforma 
tions: 


i 


(*« - u°u 


XX + OU 


<7 — 1 


u 2 x ) I + CiU, = 0. 

V 1(2.28) 


where X 1 is the operator 




extended to the derivatives of u involved in Equation 2.28. To solve this equa¬ 
tion, we apply the same approach as in the case of determining equations for Lie 
symmetries (cf. (H2J. Section 1.3.4). Namely, we isolate, in the left-hand side 
of our determining equation, the terms containing u tx , u xx , u,, u x . As a result, 
we arrive at a polynomial in the variables u tx , u xx , u x . Then we set the 
coefficients of this polynomial equal to zero. It follows: 

A 

*,° = !?<0. *i = €/(x). m = -((*/)* - (*?),). 

O 


(^ + j)(| 1 , )„=0. (2.29) 

(^ + l) (*?)„ = C 3 , (£?),„ = 0, (*/)„, = 0. 

The general solution of Equations 2.29 is 

= r — C 3 /2 + *1 + *3<, = A 2 + + A a x, 

2(o -f 4) 



i Ai ~ ;rh C5 ') • 
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Thus, if cr ^ 0 is an arbitrary constant. Equation 2.27 has the following first- 
order approximate symmetry generators: 




d_ 

a!’ 



/ eot 2 \ a a 

V + 2 (o + 4 )) dt + x dx 


2 etu 3 
cr +49 u' 


*4=* — 
dx 



2m d_ 
o du ’ 




*6 =£ 


a 

ax 


* 


*7 = £ 



X 8 =£ 




2ud_ 
o du 


These operators span an approximate 8 -dimensional Lie algebra L&. Its essential 
operators (see Section 2.3.7) are X\, X 2 , X 3 , X 4 . Further, the approximate Lie 
algebra L 8 is a first-order deformation of the most general symmetry Lie algebra 
Z .4 for Equation 2.28. That is, the algebra Z .4 is stable. Hence, according to Sec¬ 
tion 2.5.2, the perturbed equation 2.27 inherits the symmetries of the unperturbed 
equation 2.28 with arbitrary o. 

II. rr = -4/3. 

1st step. In this case, the most general Lie symmetry generator for Equation 
2.28 is 


X° = (C, + C 3 r)|- + (C 2 + C 3 x + C 4 x + C 5 x 2 )^- - (\c A u + 3C 5 x«)^- 

dt dx 2 du 

where C|.C 5 are arbitrary constants. Hence, the unperturbed equation admits 

a 5-dimensional Lie algebra L 5 . 

2nd step. Here, the auxiliary function has the form H = C 3 u,. 

3rd step. The determining equation for deformations is given by the System 2.29 
with o = —4/3. It follows: 

£ 1 * = — ~t 2 + A \ + A^t, £i* = Ai + Ajx + A 4 X + >45X“, 


Hi = - 7 C 3 /M - 3Asxu - -A 4 U. 

4 2 

Thus, Equation 2.27 with cr = -4/3 admits a 10-dimensional approximate Lie 
algebra L 10 . It is a first-order deformation of the symmetry Lie algebra Z .5 for the 
corresponding unperturbed equation 2.28. The essential operators of L \0 are 






f 2,3 

4'>a7 + * 


a 

ax 
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X 4 = x 


9 

dx 


3 9 
2 “du 


X 5 = x 


dx 



In this case, the maximal symmetry algebra L 5 is also stable, i.e., the perturbed 
equation inherits the symmetries of the unperturbed equation. 

III. o = -4. 

1st step. The most general Lie symmetry generator for Equation 2.28 is 


d 3 C 3 

X" = (C 1 + C 3 / + Cst 2 )— + (C 2 + C$x + C 4 x)— + ( ~u + Cstu)— 

at o X L oU 


0 


where C|,.... C 5 are arbitrary constants. Hence, the unperturbed equation admits 
a 5-dimensional Lie algebra L 5 . 

2nd step. The auxiliary function has the form H = C 3 M, + 2 Cstu, + C$u. 
3rd step. The determining equation for deformations reduces to the following 
system: 

*? = *?('). *1 >11 = “(«/)* -(??)/), 

Y + c 5 t = 0. (!/)„ = 0. = -c 5 . 

The general solution of this system is 


£!’ = A{ + A^t + A$t 2 , §|' = A 2 + Ajx + A 4 x, 


Hi =-~(A 4 -2A$t), C 3 = C 5 = 0. 
It follows that the operators 



are not stable (see Section 2.5.2). 

Thus, Equation 2.27 with o = — 4 admits an 8 -dimensional approximate Lie 
algebra Lg. Its essential operators are 




9 

dx 


X 3 =s ('Ji +x l)- 

x ^ e ( ,2 T, +,u Tu) 


X 4 =x 


dx 


u 9 
2 du’ 


In this case, the maximal symmetry algebra L 5 is not stable. Hence, the per¬ 
turbed equation does not inherit the symmetries of the unperturbed equation. 
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differential variables y and /. the operator Y has the form: 


3 3 3 3 3 3 

Y = (£ 0 + e£,)_ +(jk, + *i7i)— +0— + ft—+ft.—+to,— . (2.32) 


dx 


dy T df dy 


3 fx 


Here, the coefficients ft and ft | are given by the prolongation formulas of Section 
2.5.5, and the coefficient a>| is obtained by the similar formula applied to the 
differential function / with the independent variables x, y, viz. 

w, = D x (4>) - /x/>*(&> + £!t) - fyD x (rio + et]\), 

where (cf. D x of Section 2.5.5) 

- 3 3 

O, = — + — + ... . 

3-r 3/ 


The infinitesimal approximate invariance criterion of System 2.31 has the form: 


Y(y" ~ */)| (2 ji) = Y(efx) |(2.3i) = °( £ )* 


(2.33) 


where Y is the operator 2.32. 

In the zero order of precision, the first equation 2.33 yields: 

» r O'">l y ~_o = 0- 

This is the determining equation for exact symmetries of the unperturbed equation 
y" = 0. Hence (see, e.g., [HI], Section 8.4), 

£o = (C’l-r + Cj)y + C$x 2 + C*x + C5, 

no = Cjy 2 + C)xy + C 6 y + Cyx + Cg, 

where C|,.... C% are arbitrary constants. 

Further, in the first order of precision, the second equation 2.33 yields: 

<t>x = 0. (no)x = 0. 


Then the first equation 2.33 reduces to the following system: 


(h)„ = 0, (m)yy - 2(ft), y = 0 . 2 (mhy - (*i)„ - 3(^0)., / = 0. 
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<P = (fp)xx + ((ho)y - 2 (£o )x)f- 

Since the coefficients £ and r/ do not depend on the differential variable /, the 
above equations yield: 

C, =0. C 2 = 0. Ci =0. C 7 = 0, 

£i = (A|X + A 2 )y + 2B\x 3 + Aix~ + A 4 x -+■ As, 
hi = A) y 2 + 3B\x 2 y + Aixy + A6.V + B 2 x 2 + Ajx + Ag, 


0 = 6 fi,y + 2fl 2 + (C6-2C 4 )/. 

Thus, Equation 2.30 admits a 14-dimensional approximate Lie algebra L\\ of 
infinitesimal generators of approximate equivalence transformations. The algebra 
L |4 is spanned by 


a 


3v 


Yi 


= e (xy 


Tio = ex 


dx 


dx 3/ 

II 

sri 1 

T 3 

= - V T" + /t? • 

9.V 9/ 

* 9 

, 3 

3 

, 3 3 

V 5 = 2ex 3 — 

+ 3£* z y—- + 6 v 


K 5 = ex - — + 2 — , 

dx 

a , 3 \ 

9y 

3 

9 / 

9y 3/ 

/ 2 3 3 \ 

3 x +y Ty)' 

l£ 

Co 

II 

£ 

T 9 = 


Ire 

Co 

II 

3 

T|2 = £>’— . 

3y 

Tl3 

-1* 

Co 

II 

H 

Co 

II 


The corresponding 14-parameter approximate equivalence transformation group 
is given by: 


x = ci\x +02 +e( 2 a\asx 3 +a\aixy + a^y +a\agx 2 + a\ox +a \\), 


y = a$y + 04 + eOaia$x 2 y + a^x 2 + 0307 y 2 + a^agxy + any + a\$x + au), 


; f ,0305 at 
/= —*f + 6 —y + 2—r. 


1 


a 


I 


a 


1 
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2.6. Approximate conservation laws 

2.6.1. Adaptation of the Noether theorem 

Here, the discussion is restricted to the case of Lagrangians L(x. u, U(\), e) 
depending on an independent variable x = (xx"), a dependent variable 

u = («'. u m ), and the first-order derivatives U(\) = {«"( of u with respect 

to x. Thus, L € A is a differential function of the first order (see Section 1.1.1) 
depending also on a small parameter e. Further restriction is that approximate 
groups are limited by point transformations. The general case involving higher- 
order Lagrangians and approximate Lie-Biicklund transformation groups can be 
treated in a similar way. 


THEOREM 2.8. (Cf. [HII, Section 6.2.) Consider an approximate Euler- 
Lagrange equation, viz. 


SL 3 L 


Su a du a 


- * © - 


o(e q ). 


(2.34) 


Let Equation 2.34 be invariant under the approximate (of an arbitrary order p) 
group of point transformations with the approximate generator 


d 9 

X * S‘(x,U,e)—r + T] a (x,U,£) 

dx' 


3 u a 


where (cf Operator 2.9) 

£'(*, u, e) = $q(x, u) + £$j (*,«) + ••• + £ p t},(x, u ), 


rf(x,u.£) = tIq(.x,u) + £tf\ (x, u) H- + £ p if p (x t u). 

Let X be an approximate Noether symmetry \ i.e.. 


XL + LDi(^) = Dj(B‘) + o(e p ) (2.35) 


V 

with B' e A, i = 1,.... n. Then the differential functions 



3 L 


= a' + ( n °-t;Ju°)— - B 1 +o(£P) 


(2.36) 
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satisfy the approximate conservation law for Equation 2.34: 

Dj(C') = o(e p ). (2.37) 

(2.34) 

2.6.2. An application (the first order of precision) 

The equation 

u„ + eu, - u xx - Uyy = 0 

has the Lagrangian 

L = X -e €, {u- - u\ - u )) 

and admits the approximate operator (see Section 9.2.2.1) 

X = (t 2 + x 2 + y 2 )— +2 tx—+ 2ty— - (t + -(r + x 2 + .V ))«— . 

dt dx dy \ 2 / au 

The condition 2.35 holds with the functions 

B ] % -(1 +et)u 2 /2, B 2 *sexu 2 /2 , B } *syu 2 /2. 

Formula 2.36 yields the following approximate conservation law: 

D,(e £, [- S —(u 2 + u 2 + «;.) - u,(tu + F -s 2 u + 2txu x + 2tyu y )] + 1 

£ £ 

+D x (e e, [tx(u 2 + u 2 - u 2 ) + u x (tu + -s 2 u + s 2 u, - -xu 2 + 2tyu y )]) 

+D y (e e, [ty(u 2 - u\ + u 2 ) + u y (tu + £ -s 2 u + s 2 u, - E -yu 2 + 2txu x )]) = o(e). 
where s 2 = t 2 + x 2 + v 2 . 

w 

2.7. Approximately invariant solutions (the first order of 
precision) 

Cf. [HI]. Section 4.1 or [H2], Section 1.5.11. 
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2.7.1. An illustrative example 


The equation 


u„ + eu, = ( u°u x ) x , o # -4. 


(2.38) 


admits the approximate operator (see Section 2.5.5) 


d_ _ 2 ud_ 
dt a du 


X = X 0 + eX'=t^---+el^—t 2 -- 


2 a 

tu 


2o + 8 dt a + 4 du 



(2.39) 


It is sufficient, for purposes of illustration, to consider regular invariant solutions 
(see [H2J, Section 1.5.11) written via invariants. Approximate invariants 

J(t,x,u,e) % Jo(t,x,u) + eJ\{t,x,u) 
for the operator 2.39 are determined by the equation 


XJ =o(e). 


or equivalently. 


x (, yo + e(x 1 y 0 + ^ 0 ^i) = o. 


This equation splits into the system: 


x 0 y 0 = o, X°Ji=-X'j 0 . 


It follows that the operator X has two functionally independent approximate in¬ 
variants given by 


' w #2/a-f 1 

y 1 « x +ea(x, ut 2/a ), J 2 ^ ut 2,a + e -— + P(x,ut 2/a ) 

0+4 


with arbitrary functions a and 0. 

In the simple case when a = fi = 0. an approximately invariant solution given 
by the equation J 2 ip(J l ) has the form 




0+4) 


<p(x). 


(2.40) 


The substitution of the function 2.40 into Equation 2.38 yields 



2a+4 



(2.41) 
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approximate solution 2.44, depending on two arbitrary constants. In the particular 
case when 



the system 2.45 - 2.46 provides a solution of the type 2.44 approximately in¬ 
variant with respect to the operator 2.39. However, in general, the solutions of 
the form 2.44 can not be obtained as approximately invariant solutions by using 
the approximate symmetries given in Section 2.5.5. This is due to the fact that, 
according to Section 2.5.5, the symmetry 



2 ud_ 
a du 


is not stable for Equation 2.42 with a = —4. 

Note that Operator 2.43 generates a group of exact equivalence transformations. 
However, the same approach applies to approximate equivalence transformations. 


2.8. Formal symmetries 


The generalization of the previous considerations to infinite-order approximate 
symmetries leads to what is called a formal symmetry and a formal Biicklund trans¬ 
formation (Baikov, Gazizov, and Ibragimov [1987b]. [1988d], [1989b]). Here, 
the approach is applied to evolution equations of the form u, = h(u)u\ + 
eH(t, x,u,u i. u„). In particular, a new viewpoint to Lie-Backlund symme¬ 

tries offered by formal Biicklund transformations is sketched and illustrated by the 
Kortgeweg-de Vries equation. 

The notation is taken from Chapter 1, Sections 1.1.1 and 1.4.3. Namely: t and 
x are independent variables, u is a differential variable with successive derivatives 
(with respect to x) u\ = u x , 112 = u xx ,..., so that m,+i = £)(«,), «o = «. 
where 






is the total differentiation with respect to x. A is the space of differential functions 

depending on the variables r,x, u,u\ .In addition, the following abbreviations 

are used for derivatives of differential functions ry. 
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2.8.1. Formal symmetries for the equation u t = h(u)ui + fH 

All Lie-Backlund symmetries of the first-order evolutionary equation 

u,=h(u)u\ (2.47) 


with an arbitrary function h(u) are stable under the perturbation eH with any 
differential function H € A. That is, a perturbed equation of the form 

u, = h{u)u\ + eH. H € A. (2.48) 


inherits the symmetries of the unperturbed equation 2.47 as defined in Section 
2.5.2. Moreover, the following statement about the infinite-order stability is valid 
(for the proof, see. e.g.. Baikov, Gazizov, and Ibragimov [ 1989a], Section 6.1). 

THEOREM 2.9. Given a canonical Lie-Backlund operator 

vO _ „0 9 . c A 

ou 

admitted by the unperturbed equation 2.47. the perturbed equation 2.48 admits 
an infinite-order deformation 



+ ... 


* 


where t] is an element of the space (Mil offormal power series (see Chapter I. 
Section 1.2.1), i.e., it has the form 

= q v e A. (2.49) 

i=0 


In this theorem, the coefficients q° of Lie-Biicklund symmetries X° of Equation 
2.47 are determined by the equation 

fg - h{u)n° x + - h Ui +\)tf! - /»'(«)«I n 0 = 0. (2.50) 

<>i 


By an inspection the general solution of Equation 2.50 may be verified to be 


n° — uia (/?(«), x + / h(u), t + ——. 
V h'(u)u i 



(2.51) 
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with an arbitrary function a e A (see [HI], Section 11.3). Given /?°, the coeffi¬ 
cients/?”, v > 1 of the corresponding power series 2.49 are determined recursively 
by the following infinite system of linear first-order partial differential equations: 

fit ~h(u)r) v x + '*T[D l (hu\) - huj+\]ri- - h'(u)u\r)‘ 

i>\ 

= £[D , V~ I )«i - J| # P " , D , («)], V = 1. (2.52) 

i>! 

Furthermore, if the solution tj° = rj°(t,x,u .m*) of Equation 2.50 and the 

perturbation H = H(t, x, u ,.... u„) are differential functions of the orders k and n, 
respectively, then the system 2.52 is solved by a sequence of differential functions 
t) v of the orders k v = v(n — 1 ) + k. 

An infinite-order deformation X determined by the formal power series 2.49 is 
called a formal symmetry for Equation 2.48. 


2.8.2. Lie-Backlund via formal symmetries 

It is clear that if one truncates arbitrarily the series 2.49 and takes a finite sum 

»=£>v. 

K=0 


one obtains an approximate symmetry (up to the truncation error o(e p )) for Equa¬ 
tion 2.48. 

The situation is more interesting when the series 2.49 breaks off for a certain 
function H and certain symmetry X° of the unperturbed equation 2.47. If this 
occurs, the corresponding deformation X has a finite order and provides an exact 
Lie-Backlund symmetry for Equation 2.48 with an arbitrary constant e, e.g., with 
e = 1. 

Example. Consider a nonlinear equation 2.47: 

u,=h(u)ui, h\u)=fi0. 

For this equation, let us take the simplest Lie-Backlund operator given by Formula 
2.51, viz. 

X° = <p(u)ui^~ . 

ou 

Let us specify the perturbed equation 2.48 by letting H = uy. 

U, = h(u)u 1 +/TU3. 
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In this particular case, one can prove by inspecting the determining equations 2.52 
that for an arbitrary polynomial function <p(u), the series 2.49 breaks off if and 
only if h'" = 0, i.e., if 

h(u) = au 2 + bu +c, a,b.c = const. 

The result of this example agrees with the well-known fact of the existence of 
Lie-Biicklund symmetries for the modified Korteweg-de Vries equation 

u, = (au 2 + bu + c)u i 4- «3 . 

Moreover, the new approach leads to a further understanding of the nature of 
Lie-Biicklund symmetries. An algorithm for the calculation of exact symmetries 
provided by this approach is direct and simple. Namely, one takes any polynomial 
tp(u) and solves Equations 2.52 recursively beginning with tj° = <p(u)u\ . As a 
result, one obtains an exact Lie-Backlund symmetry of order 2 n + 1 provided that 
tp(u) is a polynomial of degree n. Compare Section 9.4.3 of Chapter 9. For a more 
detailed discussion see Baikov. Gazizov, and Ibragimov 11989a], Section 6 . 

2.8.3. Formal Backlund transformations 

Equation 2.48 with an arbitrary function H(t,x,u,u\,...) e A can be mapped 
into the first-order equation 2.47: 

v, = h(v)v\ (2.53) 

by a substitution u *-* v given by a formal power series of the form 

u = « + <!>'(/,x, «, uj,...), <t>' € A. (2.54) 

/> i 

The coefficients <t>' of the transformation 2.54 are determined recursively by the 
following infinite system of linear first-order partial differential equations: 

d>,' - h(u)<t>' x + 5jD“(/j Ml ) - hu a+l )4>' a - /!'(!<)«, 4>' = - H , (2.55) 

ff>l 

<t>; - h(uW x + ^(D“(/iu,) - hu a +,)<P' a - h'WuxV 

a>\ 

9 

= - J]<Dj r - , D a (i/)+ii,2]^/i ( * ) («) £ < *> f ' 

ar>0 k=2 k ' i \+...+/*=/ 
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+ £ D(0>) ( £ ^h {k) (u) £ 0,1 • •' * ) , i > 2. (2.56) 

j+l=i \k= 1 *• /, +...+/*=/ / 

Provided that H = H(t, x , u .u„) is a differential function of the order n, 

the system 2.55 - 2.56 can be solved by differential functions 4>* of the orders nk. 

The transformation 2.54 is called a formal Bdcklund transformation relating 
Equations 2.48 and 2.53. 

The point transformation 

y = /i(u), w=x + th(v ) 


reduces Equation 2.53 to the linear equation 

w, = 0 (2.57) 


for the function w = w(t, .y). Hence, any equation 2.48 with a differential function 
H G A of an arbitrary order can be reduced to the simplest first-order equation 
2.57 via the formal Backlund transformation 


y = h(u + J2E‘ V), 

i>l 


w = x -f t h(u + ^ e' <t>'), 

«>1 


with the coefficients O' determined by Equations 2.55 - 2.56. This is a gener¬ 
alization of the well-known fact of the existence of a Lie tangent transformation 
relating any two scalar partial differential equations of the first order. 


2.8.4. Backlund via formal Backlund transformations 

Any finite sum of the series 2.54 gives what is called an approximate Bdcklund 
transformation. 

Furthermore, if the series 2.54 breaks off, one gets an exact Bdcklund transfor¬ 
mation. 

If a formal Backlund transformation relating Equations 2.48 and 2.53 is known, 
one can transform infinitesimal symmetries of Equation 2.53 (e.g., the Lie-Backlund 
Symmetries 2.51) into formal and approximate symmetries (orexact Lie-Backlund 
symmetries, provided that the break-off conditions hold) of Equation 2.48. For 
this, one can use the following transition formula : 



i+xy-n 


/> 1 


-1 


Vv 


(2.58) 
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where t/„ and rj v are symmetries of the equations 2.48 and 2.53. respectively, and 
<!>'„ is the linear differential operator defined in the preamble to Section 2.8. 

For applications of this approach, see Chapter 9 of this volume and Baikov, 
Gazizov, and Ibragimov [1989a]. 


2.8.5. Formal recursions 

Symmetries of Equation 2.53 can be constructed recursively by means of the 
following recursion operator, 

M = -rrr\D x — + P + yviD;'h'(v) + ..., (2.59) 

h'(v) t>i 


previously discussed in this Handbook ((HI). Section 11.3). Hereof, fi, y, ... € .4 
are arbitrary functions of i\ x + t h(v), t + l/(/i'(u)ui), • • • • Compare Formula 
2.51. For details, see Baikov. Gazizov, and Ibragimov [1989a], Appendix. 

The formal Backlund transformation 2.54 maps the operator 2.59 into a formal 
recursion operator L for Equation 2.48. This map is given by the following 
transition formula: 




(2.60) 


Any finite sum of the series 2.60 provides an approximate recursion operator. 
Furthermore, if break-off conditions for the series 2.60 hold, L is an exact recursion 
operator for Equation 2.48 with any e, e.g.. with e = 1. 
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Differential Equations with Distributions: 
Group Theoretic Treatment of 
Fundamental Solutions 


This chapter is integrated with Chapter 3 of (H2J and continues the development 
of Lie group methods for solving initial value problems. Here, the main emphasis 
is on the construction of fundamental solutions. 

The majority of linear differential equations of physical relevance and of obvious 
mathematical importance have fundamental solutions in the space of distributions 
(generalized functions). This necessitates the extension of Lie group methods 
to differential equations in distributions. This natural path of development of 
Lie group analysis venturing into the space of distributions has been sketched in 
Ibragimov (19891 and then evolved in Berest (19911 and Ibragimov (1992a,b] (see 
also Berest (1993], Berest and Ibragimov (1994)). 

The group theoretic derivation of fundamental solutions for the Cauchy problem 
rather than for differential operators has been presented in Ibragimov 11994d]. This 
recent presentation based on the Invariance principle for boundary’ value problems 
is adopted in what follows. 



3.1. Generalities 

3.1.1. Extension of group transformations to distributions 

Let / e V be a distribution, i.e., a linear continuous functional over the space 
V of C 00 functions with compact supports (test functions). The action of / on 
<p(x) € V, where x = (x 1 .x ") e R", is denoted by (/(x), ip(x)). 

Consider a one-parameter group of transformations in R" : 


x = g(x.a). 


(3.1) 
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Its infinitesimal transformation is written in the form 

x 1 «s x‘ + a$' U), / = (3.2) 

The Jacobian of Transformations 3.1, 


(S> 

is positive in a small neighborhood of a =0. In what follows, the group parameter 
a is assumed to be sufficiently small, so that J > 0. 

DEFINITION 3.1. Given a distribution f. its image f under Transformation 
3. / is defined by the following invariance condition for functionals: 

(fix), >p(x)) = (if o g~ l m. i<pog~ l )(*)>. (3.3) 

Here o denotes the composition of transformations. g~* is the inversion of g. and 
tp is an arbitrary test function. 


Consider the regular case, when the distribution / is defined by a locally inte¬ 
grate function fix) as follows: 


(f(x).ip(x)) 


■/ 


f(x)<p{x)dx. 


According to the usual change of variables formula in the integral, we have 


/ 


f(x)ip(x)dx = J if o g l )(x)i<pog ')(T )J 'dx. 

R" R 


-i 


-1 


-l 


that is. 

[fix), fix)) = HJ-'fo *-*)(x), & o g-')(x)). (3.4) 

Comparison of Equations 3.3 and 3.4 suggests that / = J -i f. 

Thus, we obtain the following extension of the group transformations 3.1 to 
arbitrary distributions (Ibragimov [1972]): 

7 =M a S)Y' f - (3J) 
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In particular, for the Dirac distribution / = 8, this formula together with the 
equation 

= <*>(0)5(jc) 

where <t>(.r) is an arbitrary C 00 function, yield: 



= M—«■ 

L Va^y/J. t= o 


(3.6) 


For the infinitesimal transformation 3.2, the formulas 3.5 and 3.6 reduce, re¬ 
spectively, to the following forms: 


f*f-aD,&)f 


(3.7) 


and 


Here 


S^S-aDi^)\ x=0 S 


i=i 


(3.8) 


The usual infinitesimal test for a group invariance of equations given by classical 
functions applies to equations with distributions as well. 


THEOREM 3.1. Let F(x, f ) be a linear function on a distribution f with smooth 
coefficients depending on the variables x. The equation 


F(.t, /) = 0 


is invariant under the group of Transformations 3.1 and 3.5 if and only if it is 
invariant infinitesimally, i.e.. if 

f)\ F{x f )=0 = o(a). 

REMARK. For an arbitrary transformation on R" given by 

x = <J>U), 


where <t> is a C 00 diffeomorphism, the transformation formula 3.5 is written 
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3.1.2. The Leray form and the Dirac measure on hypersurfaces 

Consider a hypersurface in R" defined by the equation 

PM = o. 

where P(x ) is a continuously differentiable function such that VP ^ 0 on the 
surface P = 0. 


DEFINITION 3.2. The Lerayform for this hypersurface is an (n — 1 )-differential 
form co such that 

d P A co = dx ' A • • • A dx n . 

It can be represented in the form (for any fixed i) 


co = (-\) 


i-ldx' A Adx 1 1 A dx 1 + 1 A • • • A dx n 


provided that P, = DjP ^ 0 (see Leray 11953], Chapter IV. Section I). 

DEFINITION 3.3. Let 9(P) be the Heaviside function, or the characteristic 
function of the domain P > 0. that is, 


0(P) = 


1 , ^> 0 . 

0. P < 0. 


It defines the distribution 


(9(P) 


. <f) = J 


(p(x)dx 


p> o 


DEFINITION 3.4. The Dirac measure S(P) on the surface P(x) = 0 is defined 

by 

(8(P), <p) = I <pco. 


p =o 


where to is the Leray form. 


3.1.3. Auxiliary equations 

Let us begin with the simplest first-order ordinary differential equation, 

xf = 0 
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with one independent variable x. The only classical solution of this equation is 
/ = const., while its general solution in distributions depends on two arbitrary 
constants and has the form 


/ = C,0(*) + C 2 . 


We will use the following natural generalization of this equation. It is known 
that the distributions 6(P) and 8(P) given by Definitions 3.3 and 3.4 satisfy the 
equations (see, e.g.. Gel*fand and Shilov [1959]): 

0'(P) = 8(P), 


P8(P) = 0. 

P8 im) (P) + rn8 im -' ) (P) = 0, m = 1,2. 

where 8 (m) is the mth derivative of <$(/>) with respect to P. It follows that the 
first-order differential equation 

Pf'(P) + mf(P) = 0 (3.9) 

has the general solution in distributions given by 

/ = C\6(P) + C 2 , for m= 0, (3.10) 

/ = C|<5 <m-,) (/ > ) + C 2 / >-m , for m = 1,2. (3.11) 

where Cj and C 2 are arbitrary constants. 

3.1.4. Invariance principle 

Given a linear partial differential operator L. consider a boundary value (in 
particular, initial value) problem. 


Lu = F(x), 

(3.12) 

m| s = h(x) 

(3.13) 


with the data lt(x) defined on the manifold 5 C R". 


DEFINITION 3.5. The problem 3.12- 3.13 is said to be invariant under a group 
G if the following hold: 
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1) the differential equation 3.12 admits G, 

2) the manifold S together with Equation 3.13 are invariant under the group G. 
The invariance principle. Let the boundary value problem 3.12 - 3.13 be invari¬ 
ant under the group G. Then we should seek the solution among the functions 
invariant under G. 


Example 1. Consider the following boundary value problem in the circle r < 1: 


Uxx + Uyy = e U , 

(3.14) 

u 

=°’ 

(3.15) 


where r = >Jx 2 + y . 

The Liouville equation 3.14 admits the group of conformal transformations on 
the (x. y) plane properly extended to the variable u. The infinitesimal generator 
of this group is of the form 



where the coefficients £(x,y) and q(x, y) are arbitrary analytic functions, i.e., 
defined by the Cauchy-Ricmann equations: 

£r ~ by = 0. fv + q x = 0. 


It is convenient to investigate the invariance of the boundary condition 3.15 in 
the polar coordinates (r. ^): 

x = rcosrj/, y = r sin \{/. 


Then the symmetry operator for the Liouville equation 

, 1 1 

U rr + ~U r + ^ “t* = e 

has the form 

X = a(r, + fi(r, *)f- ~2a r —. 

dr dy/ <)u 

Its coefficients are determined by the system of Cauchy-Riemann equations in 
polar coordinates: 

1 a 

fir + = 0 * fiy> - Ctr + - = 0 . 
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One obtains from this system, by eliminating ff, the second-order equation for 

a(r, V'): 


I 1 I 

Ctrr + ^ 0 ^ ~ -<*r + = 0 . 


The infinitesimal invariance condition of the boundary manifold r = 1 and of 
Equation 3.15 yield: 

a Ui =°- a 'Li =°- 

It follows from the Cauchy-Kovalevskaya theorem that or = 0 in a neighborhood 
of r = 1. Then the Cauchy-Riemann system yields fi = const. 

Thus, the boundary value problem 3.14-3.15 admits the operator 



d_ 


i.e., the problem is invariant under the one-parameter group of rotations. According 
to the invariance principle, the solution is taken in the form u = U(r). Then 
Equation 3.14 reduces to the ordinary differential equation 

U" + -U'-e u =0. (3.16) 

r 

We will consider the solutions bounded at the “singular" point r = 0. Taking into 
account Equation 3.15, we have the following side conditions: 

(/(l) =0, |l/(0)l < oo. 


Equation 3.16 admits the two-dimensional Lie algebra spanned by 

= r T— 2 a77 * *2 = rlnr^--2(1 + lnr)-^-. 

dr dU dr du 


In accordance with Lie's integration algorithm (sec [HI J, Section 2.2.2), we find the 
transformation of the symmetry algebra to its canonical form. This transformation 
is given by the change of variables: 


t = In r, v = U + 2 In r. 


Equation 3.16 is rewritten, for the function u(/). in the integrable form: 
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dimensional subalgebra spanned by 



Xoi= *h-*‘ u h 


z,=2 '£ +x 'a7 


Z 2 =u±, Y=t 2 ±+tx i -f J - l -(,2nt + \x\ 2 )u 3 


dii 


and the infinite-dimensional ideal consisting of the operators 


X r = T(t,x) 


du 


where r(t, x) is an arbitrary solution of Equation 3.17. 

In what follows, we let r(/, x) = 0 and use only the [^(it + l)(n + 2) 4- 31- 
dimensional symmetry algebra spanned by 

Xo, Xj, Xij , Xoi , Z \, Z 2 . Y. i,j = 1. n. (3.18) 


3.2.2. The symmetry algebra of the initial value problem for the 
fundamental solution 

The theory of distributions reduces an arbitrary Cauchy problem for the heat 
equation to determining the following fundamental solution. 


DEFINITION 3.6. The distribution u = E{t,x) is called the fundamental 
solution of the Cauchy problem for the heat equation if it solves Equation 3.17 for 
t > 0 and satisfies the initial condition 



(3.19) 


where u\ l=0 = lim,_+o £(/, x), and <5(x) is the Dirac distribution at x = 0. 

THEOREM 3.2. Let L be the Lie algebra with the basis 3.18. and K its maximal 
subalgebra admitted by the initial value problem 3.17, 3.19. Then K is the linear 
span of the operators 


Xjj , Xq i, Z i - nZ 2 . Y. i, j — 1. n. (3.20) 


PROOF. Since the algebra L is admitted by the differential equation 3.17. we 
shall consider only the invariance condition 2 of Definition 3.5. 
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In our case, the initial manifold S is given by t = 0. Further, the invariance of 
the initial data 3.19 requires, in particular, that the support of 8(x), i.e., the point 
x = 0, be unaltered. Thus, Definition 3.5 requires that the system of equations 
t = 0, x = 0 be invariant. This reduces the algebra L by the translation operators 
Xi , *o • 

Hence, the operators 3.18 are restricted to the following: 

Xij , X a , Z,, Z 2 . Y. 


Equation 3.19 is invariant under the operators X,j. Xo /. and Y. It is not invariant 
under the two-dimensional algebra spanned by Z \, Zj- Therefore, we inspect the 
infinitesimal invariance test for the linear combination 


(Z,+*Z 2 )| I=0 



k = const. 


Under this operator, the variable u and the 5-function are subjected to the infinites¬ 
imal transformations (see Equation 3.8): 

u % u + aku, 8 % 8 — an8. 


It follows that u — 8 = u - 8 + a(ku + n8) + o(a) and that 

(m - = «(k + n)8 + o(a). 


According to Theorem 3.1, the invariance condition of Equation 3.19 has the form 
k + n = 0. 

Thus, we arrive at the algebra K spanned by the operators 3.20. 

3.2.3. Derivation of the fundamental solution from the invariance 
principle 

THEOREM 3.3. The fundamental solution of the Cauchy problem for the heat 
equation. 

E(t.x) = (2>/^ r 7)-" exp[—| jc| 2 /(4/)], (3.21) 

is uniquely determined by the invariance principle. Namely, it is the only function 
u = <p(t, x) which satisfies the initial condition 3.19 and is invariant under the 
group of rotations. Galilean transformations, and dilations with the infinitesimal 
generators 

Xij, Xq i, Z 1 -/ 1 Z 2 , i\ j = 1,..., n. (3.22) 
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PROOF. We first notice that the functionally independent invariants of the 
rotations are t,r,u, where 

r = \x\ = >/(jr , ) 2 + --- + (jc") 2 . 


Then we write the restriction of the Galilean operators X® to functions of these 
invariants as follows: 


r or on 


For these operators, the independent invariants are t and p = u exp[r 2 /(4/)J. The 
last operator 3.22 is written in these variables in the form: 



1 / 

— nZi = 2 1 - np 

dt 1 



It has the only independent invariant J = t n,2 p. Hence, the function 

J = (Vt) H u exp[r 2 /(4/)J 


is the only common invariant for the operators 3.22. 

It follows that the general form of the function u = 0(f. x) invariant under the 
operators 3.22 is given by J = C, or by 

u = C(\ft)~ n exp[-r 2 /(4r)J, C = const. 


In view of the known formula 

fim o ((VF)~" exp[—| jc| 2 /(4/)]) = (2yfr) n 8(x). 


the initial condition 3.19 yields C = (2 yfn) 

Thus, we have obtained (uniquely) the fundamental solution 3.21. 

REMARK 1. One can readily verify that the function 3.21 is also invariant 
under the operator Y from Basis 3.20, i.e.. admits the Lie algebra K. However, 
we do not need here this excess symmetry of the fundamental solution. 


REMARK 2. 

of the equation 


The fundamental solution E of the heat operator, i.e., the solution 
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is obtained by the formula £ = 0(t)E, where Oft) is the Heaviside function. 
Hence, 

£ = e(t){UTt)~ n exp[—| jc| 2 / (4/ )]. 

3.2.4. Solution of the Cauchy problem 

The solution uft , .r) of the Cauchy problem for Equation 3.17 with an arbitrary 
initial data, 

«| f= o = «oU) 

is given by the convolution of the data and the fundamental solution 3.21: 

u{t, x) = E * uq = j u 0 (y)E(t,x - y)dy. 

R" 


Hence, 


u(t, x) = ( 2 v/ 7 r 7 ) " J Mo(y)exp(—|.v - y| 2 /( 4 r))<*y, t > 0 . 

R- 



3.3. Wave equation 

3.3.1. Symmetry algebra of the equation 

Consider the wave equation with n > 1 spatial variables: 


u lt = Am 


(3.23) 


where A is the /i-dimensional Laplacian in the variables x = (x 1 ,.... x ") e R". 

The maximal Lie algebra admitted by Equation 3.23 is composed of the finite 
dimensional subalgebra spanned by 


d d 

*() = —, X, = — 
dt dx' 


' 


v # 9 / 9 v 9 / 9 
Xjj = X 1 ——r — JC -—r , AOj = t r + X — , 

1 dx' dxJ dx> dt 


„ d i d 

z ' = 'ai +x S 


(i 3 3 ') 

Z 2 = u— , Y 0 = (t 2 +\x\ 2 ) — +2tx' —r-in-Vtu — 
3 u dt dx 1 3u 


Yi = 2 tx‘^- + (2jc'x j + ft 2 - |x| 2 )^)-^ - (n - 1 )x i u^~ 
dt dxJ du 
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and the infinite-dimensional ideal consisting of the operators 

3 

X T = r(r, *)— , 

3m 

where r(t , x) is an arbitrary solution of Equation 3.23. 

In what follows, we let r(r, x) = 0 and use only the [^(n + 2)(n + 3) + 1]- 
dimensional symmetry algebra spanned by 

Xo, Xi , Jfy, Xoi, Z|, Z 2 , lb* Yi < (3.24) 

3.3.2. Fundamental solution of the Cauchy problem 

LEMMA 3.1. The Cauchy problem with arbitrary initial conditions, 

u„ — Am = 0, t > 0, 


M li=o = “<>(■*). = 

reduces to the following special Cauchy problem: 


u tt — Am = 0, 





(3.25) 


(3.26) 


PROOF. Let v(t,x) and w(t,x ) be the solutions of the problem 3.26 with 
h(x) = Mo(Jf) and h(x) = ui(x), respectively. Then the solution u(t ,*) to the 
general problem 3.25 is given by 


u(r, x) = w(t , x) + . (3.27) 

at 

DEFINITION 3.7 . The distribution u = E(t % x) is called the fundamental 
solution of the Cauchy problem for the wave equation if it solves Equation 3.23 
for t > 0 and satisfies the initial conditions 

“L=o = ° 0.28) 


and 


W/I f=0 = i(x). 


(3.29) 


where 


u 


/=o 


= lim E(t.x) % ! f=() = lim 


dE(t.x) 


#-* + o 


/—*+0 dt 
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REMARK. The solution u(r, .r) to the problem 3.26 is given by the convolution 
(in the spatial variables x ) of the data with the fundamental solution: 

u(t, x) = E * h(x). 


3.3.3. The symmetry of the initial data 


THEOREM 3.4. Let L be the Lie algebra with the basis 3.24. and K its maximal 
subalgebra admitted by the initial conditions 3.28 and 3.29. Then K is the linear 
span of the operators 

Xij , Xot , Z, + (1 - n)Z 2 , Y 0 , Yi , i , j = \,..., n. (3.30) 


PROOF. In accordance with Definition 3.5, we require the invariance of the 
equations/ = 0, x = 0 (see the proof of Theorem 3.2). Under this requirement, the 
operators 3.24 are restricted to the generators of rotations. Lorentz transformations, 
dilations, and conformal transformations: 

X u , X Qi , Z,, Z 2 , Ko. Yi ■ (3.31) 


It is easy to see that Equation 3.28 is invariant under the operators 3.31. There¬ 
fore we shall inspect the invariance of Equation 3.29 only. It is obvious that 
Equation 3.29 is invariant with respect to the rotations. 

Turning to the Lorentz transformations, consider their generators Xo, in the 
prolonged form: 




Under these operators, the variable u, and the 6-function are subjected to the 
following infinitesimal transformations: 


u t u, — out, S =» S. 


In view of Equation 3.28, we have u-, | /=0 = 0. Hence, u, u, at t = 0. Hence, 
Equation 3.29 is Lorentz invariant. 

Likewise, one can verify that Equation 3.29 is invariant under the conformal 
transformations with the generators To. i/- 

Finally, consider the linear combination of the remaining operators 3.31 pro¬ 
longed to u,: 



+kZl = , T, Jrx 'ib +ku 6 





Copyrighted material 


Differential Equation with Distributions 


83 


It follows that 

u, u t + a(k — I )u,, 8 % 8 — an8. 

Hence, Theorem 3.1 yields it = I — n. 

3.3.4. Derivation of the fundamental solution from the invariance 
principle 

We discuss here the case when n is odd. The fundamental solution for the 
wave equations with even n is easily obtained by Hadamard’s method of descent 
(Hadamard (1923]) and has been presented in |H2], Chapter 7. 

THEOREM 3.5. The fundamental solution of the Cauchy problem for the wave 
equation 3.23 with an odd number n of spatial variables has the form: 

jjr J * a a <a i 2) (r) f n > 3, 

E(x, t) = ‘ (3.32) 

J0(D, n = I . 

where 

T = t 2 - \x\ 2 . (3.33) 

It is determined uniquely by the invariance principle. Namely, E(t,x ) given by 
Equation 3.32 is the only distribution which satisfies the initial conditions 3.28 
and 3.29 and is invariant under the group of rotations, Lorentz transformations, 
and dilations with the infinitesimal generators 

Xij , Xoi , Z, +(1 -n)Z 2 . i.j = 1.«. (3.34) 

PROOF. (Cf. Proof of Theorem 3.3.) We first lind a basis of invariants for 
the generators Xij , Xo, of the isometric motions (rotations and Lorentz trans¬ 
formations). In the space of the variables (t.x. u), we have the following two 
independent invariants: 

u, r = t 2 -\x\ 2 . 

Then we write the restriction of the last operator 3.34 to functions of these invariants 
as follows: 

Z,+(l - n)Z 2 = 2r^- + (\ -n)u. (3.35) 

dr du 

Now, let us look for invariant distributions of the form 

« = /( O. 
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3.4. Wave equations with nontrivial conformal group 

The classical wave equation 3.23 is an example of the equations mentioned in 
the title. We will show here that the invariance principle applies to all the wave 
equations with nontrivial conformal group. 

The definition of the wave equation in a curved space-time as a conformally 
invariant equation is due to Penrose [1964) (a discussion of general properties) and 
to Ibragimov [ 1968], [ 1969a] (uniqueness of the conformally invariant equation in 
any space-time with nontrivial conformal group and non-uniqueness in all other 
space-times). 

The solution of the Cauchy problem for the equations under consideration has 
been given in Ibragimov and Mamontov [1970], [1977] by adapting the Fourier 
transformation approach. The Lie group approach to the Cauchy problem and to 
the Huygens principle has been suggested in Ibragimov [1970]. The fundamental 
solution has been first constructed in Mamontov [ 1984] by an ad hoc method, and 
then discussed from the group theoretic viewpoint in Berest [1991] and Berest and 
Ibragimov [1994]. 

The reader interested in details of the conformal group analysis of the wave 
equation in Riemannian spaces is referred to Ibragimov [ 1983]. See also Chapters 
4 and 7 of [H2], and Ibragimov [ 1992c]. For the notation and terminology used in 
this Section, see [H2], Section 3.1. 


3.4.1. Riemannian spaces with nontrivial conformal group 

Consider (n 4- l)-dimcnsional Riemannian spaces V(„ + |) of the hyperbolic sig¬ 
nature (4-) given by the fundamental metric forms 

ds 2 - g i j(x)dx , dx j . 


Here i, j = 0, 1, • • •, n. We will assume in what follows that n > 3. 


DEFINITION 3.8. A space V( B+ |) is said to be a Riemannian space with non¬ 
trivial conformal group if. in V )B+ i) and in every> space conformal to V(„+i), the 
maximal group of conformal transformations does not reduce to the group of iso¬ 
metric motions. 


THEOREM 3.6. V( B+ d is a space with nontrivial conformal group if and only 
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if it is conformal to a space with the plane-wave metric: 

ft 

ds 2 = {dx 0 ) 2 — (dx [ ) 2 — ^ atj (* 1 — x°)dx'dx j . (3.36) 

i.j=2 

Here, [a, 7 ] is an arbitrary positive definite matrix with entries depending on a 
single variable x 1 — x. 


This result is due to Bilyalov [1963] (for n = 3) and to Chupakhin 11979] (for 
n > 3). Detailed discussions are to be found in Petrov [1966], Chapter VII, and 
in Ibragimov [1983], Section 8.5. 

3.4.2. The wave equation in V^+u and its symmetry algebra 

THEOREM 3.7. Let V ( „ + |, be a space with nontrivial conformal group. Then 
any second-order linear differential equation in V(,,+i)» 

g' J (x)uij + b'(x)Uj + c(x)u = 0, 

admitting the maximal group of conformal motions in V(„+i) is equivalent to the 
following equation: 

_ J 

A 2 u -\ --— Ru = 0. (3.37) 

4 n 

Here, gikfi k1 = <5/, R is the scalar curvature of V'fn+i). and Aim is Beltrami's 
second-order differential parameter defined by 

A2M = g lj (u t j - V'ljUk) 

where Uk and Uij denote the partial derivatives of the first and the second order, 
respectively, and are the Christoffel symbols. 


Thus, in the spaces with nontrivial conformal group. Equation 3.37 is the only 
conformally invariant equation (up to equivalence transformations defined in [H2], 
Section 3.1.2); other equations admit only a subgroup of the conformal group. 
Another important property of this equation, related to the Huygens principle, 
underscores its physical significance. 

In spaces with trivial conformal group. Equation 3.37 is also conformally in¬ 
variant. However, it is not unique. 
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reduces to the Cauchy problem with the following special initial data: 


u 


1=0 


= 0, u/|, =0 = h(x). 


(3.42) 


Here. 


X = (x 1 ,..., x n ). 


PROOF. Let v(t, x) and w(t, x) be the solutions of the special Cauchy problem 
with 

h(x) = uq(x) 


and 


,, N 'duo(x) 

h(x) = —-uiU), 


dx 


respectively. Then the function 


v dv(t,x) t dv(t,x) x 

u(r. x) = —--+ —-- ui(t, x) 


dt 


dx 


(3.43) 


solves Equation 3.38 and satisfies the initial conditions 3.41. 


DEFINITION 3.10. The distribution u = E(t,x ; to, Jo) ‘ s called the funda¬ 
mental solution of the Cauchy problem for the wave equation 3.38, at the point 
(to. xo), if it solves Equation 3.38 for t > to and satisfies the initial conditions 


u 


,=,o = °’ M 'li =/ 0 =5( *“* o) - 


(3.44) 


3.4.4. The symmetry of the initial data 


THEOREM 3.9. Let L be the Lie algebra with the basis 3.39, and K its maximal 
subalgebra admitted by the initial conditions 3.44. Then K is the linear span of 
the following n operators: 




+ 


ax' 


)-r(W -t)-A ,j (*o - .1=2. n, 


Z = ( t -t 0 +x'-xk)^y i +-^+f2 (xk - X 0 

A — «- 


d 3 

)^-r + 0 -«)«—■ (3.45) 
dx* du 


PROOF. The natural adaptation of the proof of Theorem 3.4 applies here. 
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3.4.5. Derivation of the fundamental solution from the invariance 
principle 

THEOREM 3.10. The fundamental solution of the Cauchy problem for the wave 
equation 3.38 with an odd n > 3 has the form: 

E(t,x;t 0 ,x o) = (3.46) 


Here. 


n 

r = Aij(x'-x^)(x j -xj>) (3.47) 

i.j=2 


is the geodesic distance between the points ( t, x) € V' ( „ + d and (to, jro) G V(„+|), 
and 

|ct — CT 0 | n-1 12 


h(a) = 


Idet ||i4'7(o’)||| 


(3.48) 


where 


\\A,j\\ = \\A‘Hx' -t)-A‘J(4 -10)11 


-l 


It is determined uniquely by the invariance principle. Namely, E(t,x) given by 
Equation 3.46 is the only distribution which satisfies the initial conditions 3.42 and 
is invariant under the n-parameter group with the infinitesimal generators 3.45. 


PROOF. (See Proof of Theorem 3.5.) A basis of invariants for the generators 
y, of isometric motions in t(n+i) consists of the following three independent 
invariants: 

u, T, a = x i — t, 

where T is given by Equation 3.47 (its calculation is found in Ibragimov [1983], 
Section 12.1). Therefore, we look for the distributions, invariant under the operator 
Z of Basis 3.45, given in the general form: 

u = f(T, a). 


We note that o is an invariant for the operator Z and that Z(T) = 2T. It follows 
that the invariance condition under the operator Z is written as the first-order 
differential equation obtained in Section 3.3.4: 

+ (n - 1)/(D = 0. (3.49) 
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In accordance with Section 3.3.4, the general solution of Equation 3.49 is given 

b y 

u = + c 2 (<x)rV 

with arbitral functions C|(cr) and C 2 (<r). The first initial condition 3.42 yields 
C 2 (er) = 0 (see Section 3.3.4), while the second condition 3.42 leads to 

C|(er) = V/,(cr), 

where h(a) is given by Equation 3.48. Thus, we have obtained (uniquely) the 
fundamental solution 3.46. 

THEOREM 3.11. The fundamental solution of the Cauchy problem for the 
wave equation 3.38 with an even n > 2 is uniquely determined by the invariance 
principle and has the form: 



(3.50) 


PROOF. The proof is similar to the case of odd n. The formula 3.49 is also 
obtained by the method of descent (for details of an application of this method 
to the solution of the Cauchy problem, see Ibragimov and Mamontov [1977] or 
Ibragimov [19831, Section 13.3). 
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Recursions 


The object of this chapter 1 is a discussion of newly developed methods for obtain¬ 
ing infinitely many Lie-Biicklund (see Chapter 1) and generalized symmetries of 
partial differential equations. 

An algorithmic way to construct an infinite (countable) set of symmetries is to 
derive a recursion relation between symmetries. Usually, recursions are linear with 
respect to symmetries and hence, they are given by linear operators. These linear 
operators are known in the literature as squared eigenfunction operators (Ablowitz, 
Kaup, Newell, and Segur [1974]), recursion operators (Olver [1977], [1986], 
Ibragimov and Shabat [1979], [1980a], Ibragimov [1983]), strong or hereditary 
symmetries (Fuchssteiner [1979], Zakharov and Konopelchenko [ 19841), Kdhler 
operators (Magri [1978]), and regular operators (Gel’fand and Dorfman [1979], 
[19801). 

A method of finding linear and multilinear recursions is provided by the master 
symmetries approach (Fuchssteiner [1983]). This approach utilizes the structure 
of a Lie algebra of vector fields associated with partial differential equations. 

A recursion operator plays at least two additional important roles. First, it 
generates infinite hierarchies of equations integrable by a spectral problem in the 
context of the inverse scattering transform method. Second, it generates, in the 
case of Hamiltonian equations, infinite sets of Hamiltonian structures associated 
with these equations. 


4.1. Notation 

(Cf. Chapter I) 

Consider evolution (system of) equations of the form 

u t = K (u, x, t). (4.1) 


Research supported in part by International Science Foundation under Grant R5B000. 
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Here, x = (x 1 , ...,x d ), u = (m 1 . u") is an element of the linear space S of 

w-dimensional (real) vector-functions u(x, t) vanishing rapidly at |x| -*■ oo, and 
K : 5 -► 5 is a C^-map that may depend explicitly on x and t. 

The derivative of K in the direction v e S is the Frechet derivative: 

K'(u,x, f)[uj = t^A^m +€U.*.0| <S=0 - (4.2) 

Let K = (AT),, K„) be a vector such that its components K a are differential 
functions (see Chapter 1): 

Ka — A„(m, U(|),U(n))i a = 1,.... n, 
where denotes the set of A:-order partial derivatives of u a with respect to 

9 

x 1 . Then the Formula 4.2 coincides with the expressions K„(v, x, t) of Ibragi¬ 
mov [1983] and D*(u, x , t) of Olver [1986], viz. 


(K')aP = (Dk)o,p = (K.)a 0 





• % 


m. 


(4.3) 


Here. J = O'i, .... ji) is a multi-index with 1 < j s < n, 


u fi j(x,t) = 


d'uP(x,t) 
dxJ'...dxi‘ ’ 


and 

Dj = Dj\—Dj ,, 

where D- h is the total derivative with respect to x ja (cf. Chapter 1, Formula 1.2). 
The summation in Equation 4.3 extends up to / = k. 

Example 1. Korteweg-de Vries equation (d = 1): 

u t = u XX x +6uu x . (4.4) 


Here, K(u ) = u XX x + 6 mm*, and according to Formula 4.3, 

K\u) = dI +6uD x + 6 u x . 

The following example illustrates the abstract form of a system 4.1 where K (m) 
is not a differential function. 
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Example 2. Benjamin-Ono equation (d = 1): 

m, = Hu xx + 2 uu x . (4.5) 

Here, H is the Hilbert transform given by 

+OC 

(Hf)(x) = - f (4.6) 

n J $-x 

-00 

where the principal value of the integral is implied. In this example, K(u ) = 
Hu xx + 2 uu x , and according to Formula 4.2, 

K'[v J = Hv xx + 2(uv)*. 


For functions y(«, x, t ) and cr(u,x, t) defined on S and vanishing sufficiently 
fast for |x| ->■ oo, the scalar product is given by 

(y, < t ) = J y(u(x,t),x,t)o(u(x,t),x,t)dx. (4.7) 


Let 5* be the dual space to S with respect to the bilinear form 4.7. Thus, for 
y e S* and a € 5, the expression (y, a) is an application of the linear functional 
y to a. 

Given an operator T: S -*■ S, the adjoint (transpose) operator T ¥ : S* -*■ S* 
is defined by the equation 

{a, Tb) = (T + a.b) 

for all a e S*, b e S. An operator T is called symmetric if 

(a, Tb) = ( Ta , b), 

and skew-symmetric if 

{a,Tb) = -(Ta,b) 

for all a e S*,b e S. 

An operator 6: S* —*■ S is called symmetric if 

{a, db) = {b,6a). 


Copyrighted material 



94 


Lie Group Analysis of Differential Equations 


and skew-symmetric if 

(a, 6b) = —{h, 6a) 

for all a,b e S*. For operators J: S —*■ S* the definitions are similar. 

A function y: S -*■ S* (it may depend explicitly on x, t) is said to be a gradient 
if it has a potential P , i.e., a map P: S -*■ R such that 

(y(u,x,t), v) = P'(u, *,/)[u] (4.8) 


for all m, v e 5. The functional P may depend explicitly on x,t. We write 
y = gradP. Thus, the equation 

(gradP. v) = P'[uJ (4.8') 

is a definition of a gradient of P(m. x. t ) with respect to u. 

A function y(u, x, t) is a gradient, iff 

/ + = y '. 

i.e., if the linear operator y'(u, x , t) | ] is symmetric. Then the potential P of y is 
given by the homotopy formula 


I 

P(u,x,t) = J (yO,u,x,t),u)dk. (4.9) 

0 

In the case of classical variational calculus, the functional P has the form 

P = / P(«.«(l). u {m) ,x,t)dx, (4.10) 

R J 


where p (a Lagrangian) is a differential function. In this particular case, the 
gradient coincides with the variational derivative of P: 


y = gradP = 


SP 
Td* ’ 


(4.11) 


where (in the notation used in Formula 4.3) 


8 

8u“ 



(4.12) 
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is the Euler-Lagrange operator (see [HI], Section 6.2). 
Specifically, if x and u are one-dimensional, and if 


+OC 


P = J p(u,u x . u x M .!x'X, t)dx 


(4.10') 


-00 


then 


gradP 




Example 3. Let 



Then P'[v ] = ( u xx + 3m 2 , u). Hence 


gradP = u xx 


-f 3 m 2 . 


(4.14) 


(4.15) 


If y = Uxx + 3m 2 , then y' = D\ + 6m = (y') + . Hence the condition for y to he 
a gradient function is satisfied. 


Example 4. Let 



(4.16) 


where H is the Hilbert transform 4.6. Here, P is not of the form 4.10, since the 
density p is not a differential function. Equation 4.8' yields: 


grad/ 5 = Hu x + u 



(4.17) 



4.2. Basic notions 

Here we classify, as the basic notions, symmetries, conservation laws, recur¬ 
sion operators, and master symmetries. The notions, which refer to Hamiltonian 
structure, are treated in Section 4.3. 
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Here, do/dt denotes the partial derivative of a with respect to its explicit depen¬ 
dence on t, and Her, A'H is the commutator defined by 

lo(u, t), K(u , x, r)B = a'[K\- K'[o ] (4.24) 

g 

* — [cr(u + eK(u,x,t),x,t) - K(u +f<j(i/,x.f),x,f)]| e=:0 - 
In particular, if a does not depend explicitly on t. Equation 4.23 has the form 

Jo. ATI) = 0. (4.25) 


If a and K are differential functions, then the obvious relation 

o'\K) = X K (o) (4.26) 

is valid and Equation 4.23 can be written in the form 

^+[X K ,X a ] = 0. (4.27) 

at 

a a 

In Equation 4.27, Xg and X a are canonical Lie-Backlund operators 4.18. They 
generate the flows 4.1 and 4.19, respectively. Furthermore, [ X g . X„ ] is the usual 
Lie bracket of Lie-Backlund operators (see Chapter 1). Hence, the Lie bracket and 
the commutator 4.24 are connected by the equation 

[Xk, X a \ = (4.28) 


It follows that, for differential functions. Ho, K 0 coincides with the bracket 
[a, K) = o »K — K.o of Ibragimov [1981], [1983]. Here, the notation 4.24 
is taken for this bracket in order to distinguish it from the Poisson bracket for 
Hamiltonian systems. 

Equation 4.23 is known as the determining equation for symmetries. Given 
K , the determining equation is a system of linear homogeneous first-order partial 
differential equations for o: 

(i7 + ** " r ) Iffl = 0 ’ (4 23 ) 

provided that K and a are differential functions. 
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Example 1. For the Korteweg-de Vries equation 4.4, the function 

a = u xxxxx + 10 uu xxx + 20 u x u xx + 30 u 2 u x (4.29) 

is a symmetry given by a differential function, and hence it is a Lie-Backlund 
symmetry (see, e.g., Ibragimov and Shabat [1979]). 

Example 2. For the Benjamin-Ono Equation 4.5, the function 

a — (2m 3 + 3 H(uu x ) + 3 uHu x - 2u xx ) x , (4.30) 

is a symmetry (Bock and Kruskal [1979]). It follows from the definition of the 
Hilbert transform 4.6 that a is not a differential function. Hence, it is not a Lie- 
Backlund symmetry. 

4.2.2. Conservation laws 

Let P: S -*■ R be a functional. 

DEFINITION 4.2. A functional P(u,x,t) is said to be conserved by the flow 
4.1,»/ 

D,[/>]|„, =Ar =0. 

or. equivalently, if 

(i P 

— + (y, K) = 0. y = gradP. (4.31) 

at 

The vector y € S* is called a conserved gradient for Equation 4.1. 

Let the functional P be given by the integral 4.10. Then Equation 4.31 can be 
written in the differential form: 

Dt[p\\ u _ K + Div[V] = 0. (4.32) 

The differential function p is called a conserved density of order m, and V — {V,} 
is known as a flux. Here, 

d 

Div[V] = ^D,[V,]. 

1 = 1 
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Equation 4.31 is valid with y defined by Equation 4.11: 

SP 

y = —. (4.33) 

Su 

Hence, the Euler-Lagrange operator maps a conserved density p into a conserved 
gradient y. 

The conserved gradient y coincides with the characteristic of a conservation 
law (Olver [1986]), written in the following characteristic form: 

D,[p\ + Div[V] = y ■ [u, - K(u,x,t)). (4.34) 


Thus, y is an analog of an integrating factor well known for ordinary differential 
equations. 

DEFINITION 4.3. A function y: S —*■ 5* (it may depend explicitly on t.x) 
is called a conserved covariant for Equation 4.1 if it satisfies the equation (see 
Fuchssteiner and Fokas 11981J): 

^ + y'lK) + (K') + ly] = 0. (4.35) 

THEOREM 4.1. Let the function y be a gradient, i. e ., 

(yY = y'. (4.36) 


If y = gradP is a covariant of Equation 4.1, then it is a consen-ed gradient of 
Equation 4.1, and the potential functional P is conserved by Equation 4.1. 

If P is given by the integral 4.10 and if K in Equation 4.1 is a differential func¬ 
tion. then Equation 4.35 is equivalent to the corresponding equations of Ibragi¬ 
mov [1983] (with one-dimensional x and u): 


m 


O/lvlL + 

7=0 


3 K 


3m 


U) 

X..JC 


Y 


= 0 . 


(4.35') 


and of Olver [1986] (for (y') + = y'): 


dy 

dr 


+ D+[y] + D}[K\ = 0. 


(4.35") 
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The determining equation (4.35") for integrals can be written in the form 

(^ + X K -K') + [y) = 0. (4.35'") 

at 

THEOREM 4.2. (cf. Ibragimov /1983/, Section 22.5). The determining equa¬ 
tions 4.23' and 4.35'" for symmetries and integrals, respectively, are mutually 
adjoint. 


REMARK. The function W(r) = y(u, x, t ) is a conserved gradient for Equa¬ 
tion 4.1 iff it is a solution of the adjoint perturbation equation (cf. Equation 4.22): 

W, = -(K’) + (u, x . t)[W], W G 5*. (4.37) 


Example I. 
quantity 


(see Fuchssteiner and Fokas [1981 ]). For the KdV equation 4.4, the 



5 2 

+ ^ u~u xx + 




(4.38) 


is a conserved functional. The corresponding conserved gradient of P is 

y = gradP = u xxxx + 10 uu xx 4- 5u] + lOu \ (4.39) 


Example 2. (see Fuchssteiner [1983]). For the Benjamin-Ono equation 4.5, the 
functional 

+00 

p= f (-uUtt-lu.Hu'+'-u^dx, (4.40) 

-00 

where H is Hilbert transform 4.6, is conserved by the flow 4.5 and the conserved 
gradient of P is 

y = gradP = 2 u 3 + 3 H(uu x ) + 3 uHu x — 2 u xx . (4.41) 


Note that the conserved density and gradient in Equations 4.38 and 4.39, re¬ 
spectively, are differential functions, while they are not differential functions for 
Equations 4.40 and 4.41. 


4.2.3. Recursion operators 

DEFINITION 4.4. A function R from S into the space of operators S —* S 
is called a recursion operator or a strong symmetry for Equation 4.1 if it maps 
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symmetries of Equation 4.1 into symmetries ofthe same equation < see Olver [ 1 977], 
Ibragimov and Shabat [1979. 1980a], Fuchssteiner [1979]). 


THEOREM 4.3. A necessary and sufficient condition for R = R(u,x,t ) to 
be a recursion operator of Equation 4.1 is that R commutes, when restricted 
on the solution manifold of Equation 4.23. with the operator of the determining 
equation 4.23 for symmetries. This condition is written: 

R, + R'\K]-[K'. /?1 = 0. (4.42) 


The zero in the right-hand side of Equation 4.42 means an operator, which anni¬ 
hilates any solution a of Equation 4.23. 


Example. For the KdV equation 4.4, a recursion operator due to A. Lenard (see 
Olver [1977], Ibragimov and Shabat [19791. Fuchssteiner and Fokas [1981]) is 
given by 

R = D~ + 4m + 2 u x D~ 1 . (4.43) 

Here and in what follows, Dj 1 is defined by 

X 

( d ; 7 )(*)= J /($**$. 

-00 


THEOREM 4.4. Let R(u) be a recursion operator. Then the adjoint operator 
R + (u) maps conserved covariants into conserved covariants. 

It follows that the operator R + generates solutions y of the determining equa¬ 
tion 4.35 for integrals from a given solution y of this equation: 

Y = R + (u)[Yl 


However, y may be not a gradient function because the constraint (y') + = y' may 
not be satisfied. 


4.2.4. Lie-Backlund and generalized symmetries 

A recursion operator R can generate an infinite set of symmetries. Indeed, if 
a is a symmetry and R is a recursion operator for Equation 4.1, then R J [o](j = 
l, 2,...) are also symmetries of the same equation. 
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DEFINITION 4.5. A symmetry o of Equation 4.1 is called a Lie-Backlund 
symmetry if a is a differential function of an arbitrary> finite order (see Chapter I). 
We call a a generalized symmetry if it is not a differential function. 

Equation 4.30 gives an example of a generalized symmetry a. 

The following example provides first-order Lie-Backlund symmetries and re¬ 
cursion operators for semi-Hamiltonian systems. 

Example. A first-order diagonal quasilinear system 

u\ = Vj(u)u' x (i = 1,2. n; n > 3) (4.44) 

is called semi-Hamiltonian (Tsarev [1985)) if v , ^ Vj fori ^ j and if 

l v l.ui/( v J ~ *>()!y = [Vi.u*/(vk ~ *>/)!«> ( 4 - 45 ) 


for i ^ j zjk k ^ i. Here, the subscripts t, x, u J denote the partial derivations with 
respect to these variables. For a semi-Hamiltonian system (4.44) a continuum set 
of first-order symmetries is generated by Lie equations: 

u‘ T = Wj(u)u' x (i = 1,2, n), (4.46) 


where w/(u) satisfies the linear system 

w i.ui = H;(«)(«(/ “ w i) (j ^ t) (4.47) 


with r\j = Vj uJ /(vj - v,) (j / /). Hence. 


a = {iMm)/^}. 


A recursion operator of the form 

R = (AD X + B)U~ l , (4.48) 


where A(m), B(u. u x ) are n x n matrices, and 
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is given in Teshukov [1989] for symmetries of Equation 4.44 under the following 
additional constraints: 


Sw = r\j(Sj - *) 0 # i) 


(4.49) 


where 

n 

s i(u) = + di(u'). 

k=\ 

The recursion operator (4.48) generates the recursion formula 

n 

Wj(u) = ci(u , )w iU i(u) +di(u)wi(u) + ^2,Ck(u k )r\ k (u)wk(u). (4.50) 

*=1 


Under the conditions 4.49, ct,- = w,(u)u x is a first-order symmetry of Equa- 

A 

tions 4.44 if oy = Wj(u)u' x is a symmetry. 

In Sheftel’ [ 1993], a second-order recursion operator is given in the form 

R = (AD; + BD X +C)U~', (4.51) 

where A. B.C are n x n matrices. Existence conditions of this recursion have the 
same form 4.49: 

B l u , = r'jiBj - Bi) O' t* i) (4.52) 

However, here Bj(u) are different from S,(m). As a result, the constraints4.52 are 
more liberal than Equation 4.49. 

4.2.5. Infinite symmetry algebras and conservation laws 

Here we consider the one-dimensional x and use the notation of Chapter 1. 

Let the right-hand side of Equation 4.1 be a differential function of order m: 
K = K(u, u \,.... u m ). Here K and u may be vectors. Then Equation 4.1 is a 
system of evolution equations. 

DEFINITION 4.6. Equation 4.1 is said to be formally integrable if a solution 
of Equation 4.42 for a recursion operator R(u ) exists and belongs to the class of 
formal operator power series 

(i) 

R = P k (u)D k x + ... + Po(u) + />_, («)£>;' + P-l(u)D ; 2 + ..., (4.53) 

where the coefficients Pj (u) are differential functions. The integer k is termed the 

(k) 

order of the operator R . 
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THEOREM 4.5. (see Ibragimov and Shabat [1980a] through [1980c], and 
Ibragimov [1983], Section 19.3). The set of solutions 4.53 for Equation 4.42 is 
closed under the multiplication and extraction of a root. 


COROLLARY. If Equation 4.1 is formally integrable, then there exists a first-order 
solution of Equation 4.42: 

( i> 

L = R = r\(u)D x + ro(u) + r-i(u)Df ] + r- 2 (u)Df 2 -. (4.54) 

DEFINITION 4.7. The evolution equation 4.1 admits an infinite Lie-Bdcklund 

algebra if there exists a symmetry a(u,u\ . u s, x, t) of an arbitrarily high order 

N. 

THEOREM 4.6. (Ibragimov and Shabat [ l980a]-[ 1980c]). For any scalar 
equation 4.1, which admits an infinite Lie-Bdcklund algebra. Equation 4.42 for a 
recursion operator is solvable in the class of formal operator power series 4.53 of 
arbitrary order k. 

COROLIARY. Under the conditions of Theorem 4.6, any solution of order m of 
Equation 4.42 has the form 


(m) 

R — K + pD x + q + r D x 1 4- • • • . (4.55) 


For a motivation of the following definitions, see Mikhailov and Shabat [1985], 
[1986]; Mikhailov, Shabat, and Yamilov [19871; Sokolov [1988]; and 
Shabat [1989], 

DEFINITION 4.8. The coefficient P-\ in the formal power series 4.53 (or r_ | 
in the series 4.54) is termed the residue of the operator R (or of L). 

DEFINITION 4.9. The following differential functions of coefficients of the 

O) (*) 

operator L = R form the canonical series of residues of the operator R = L k : 

P -! = —, Po = —. A = res(L') (i =1,2,...). (4.56) 

n n 

(*) 

In other words, the canonical series of residues of the operator R is the set of 
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residues of its fractional powers: 


i‘>l 

Pi — res(R ), / = —1,1,2. 


(see Gel fand and Dikii / 1976] and Manin / 1979]), supplemented by the logarith¬ 
mic residue po- 

THEOREM 4.7. (Shabal and Sokolov 11982]). If Equation 4.1 possesses a 
conservation law of an arbitrarily high order, then Equation 4.42 for recursion 
operators is solvable in the class of the formal operator power series 4.53 of an 
arbitrary order k. 


THEOREM 4.8. (Shabat ] 1989]). Let R be a recursion operator which satisfies 
Equation 4.42 and has the form 4.53. Then the traces of all canonical residues of 
a formal power series R are conserved densities for Equation 4.1 : 

D,[tr res\nL] = D,(V<>), D,\tr rest j = D,[V 


D, [tr res L'\ = D x [Vj), i = - 1,1,2 . (4.57) 

where D, is calculated according to Equation 4.1 and the fluxes V, are differential 
functions. 

4.2.6. Hereditary recursion operators 

DEFINITION 4.10. (Fuchssteiner ]I979]). A recursion operator is said to 
be hereditary (or Nijenhuis) if it generates an Abelian symmetry algebra out of 
commuting symmetries. 

Such recursion operators are also called Kiihler (Magri [1978]) or regular 
(Gel’fand and Dorfman [ 1979, 1980J). 

More specifically, let the flow u, = v commute with the flows u, = w.u, = Rw 
and let the flow u, = w commute with the flow u, = Rv, where v, w are arbitrary 
smooth functions. Then a recursion operator R is hereditary iff we require that the 
flows u, = Rv and u, = Rw also commute. 

Assume for simplicity that 3 R/dt = 0, i.e., R = R(u): S —*■ S for u € S. 

THEOREM4.9. (Fuchssteiner [1979]). A recursion operator R(u) is hereditary 
iff the commutator [R\u), /?(«)] is a symmetric bilinear operator for all u € S. 
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THEOREM 4.14. A function x e L* is a master symmetry of Equation 4.1 of 
degree n iff, for any symmetries a j, oi,.... o n of Equation 4.1 which belong to L, 
the function a\ ■ cri ■... • o n x is also a symmetry of Equation 4.1, which belongs to 
L. 

It is clear that all master symmetries are AT-generators (of the same degree), but 
the inverse is not true without additional conditions. 


THEOREM 4.15. Let K 1 be abelian. Let r be a K -generator of degree n such 

that d i ■ &2 • ... • d n x € L for arbitrary o\ . o„ € K L . Then x is a master 

symmetry of degree n. 


Example. For Equation 4.5 with K(u) = Hu xx 4- 2 uu x , where H is the Hilbert 
transform 4.6, the function 

n = -6 xK(u) - 6 u 2 - 9 Hu x (4.64) 


is a master symmetry of degree 1. It generates an infinite sequence of commuting 
symmetries of Equation 4.5 by means of the relations 

*i = K. *2 = z0ri.*D . K n +\ = (4.65) 

o o 

Infinitely many master symmetries of degree 1 are obtained by 

*7i = (U, K/i+iD- (4.66) 


They are related through Equation 4.62' to time-dependent symmetries of Equa¬ 
tion 4.5 linear in t: 

Ox n (t) = x„ + flATi, r„J. (4.67) 

Master symmetries x mM of degree m are given by the recursion (T],„ = r„): 

X 2 ,n = 11^. D* •••* ^m+\.n ~ II^i ^m.n I (® = 1 > 2, ..., n — 1,2, ...). (4.68) 

They are related through Equation 4.62' to time-dependent symmetries of Equa¬ 
tion 4.5 which are polynomial of degree m in t: 



(4.69) 
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4.3. Recursion operators in Hamiltonian formalism 

The major part of equations, which have infinitely many symmetries, possesses 
an additional structure which is a continual analog of Hamiltonian formalism of 
classical mechanics (see Manin [ 1979]). We proceed now to expose the related 
concepts. 

4.3.1. Noether and inverse Noether operators 

DEFINITION 4.13. (see Fuchssteiner and Fokas /1981 ]). Let 0 be a function 
from S into the space of operators 5* —> S. which may explicitly depend on x,t, 
i.e.,6 = 9(u, x. t)—foranyu € S. The function 9 is said to be Noether operator 
for Equation 4.1 if for any u G S satisfying Equation 4.1, 9(u. x. t) maps any 
conserved covariant y of Equation 4.1 into a symmetry a of Equation 4.1 : 

o — 6y (4.70) 


THEOREM 4.16. (see Oevel and Fokas / 1982J). 9(u.x,t)isa Noether operator 
for Equation 4.1 ifffor any u € S it satisfies the equation: 


39 

~3t 


+ 9'[K)-9(K') + - K'9 = 0. 


(4.71) 


DEFINITION 4.14. Let J be a function from S into the space of operators 
S —*■ S*: J = J(u.x,t) for any u e S. The function J is said to be an inverse 
Noether operator for Equation 4.1 iff, for any u € S satisfying Equation 4.1, 
J(u,x,t) maps any symmetry a of Equation 4.1 into a conserved covariant y of 
Equation 4.1: 

y = Jo. (4.72) 

THEOREM 4.17. (see Oevel and Fokas [ 19821). J(u.x.t) is an inverse Noether 
operator for Equation 4.1 ifffor any u € S it satisfies the equation: 

d J 

— + J'[K\ + JK' + (K') + J =0. (4.73) 


If 9 satisfies Equation 4.71 and 9 1 exists, then J = 9 1 satisfies Equation 
4.73. 
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for arbitrary a, b.c e S*. 

To account for the case when the operator 6 is not invertible we accept the 
following definition. 


DEFINITION 4.16. An operator-valued function 6 (u, x, t): S* —► S. u € S. 
which is skew-symmetric 6 + = -0. is called implectic (inverse-symplectic) or a 
Hamiltonian operator if the bracket defined by the formula 4.78 satisfies the Jacobi 
identity: 

(b. 6'[6a]c) + (c, e'\Bb]a) + (a. 0'[ec]b) = 0 (4.79) 

for all a. b,c € S*. 

Here the existence of 9~ l is not assumed. The left-hand side of Equation 4.79 
is called a Schouten bracket (see Lichnerowicz [ I977|. Olver (1984J, Kosmann- 
Schwarzbach [19861, Kosmann-Schwarzbach and Magri [ 1988, 1989]). 

Consider obvious examples of Hamiltonian operators. 

1. A constant skew-symmetric operator. 

2. The inverse of a symplectic operator, if it exists. 

THEOREM 4.20. Let 0(u). u € 5 be skew-symmetric operators 5* —► 5. Then 
the following assertions are equivalent: 

1. 0 is Hamiltonian; 

2. 6 is a Noether operator for every evolution equation of the form: 

u, = 0(u)h(u) (4.80) 


where li(u) is a gradient function: h{u) = gradH(u); 

3. for all gradient functions f and g we have: 


(9f)'[0g\-wg)’\0f\ = e{f.eg)'\-\. 


(4.81) 


Example. 6\ = D x and in Equation 4.74 are Hamiltonian operators. J\ = D x 1 
is a symplectic operator. 


4.3.3. Hamiltonian systems 

The following concepts and results are due to Magri [19781. GeFfand and Dorf- 
man [1979. 19801, Fuchssteiner and Fokas 11981), Oevel and Fokas [1982] (see 
also Olver [ 1980, 1986)). 
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